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Introduction. 

§ 1. This paper is a contribution to the theory of certain functions recently introduced 
into analysis by Mr E. W. Barnes. Just as the ordinary trigonometrical functions may be 
expressed as combinations of Gamma-functions, the elliptic functions may be expressed as 
combinations of Double Qamma-functions. On the other hand the Gamma (and Zeta) func- 
tions may be expressed in terms of trigonometrical functions by means of definite integrals 
which contain only trigonometrical and algebraic functions. This naturally suggests that 
Mr Barnes' functions must be capable of being expressed in terms of elliptic functions by means 
of definite integrals which contain only elliptic and algebi*aic functions. To show in detail that 
this is the case is the object of the following pages. It will be found that the fundamental 
formulae from which all the others are deduced are comparatively easy to obtain. But when we 
attempt to apply them to the most interesting special cases, by assigning particular values to the 
constants involved, the integrals which occur in the formulae almost invariably become divergent. 
The formulae have therefore to be modified in a way which often requires analysis of considerable 
intricacy, leading in some cases to investigations which seem to me interesting in themselves. 
It is this fact which explains the length of the paper. The formulae which I obtain generally 
hold only for a restricted range of values of the variables which appear in them ; and so it 
seems to me unlikely that they are of much importance in the general theory of Mr Barnes' 
functions. But many of them certainly seem to me very elegant, and the relations between 
those which hold under different conditions very curious ; and it is more because of this that 
I have investigated them in such detail than because of any intrinsic importance attaching 
to them. 

If there are any formulae for the Double Gamma-function analogous to the familiar 
formulae 

r (a) = I C-* x^-^ dx, r (a) = e'^'^' f Va;*"^ dx, 
Jo Jo 

I have not at present succeeded in finding them. The formulae which I shall prove 
express not the double Gamma-function itself, but its logarithm and logarithmic derivatives. 
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DOUBLE GAMMA-FUNCTION IN TERMS OF ELLIPTIC FUNCTIONS 3 

and are derived from formulae for the double Zeta-function. There is of course a corre- 
sponding set of formulae for the ordinary Zeta- and Gamma-functions, which, so far as 
I am aware, have never been investigated systematically. I have worked out some of 
these formulae in the first few sections of this paper, but I have not thought it worth 
while to enter into any very great detail concerning them, except in so far as they are 
needed later. They are much less elegant and symmetrical than the corresponding formulae 
for the double functions. 



PART I. 
The simple Zeta- and Gamma-functions. 

Formulae for the simple Zeta-function. 

§ 2. If C0 is any quantity whose real part is positive, and a is not zero or a 

negative multiple of », the generalised simple Riemann Zeta-function * fi (*♦ «» «) ^^7 

n I 
be defined as the term independent of n in the asymptotic expansion of 2 . — ; r^ in 

powers of n. It is supposed that (a -h nKo)"* has its principal value ; %,e. the value assumed 
by u^'^e"*^^^ when u moves from a real positive value, for which logw is taken real, in a 
straight line to a + mci>. 

Now let us define the function \i{u) by the equations 

X(m)=(-) cosec* — = 2 , — ; ri (1), 

and consider the integral 



/ 



'^(«-«)„t.. (a(*)<o) (2), 



taken round the contour formed by : 

(i) the straight line from 7'€~*x to Re^^\ r being very small and R very large, and 

a7n . a> — 7r < — X '^ ^*^* ■ ® t > 

(ii) a corresponding line from Re^"^ to r^*, y^ being so chosen as to satisfy the 

inequalities 

am . « < ^ < am . w + tt ; 

(iii) an arc of a circle whose centre is 0, from re** to r6"^x ; 

(iv), (v), (vi), (vii) the straight lines from Re^'^ to ife-»>4.(n + l)ci>, then to (n-hl)a>, 
B^* + (n + 1) G>, and Ec**. 

♦ E. W. Barne8» ♦Theory of the Gamma-f unction/ Metsenger, Vol. xxix. p. 92. 
t If x=r«**, am,x=^$. 

1—2 



Digitized by vnOOQ IC 



4 Mb hardy, THE EXPRESSION OP THE DOUBLE ZETA-FUNOTION AND 



We suppose that vr* has its principal value, and that a lies between (i) or (ii) 
and the parallels through a> downwards to (i) or upwards to (ii). It is obvious that 

we can always choose x ^^^ ^ so that this is the case, unless - is real. 

Then it is easy to see that when r and jB are made to tend to and oo respec- 
tively, the contributions of (iii), (iv) and (vii) tend to 0, and the value of the contour 
integral to 

where N is written for (n 4- 1) a>, and a notation is adopted for the complex rectilinear 
integrals which hardly requires explanation. 

By Cauchy's theorem this is equal to 



-27n;(«-l)2 



.(4), 



=0 (a + nuoy 
where {a + mto)"* has its principal value. 

We have now to pick out the term independent of n in the asymptotic expansions 
of (3) and (4). 

§ 3. For this end we define a series of functions 

\^(w-a) = ^\i(w-a), 

\a (u — a) = — I Xi (m — a) c2w 

« ( (o J ' 

'Kz{u — a)==-' I Xj (m — a) du, 

J u 



y 



.(5), 



the path of integration being in each case the straight line (ii). We also define a 
similar set of functions 

/i-t(u-a), ..., fio{u-a), ti^(u^a\ ... 

in the same way, using the straight line (i). Evidently all the yt^'s with suffixes ^ 1 
are identical with the corresponding X's ; but 



/ \ TT f , -TT (w — a) .) 
/Ai (m - a) = -^cot — ^ — I }• 

O) ( CO J 



.(6). 



and so on. It is easy to see that every X or ytA vanishes exponentially for i^ = x e^ or 
t4 = 00 e"*^. 

Suppose now 
and 
where r is an integer. 



O^r<»(o-)<r + l, 
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Then f*' (« + JV)<^' X, (m - a) dit 

= -iyr'+>X,(-o)-(«r-|-l)jJ' (u-|-^')'X,(u-o) 

iyr'+»X,(-a) + (<r + l)3r'X,(-a) 

+ (<r-l-l)irl (tt + JV)^'\,(«-o)dM 



(2u 



)^ (7). 



«-i\r'+»X,(-a) + (cr + l)i\r'X,(-a)- 

+ H'-(ir + l)cr(<r-l)...(<r-r + l)i\r'-^X,+,(-a) 

+ (-)^(cr + l)<r(ir-l)...(cr-r)J^ (u + i\r)-'^» \,+, (tt - a) du/ 

The asymptotic expansions of the integrated terms do not contain any terms indepen- 
dent of n. And the limit of the last term for n = x is 0. This is most easily seen by the 
help of one more integration by parts. Evidently 

(m + Ny-^^ \^+, (u - a) du = ^V-^*^* Xr-H (-«)-(<»•-»• - 1) /^ (w + Ny-^ \r+,(u - a) du. 

The first term obviously vanishes for n = oo , and the modulus of the second is less than 
a constant multiple of 

which vanishes for w = oo , 

Thus the constant term in the expansion of 

j {U'¥Ny-^'\{u-a)du, 
is zero. The same of course holds of the second integral of the same type. 
§ 4. Hence 

/■« «** Too e— *x 
2wi{8 — l)^i(8, a, «)= I Xi(u — a) tA"*+^du — I /ij (w — a) i^"*+* dw (8), 

where Xi (u — a) = /ti (u — a) = f - j cosec* — ^^ ^ , 

and 1ft (a) is negative and not integral. The last restriction may be removed at once, since 

the right-hand side evidently represents an analytic function of a for all values of « ^ 2 — e, 

where 6 is any positive quantity. The restriction placed upon the range of values of a is however 

essential. 

27rt 
The formula may be verified by observing that if «= 1 the left-hand side reduces to — 

and the two integrals on the right hand to 



respectively. 



cot — and cot — , 

C0 Ci> Ci> Ci> CO 01 
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6 Mr hardy, THE EXPRESSION OF THE DOUBLE ZETA-FUNCTION AND 

By equating, not the constant terms, but the coefficients of the leading powers of n in 
our asymptotic expansions, we obtain relations between the Bemoullian functions and the 
functions X, fi. I have not thought it worth while to set these out in detail. 

§ 5. From (8) we can deduce a variety of formulae for the Zeta-function for all values 
of 8 other than positive integral values. 

In the first place, by diflferentiating (8) k times with respect to a, and observing that 

g^ fi (*, a, ©) = - *?i («+ 1, a, «), 



g^Xi (w - a) = - Xi_i (w - a), 
we obtain* 27ri(5— 1)«... (5 + #c-l)fi(s + /c, a, (») 

Too e^ fao e->x 

= /^ Xi-it (u - a) it-'+i du - 1^ /Lti-K (u - a) m 



c2t/ 



.(9). 



These two formulae (8) and (9) express f, (f, a, ©) for all values of t save positive integral 
values. For these values of t the Zeta-function reduces to a derivative of the logarithm of 
the Gamma-function. 

We can obtain more formulae by integration by parts. If we integrate (8) v -h 2 times 
by parts (— 2 < i/ ^ r) we find that 



I ^i(w — ») w"*"*"^ du — {8 — 1) «...(« 4- v) I Xf+jO* — a) w" 



'd% 



and hence that 



r /■*«** 

27ri5i (s, a, 6>) = « (« + 1) . . . (« + 1/) I X^+8 (w — a) u^*-"-^ du 



-i; 



aoe-*X 



.(10). 



/i^^_, (« — a) w"*-""^ d«* 



.(11). 



Finally by differentiating k times with respect to a we obtain the formula 

2'^' r(gVi/+i) ^' ^* "'' '^^ ^' ®^ ^ Jo ^''~*'*'' ^^ ■" ^^ ^*"''~*^' ^^ 

rootf-*x 

J d 

This holds for all values of 8 and all positive integral values of v and k such that 
(i) lSi{8)<0, (ii) i/<llil(— fi), and (iii) « + #c is not zero or a positive integer. 

These formulae may be further extended by the use of Cauchy's notation for * integrales 
e{draord%na%re8! But I shall not do this now, as the extension is exactly parallel to that 
which I shall carry out when I come to the formula for the Double Zeta-function. 

* Here (as frequently in what follows) I omit the proof that this inversion of limits is permissible; it is 
not difficult to sapply. 
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The Simple Oamma-function and its Logarithmic Derivates, 

§ 6. The Gamma function F, (a, oi) may be derived from the Zeta-function by means 
of the equation 

'^^^"'-[^■(•. «■-)]„ (")• 

where, in Mr Barnes' notation, which I shall follow throughout, 

I2w 



Pi(«)«>y/^J 



Now suppose — 1<ICI(«)<0 and in (11) make i/ = and #c=l. We obtain on writing 
s f or « + 1 

Too «** Tod «--tx 

^m fi(«, a, a)) = | X,(w — a) Wdw— I /a, (it — a) ee"* c2i£ (13). 

Di£ferentiating with respect to s and making ^^=0 we find that 

-27rilog — -~al \2(u-a)logudw— / fia(«t-a)logMdw (14). 

Diiferentiating 8 times with respect to a 
i^y^^ 2m (^)* log F, (a, co) = (-)^> 27n>,<*> (a, «) » - 27ri (« - 1) I ?, (*, a, a>) 

= I X^, (tt — a) log udti — I /Ltj_, (it — a) log u dw 

This holds for all integral values of s except that, when «=1, -^j^*^ (a, w) is not — fi(l, a, ©) — 
which is infinite — but the finite term in the expansion of - 5i («, a, «) in powers of («— 1). 

From (14) and the equation 

lim{loga + IogF,(a, ©)}=0 (16), 

^we can find an integral expression for logpi((o); and from (15) and the equations 



.(15). 



7„(«) limr^,<»(«,«) + ^'| (17), 



7..<-)-E+'l" <!»>• 

we can find one for 7„ or y (Euler's constant). As similar investigations have to be under- 
taken in connection with the Double Gamma-function I shall not enter into the details of 
this at present. 

It is interesting to throw (14) into a real form in the special case in which a 
and a> are real. In this case 0<a<ci>. We take '^ = ;^=j7r. Under these circum- 
stances the first integral in (14) becomes 



/.'[-sH"*^-+')]<'°"^*">'^»- 
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./ -?^ 27ra\ . 27ra 
, . . 2 e ** — cos — — am 

Now cot --^-^ ^ 4- 1 = 5 s 

a> , 27ry ZTra 

cosh — ^ — cos — 

As the second integral diflFers from the first only in the sign of i, we obtain 

/ -^ 27ra\ ^ ^ . 27ra. 

, r.(a,c.) ir " ^ --^008— )4-2sm-^-- logy 

f^^^ ^ " cosh — ^ — cos — 

Q> CO 

Suppose, ^.^r., 01 = 1, a = J. Then the left side reduces to 

-logr(i)4-ilog27r, 
and the right side to 

1 r 1-hc-^ , I n d^ 1, o 

2^Jo l-fcosh27r/ y=2Jorrr2'"g^' 

Thus we find 

logr(i) = ilog,r, 

r(i) = V'r, 
which is known to be correct. 

§ 7. All the formulae obtained so far are valid only for a restricted range of 
values of a. I shall not now discuss the modifications which have to be made in them 
when a lies outside this domain, as it is not this set of formulae but another rather 
diflferent and less symmetrical set which I shall require later. 

A Second Set of Forynulae for the Simple Zeta-function, 

§ 8. It will be convenient to adopt at this point a notation more natural when 
we are dealing with functions connected with two periods. 

I shall denote by Wi the quantity up to now called a>, and by a>s another quantity 
satisfying the conditions 

iaw>o, m(£)>o. 

I suppose that a lies within the strip bounded by lines from and a>i parallel 
to the positive direction of w^, and I consider the complex integral 

the contour of integration being now the rectangle 

0, (n + 1) ©1, (n + 1) Wi + k<02, kay^ 
{k being a positive integer) modified as before by a small arc round 0. The value of 
the integral when k is made very great and the arc very small is 

Jo W~^ Jo V"^ Xu^-Ny-^) ^^ ' ' 
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IT being equal to (n + 1) <», as before. As in § 3 we can prove that the term inde- 
pendent of n in the asymptotic expansion of the second integral is 

it remains to discuss the first integral. 

§ 9. For this end we define a new series of functions 
iJH, ^ (u - a) = [j-J \ (v - a) 

*i.o(«-a)=(5-)x,(«-a) 
^,x (w - a) « Xi (m - a) + Cj,i 



.(20), 



characterised by the following properties: 

(i) each is the derivative of its successor ; 
(ii) each is periodic in Wi; 
(iii) each satisfies the equation 

I ^(u)dtt=.0, 

in which the path of integration is supposed rectilinear. 

This is certainly possible. For suppose that functions up to ^...(k — a) have been 
defined in such a way as to satisfy these conditions. Then 

^,.„+i (w + », - a) - ^,.H-i {u-a)^\ <>,., (u) du 

^0 



(as 4^,p{u) i& periodic) 



-0, 



and so ^,r+i(w) will be periodic, and by choosing C,,^j suitably we can ensure that 
it also satisfies condition (iii). 

It is easy to calculate the first few functions ^,,„. Thus C7i,i is determined by the 
equation 

SO that Ci^i s 0, and 

^..(«-o)=.-:!:^cot^!^^"Vo,. (21). 

101 CO] 

Vol. XX. Pabt I. 2 
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/>...,, ^ 1 /"**' TT ^ 7r(w — a) , 
Similarly C^i,« = — — cot du 

= — log sm ^ 

o)j L ®i Jo 

_ (2* 4- l)7rt 

where k is an integer. We can determine k as follows. Let 

— = a 4- la , a > 0. 

Then log sin — ^ ' = log sin (a? — a — iV), 

where a: is real. The imaginary part of this is 

. f ^ , tanha ) 
% imir - tan-' . - -7 r^ , 

1 tan (a? - a)) 

where m is an integer, and 

TT ^ , tanh a' tt 
- 75 < tanT' 7 — 7 ^v < o • 

2 tan (a? - a) 2 

As X goes from to tt, tan""' : 7 : increases or decreases by some multiple of tt. 

® tan (a? -a) •^ 

This must be a negative multiple as 

d ^ , tanh a! tanh a' ^ 

dx tan(^ — a) sin' (« — a) + tanh* a cos' (a; — a) ' 

and it must be — tt since tan (a: — a) can only vanish once. Hence 

0,.,=:^' (22), 

and 0,,8(t^ — a) = -logsin ^ (w — a) + C'i,3 (23). 

The branch of the logarithm to be chosen is at present at our disposal. Again 

^ 1 f "^ f 1 . 7r(w-a) TTt' v) J 

CY8 = — / -^Jogsm — ^ ' (u-^a)\ du 

To determine the value of this integral integrate 

I log sin - du, 

round the parallelogram 

(0, -a, — a + cihf ««>i). 

The points 0, ©1 may be avoided by small arcs of circles, and we choose that branch of the 
logarithm which is real when u is on the line (0, (Oi). This side contributes 

— I log sin — dw = ? I log sin xdx = oh log 2. 
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The first and third sides contribute awiy and the last contributes 



/; 



which is therefore 
Hence 



log sm — ^^ -' dii, 

— ©i log 2 — airi. 



Ci^, = - ( Jfth - a) log 2 = - log 2 - jTri , 

6>] Wi 



.(24), 



provided the proper branch of log sin be chosen. This is the branch which is 

real along the straight line 

(a, a + »,). 
Thus finally 

<^,, (,i-a) = - log sin ^!!^"''^ + -(ti -a) -.log2-i7n (25). 

§ 10. Suppose now, as before, 

OSr<»(a)<r + l, 

fN fly fN 

then I X, (w — a) -^- « i ^j , (ti — a) w'+* d« 

= ^,2 (- a) J^*'^-' - (ir + 1) 4^,,» (m - a) M'dw 

.'o 

= <^,., (- a) i\r-+' - (<r + 1) ^,., (- a) JV^' + ((T + 1) cr<^., («- a) A^'-^ -.. . 
-.(-)^(cr + l)cr...(cr-r+l)^.r+,(-a)i\r'-' 

+ (-)»' (<r + 1) cr . . . (cr - r) f'*,.r+, (« - «) ti'---^ da. 

Jo 

The last term tends for ?} s oo to the finite limit* 

(-.)»'(ir + l)<r...(cr-r)r*V,,,+,(w-a)tt--^-'dw. 
Jo 

In the asymptotic expansions of the other terms there is no term independent of n. Hence 

-2^-(«-l)f,(*,a,«0 = («-l)«(« + l)...(« + r)p'^,^,(ti-a)u-'-^-^du 

Jo 

— I \i(u — a) ti"*^^ du 
Jo 

or if we integrate the last term repeatedly by parts as in § 5, 

" I Xr+, (u — a) u~*~^^ du 
From this formula a variety of others may be deduced as in §§ 5 — 6. 



■ (26); 



.(27). 



(iii) 



/: 



^{x)dx=iO, 



* In the Mettenger of Mathematics, Vol. xzzn., pp. 1—3, ohange sign infinitely often in a period, and 
I prored that 

r4^(x)i^{x)dx 

J Only real variables and fanotions were considered in this 
is oonyeigent if (i) ^ {x) is positive and tends steadily to theorem, but the extension to complex variables and in- 
zero for x=ao , and (ii) ^ (x) has a period w and does not tegrals snoh as those in the text presents no difficulty. 

2—2 
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§ 11. I shall not, however, enter into the details of this, but shall consider the 
question of the extension of (27) to values of a which lie outside the domain to which a 
has so far been restricted. Let us suppose now that a lies in the strip bounded by the 
lines through kwi and (k + 1) ©i parallel to ©a. The only difference is that instead of 
dealing with 



we have to deal with 



m= -* (a + mcoiY ' 
and the term independent of n in the asymptotic expansion of this is 

-1 1 

f,(«, a, «,)+ 2 



} ...(28). 



.i(a-f wo)i)*' 
Hence (27) becomes 

-27ri|Cj(«, a.a),)+ 2 ^ mtoy ]^^^^ + 1) -- (^ + ^) j Vi.r+j(w-a) w-*-^»du 

— / Xr+3 (U — a) U""*^~* du 

It must be carefully observed that the hypothesis that 

is still essential ; if 151 ( r— ) < the values of the constants which occur in the functions 

d), „ are different : for instance Cj • = instead of — . 

• ©1 ©1 

§ 12. We have still to consider the cases in which a is an one of the lines from the 
points 0, a>i, ... parallel to q>9, or on the axis of cd,. In these cases some of the functions 
if>, \ become infinite in the range of integration. 

I shall illustrate the method to be pursued in such cases by considering a particular 
case. It is evidently not worth while to attempt to work out a detailed set of formulae 
applicable to all of the many special cases which may arise. 

Suppose in (27) — 1 < U («) < 0, so that r = 0, and suppose that a is very near 
some point a on the line (0, a>i), with which it is ultimately to be made to coincide. 
No difficulty arises from the last term of (27), in which we may put a = a at once. We 
saw that 

<^i,8(w- a) = — log sin — -! (w — a) - log2 — ^tti. 

When a approaches a this tends to a definite value for all values of u save a, a+ oh) ••• • 
And these values define a function ^,,3 (u — a) of m which becomes logarithmically infinite 
at a, a+a>i, ..., but possesses the fundamental properties of ^1,3 (u — a), in that it is 
periodic, and 

^,8(w — a)du = 0. 



/■ 

Jo 
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Hence / Aj . (u - a) tt~*-' 

^0 



du 



is convergent. Moreover this integral is unifoi'mly convergent for an interval of values of a 
which includes a. This of course requires a detailed proof which I shall omit. Hence it is 
continuous, and as the left-hand side of (27) is obviously continuous the formula still holda 
The same is true whatever be k. It is of course not the case that all the formulae which 
we have obtained continue to hold in cases such as these, many of the integrals become 
divergent. The most interesting special case is that in which a is nearly = 0. When I come 
to the double Zeta- and Gamma-functions I shall work out in detail the limiting forms 
assumed by several formulae in this case. 



PART II. 

The double Zeta- and Gamma-functions. 

The dovhU Zeta-function for a non-integral, Exponent. 

§ leS. The double Zeta-function 

& (8, a, O),, ©a) 

may be defined* as the term independent of n in the asymptotic expansion of 

2 t r—r -T ^s (29X 

in powers of nf. It is of course assumed that a is not equal to any of the quantities 
— Ty^i©! — WMo,. Moreover (a + wii«)i + t^ijO),)"'* has its principal value; i.e, the value assumed 
by u-»-se"*^^** when %t moves from a real positive value, for which logi^ is real, in a straight 
line to a + mjoi, + m^^. Then the Weierstrassian elliptic function f (u) is defined by the 
equation 

^(^^-k'^^-i^nrU • ^''>' 

where ft = wii©, + m^2t 

and nijy m, are not to be taken equal to zero simultaneously. 

§ 14. Now suppose that a lies within the fundamental period parallelogram (0, (Oi, 
o>i + A>s, A>s)> and consider the integral 



/ 



P(«-«)^i (ia(»)<0) 



"" E. W. Barnes, Phil Trans. Ray, 8oc. (A.), Vol. 196, of view of theoretioal completeness, arise if we abandon the 

p. 265. hypotheses 

t I foUow Mr Barnes in using wi,w„i?,, 1^1 for 2«i,2w„ UM>0, K(«i)>0, u(^)>0. 

Varions complications, interesting only from the point I shall adhere to these hypotheses thronghoot. 



Digitized by vnOOQ IC 



.(31). 



14 Mb hardy, THE EXPRESSION OF THE DOUBLE ZETA-FUNCTION AND 

taken round the parallelogram 

0, P, [= (p^u + 1) a,J, P, + P, [= (p,2i + 1) a,J, P,. 
The origin must be avoided by a small circular arc whose contribution to the integral can 
be made as small as we please, and w^ is to have its principal value. 

It is easy to see that the residue of fp{u — a) u~*^^ at a + Wi^i + m,a>a is 

(a 4- nii©i + 'fn^if * 
and 80, by Cauchy's theorem, 

§ 15. We now define a series of functions 
4^^i (w — a) = jp<*+'' (w - a) 

^i(« - a) = jf> (w - a) + Ci 

4^ (w - a) = - f (m - a) + (7i (w - a) + Oa 

4^8 (^ - a) = - log <r (w - a) + iCi (w - a)* + (7a(w - a) + Oj 

to satisfy the same conditions as were satisfied by the functions ^i,„(w-a). The analysis 
of § 9 shows that this is certainly possible. Then if 0<33i(t)<l 

is convergent, by the general theorem already quoted. 
§ 16. Now let us consider the integral 

Jo ^<^'-«>,7^V 
Suppose that — «=<r, and 

r<lft(<r)<r + l, 
as before. Then 

ft p <r+2 rPi 



.(32), 



'du 



= - ^^^ + .^, (- a) P,'+» - («7 + 1) .^ (- a) P,' 
+ (cr+l)(rc^4(-a)P,--^-... 
+ (-)'• (o- + 1) <r . . . (cr - r) <^r+8 (^ - «) w*'"*'"'*'- 
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The last teim tends, for w = oo , to the finite limit 

(-y (<r + 1) o- ... (cr - r) \if>r+z (u - a) u^'-^'du, 

while in the asymptotic expansions of the other terms there is no finite term. 
Moreover there is no finite term in the expansion of 

Jo (« + P.)-'*"- 
For the argument of the preceding paragraph shows that the finite term in this expansion 
is the same as that in the expansion of 

("Y (ir + 1) cr ... (<r - r) <^^+3 (u -a)(U'¥ P,)*'^^' du, 

Jo 

and it may be shown as in § 3 that this tends to zero for n = x . 

§ 17. .We therefore find by equating the finite terms in the expansions of the two 
sides of (31), 

- 2irift («, a> «i. ««) = «(«+ 1) ...(«+ r) 

I ^r+j (w — a) w^-^^du - / -^r-f J (« - a) e4~*"*^*dit 

where '^r+s ^ o^^ of ^ ^^ ^^ functions '^^ formed in precisely the same way as the functions 
^,, except that in their formation (o, plays the part of (Oi. 

§ 18. This formula expresses the double Zeta-function when 1& («) < and is not integral. 
To obtain formulae applicable to other cases we have only to differentiate with respect to a. 
Since 

g^ f«(*» a. ®i, «i) = - 9^2 (« + 1, a, Wi, a>a), 

o 

^ 4>^ (u - a) = - 4^„_i (u - a), 



.(33), 



we find by differentiating /c times 

[«+«, a, ©1, «,) 

(3*). 



" ^'^'r (/+r + 1) ^"^^"^ ''' ""' "^^^ "^'^ 



= I ^r+>-« («« - a) tt"*'"*^'dtt - / V^r+»-« {u - a) w-*"'*"* d«i 
Jo Jo 

§ 19. The most interesting case, as being that from which we shall derive the formula 
for the double Gamma-function, is that in which 0<U(*)< 1. 

If in (34) we suppose -1<11(*)<0, r = 0, k^I, r + 3-ic = 2, we find 

-27ri?a(« + l, a, «!,««)= I ^(w- a)w-*-^du - | '»|ra(w-a) /r'-^di* (35), 

Jo Jo 

or, writing « for ^ + 1, so that now < U («)< 1, 

-27rt&(/^, a, ft>a, a),)=j^ '^^i^^-^^):^ " j^ ^2(1^-^)-^^ (36). 
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16 Mr hardy, the EXPRESSION OF THE DOUBLE ZETA-FUNCTION AND 



Since <A»(^ - «)= jC {^(^ - «) - ^ (- «)l 



.(37). 



we obtain on integrating by parts 

- 21^^2(8, a, ©I, cwa) (0 < iH (s) < 1) 

§ 20. This last transformation may be generalised, and further formulae obtained, by 
the help of Cauchy's notion of * inUgralea eairuordinaires \ 

Suppose that /(a?) is a real or complex function of the real variable x which is continuous 
with all its derivates for all finite positive values of a?, and can be expanded in a Taylor's 

series 

ao + aia?4-asa!* + ... 
valid near a7 = 0. Then if 

m+l<^<m+2, 
(m being a positive integer), 

is infinite for a? = of order < 1, and so integrable up to a? = 0. And \i f(x) remains less 
than some constant as x tends to x , in particular if, as I shall now suppose, it possesses 
properties similar to those of the functions ^y 

Too ^^ 

is convergent. I shall denote this by* 

„ /•« f(x^ dx 

Now by integration by parts 

Ifm = l, 2<^<3, this is an ordinary integral. If not it is 

(e-2)(e-3)^Jo af-^ ' 
and so on; finally we obtain 

1 f«/<»«>^)(*r 

«-2)(^-3)...(e-7n-l)Jo ^-^-^ ~ • 
We have supposed t real, but it is easy to see that this restriction is in no way 
necessary, and that the transformation may be applied to the integrals on the right of (33). 
We thus obtain the formula (in which m is any positive integer) 

— 27rifa(«, a, ©,, ©i) = «(«+ 1) ...(« + r + w) 

r /•••h /•«•»» "I (39), 

E\ <f>r^^ {u - a) u-'-^'^-^^du - E\ '^r-^t^m^i (u - a) u-^-«-i du 

* Caachy, Exerdces de MathSmatique, t, i., p. 57. Canohy's notation is rather inconyenient. 
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and from this, by differentiation with respect to a, 



17 



r(« + r + m + l) 

JO -'0 



'du 



.(40). 



Some particular cases of the general formulae are interesting. If, for instance, we 

make r = in (34), so that — 1 < U («) < 0, and write ^ for « + le, and then /c + 2 for 

K, we find, since 

ifh-n (w - a) = p<*' (t* — a), 

-2-»-f(i!!i%?«(^. «. «.. «.)=/;"V'"(«-a)„-S^-/;""r'(«-a)„-Sr. ..-W 
(ic S 1, 1 < f - ic < 2). 

And from (40) we deduce 



-2^-(«-l)6i(^ a, «i. ^,)^JSj^ fp{u^a)^,^^^EJ^ iP(w-«)^e-i (2 < »(0)...(42). 

§ 21. Before I proceed to deduce expressions for the logarithm of the Double Oamma- 
function and its derivatives, I shall show how to calculate the first few constants C, and 
the corresponding constants C7/ which occur in the functions yfr^. 



Since 



I ^1 (w — a) du = 0, 

1 f**' 
Ci = I Q{u-a)du 



,A[f(«_a)_f(_a)]; 

«1 



^1 



.(43). 



Again 



Now 



hence 

where h is an integer^ 



.l[log.(.«a)^^;(..a)«];. 

(r(-a) 
(7aa), = (2*4-1)^', 



§ 22. Now it is known that 

f (u) - -^^ = - cot — + 2 , - -^ sm 

«, ©1 ©1 0)1 1 1 — g»" Q)i 

* For a disoussion of the value of \ ^(u''a)du in the case of a real disoriminant, see Halphen, Fonctioru 
EUiptiquit, t. i.. p. 199. 

Vol. XX. Part I. 3 
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if the series is convergent; i,e. if u lies within the infinite strip formed by the two 
lines through + q>2 parallel to q>i. As this condition is satisfied by all values of u on 
the line joining — a and co^ — a, we may write w — a for u and integrate from u=0 
to u^ayi. Thus 

■ rif(,,.a)-^(u-a)ldu = ^rcot^^^-^>du 

= ['«»«-- V- Jo 

by § 9. Thus C,= - (44). 

Again C, = — / ' jlog o- (i* - a) - g^'- (t^ - a)* — — (u - a)> dtu 

Now* T 2mr(u-a) 

if suitable determinations of the logarithms are chosen. The infinite series gives on integration 

Also — I —{u — a) du = — TTt (^©1 — a), 

Jo ^1 

and by § 9 1 log j— sin ^^ " ^H dt^= (Oj log^^ - airi ^ 

SO that finally C, = -log— - iTri + 2 2 -,.^ -~, ..(45). 

Thus <^s(i*-a) is determined. The branch of log(2'7r/(iDi) may remain arbitrary, as it 
appears in logo-(u-a) and also in C^ and does not aflFect <l>i(u — a). 

The infinite series which occurs in C, may be evaluated in finite form. Forf if A 
is the discriminant 

l^(e,-e,y(es-e,y{e,-e,y\ 

1 2'7r 1 * 

j2 log A = log— + g log 9 + 2 S log (1 - 5»), 

and 21og(l-r/»»)=-2S?-^ = -2-^,-^— ,, 

80 that 0, = - J-n-i + ^logg'-T^rlogA (46), 

if suitable branches of the logarithms are chosen. 

Thus ^,(tt-a) = p(M-a)+^' (47), 

<^(M-a) = -r(M-a) + ^(u-a) + - (48), 

c^(a-a)=-logo-(«i-a)+^(t^-a)2 + '"(it-a)-i7rt + ^log9-^logA (49). 

* Halphen, loc, eit., t. i., p. 428. f Jordan, Gours dUnalyse, t. n., pp. 426—7. 
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§ 23. It is easy to see that the constant (7/ in '^, is 

V2 



and that 



a>2 



.(50), 
.(51). 



The exact specification of CV is more difficult. It follows from § 22 that 
<^ (w - a) = - log <r (w - a) -f ^0, (w - «)« + C^ {u - a) + 0, . 

= -logsin- -5^ -^ s^ (^<-a)* + — (M-a)-log2--7n-22 >:r — s^^^s ^^ -, 

where that branch of log sin -; is chosen which is real on (a, a + ©,). Also 

^, (m - a) = - log <r (« - a) + i CV ( u - a)' + C,' (w - a) + (7/, 

where the value of (7,' depends on which branch of log o- (m — a) is chosen. We may, 
for instance, agree that that branch is chosen which is obtained by going from near 
with the branch chosen in ^ and returning 
near by a loop round a nearly coinciding with 
the line (0, a). The value of (7/ is then fixed. 
To find its explicit expression would, I think, 
be troublesome, as we should need to use ex- 
pansions for elliptic functions in terms of 

which are not given in the books, and cannot 
be written down at once from those in terms of 







because 



Fio. 1. 



However, it is not in any way necessary for us to know an explicit expression for C,'. 

It is evident that if we make t/=0 in c^, and i/r, the corresponding values of 
logo- (—a) diflFer by 27rt. 

The Double Oamma-f unction. 

§ 24. I shall now deduce an expression for the logarithm of the double Gamma- 
function by means of the equation* 

'^-^".:.r=[sf-<"''— 1 <'^>- 

By (37) (§ 19) 

- 2iri^t («. a, w. , «,) (0 < U («) < 1) 

-«|J"'{^(w-a)-^(-a)j^,-»j'J'*'{t,(«-a)-t.(-a))-,". 



• Barnes, loe. eit., pp. 330—334. 



3—2 
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Now ^ ^8j^^'[<l>,(u^ a) - <^3 (- a)} ^,1,] 

Each of the last two integrals becomes divergent for « = 0. 
Let A be a small fixed positive quantity. Then 

£'"'{^(«-a)-.^(-a)}^. = (£*"+£") {<^(«-a)-<^(-a)}^ 

Each of the integrals on the right is continuous for 5 = 0*. 
The last term may be expanded in the form 

- (t>z (- a) |- - log (ha>j) + .•• L 
and _ j^ ' ^ (_ a) ( ^-^ _ i^ Jf = ^,(_ «) log (1 + km,). 

plus terms which vanish for «=sO. 

Again |J'"{<^3(u- a)-^(-a)} -|^ = |^ ' {^^(m .a)- c^o(-a)}^-^,^i-?^ 

. r*"'jL / xlogwdw ... . rf r 1 1 (t>s(-a) 

pin5 terms which remain finite for 5 = 0. Hence by (37) and (53) 
-2.ilog':^'^^-^-^=rU(u-a)-'^\^^-r (54). 

° /3s(0)i,(i>2) Jo (^ ^ l-\-U ] U Jo [^ ^ ' 1+W J U ^ ^ 

We can at once deduce formulae for the various logarithmic derivates of the Double 
Gamma-function. For if, in Mr Barnes' notation, 

•^3^'^ (a, wi, «a)=2-,logr2(a, a>x, Wj) (55), 

we obtain at once 

* Here, as in § 12, I omit tbe proof. This remark also uamber of theorems conceming the uniform convergence of 
applies to the differentiations under the integral sign in certain classes of integrals which enable us to justify the 
this section and elsewhere. I have proved elsewhere a assertions of this kind made in this paper. 



.(56). 
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Special cases of the Double Zeta-function. 

* § 25. We have now found formulae for the double Zeta-function for all values of s for 
^wliich lSi(s) is not integral, and also when « is a positive integer >2, in which ease 



5i(«, a, a)„i»g) = 



(-y 



t>'->(a,a>i,Q>a) (57). 



(^-1)1 

For « = 1 and « = 2 the 2ieta-function becomes infinite, the finite terms in its expansions 
in powers of 5—1 and «— 2 being respectively — "^s^^Ca) and '^3^ (a\ 

There remain two cases to consider, that in which s is complex, and ISi (s) integral, 
and that in which s is zero or a negative integer. 

By (33) of § 17. if ^ r<»(-.5)< r + 1, 

^2'jn^i{s, a, ©,,(»,)«*(* + l)...(« + r) I \^r+s (w - a) w"*"*^' dw - j '»^r+3(w-a)w""*^"*^*dw , 

or =«(« + l)...(4r + r+l)rj^"*l0,+4(w-a)-t^r+,(-a)}M-*-'-«rfM 

-.|J"'{^^(u-a)-V^,+,(-a)}u--*^dJ . 
on integrating once by parts. 

It can be shown that if « = — r — 1 + tcr this last formula must be replaced by 

- 27ri5i (*, a, Oh , «a) « « (* + 1 ) . . . (« + *• + 1) fi' (*r+4 (- a.) - -^,.+4 (- a)} 

+ /J"{<^.,.(.-a)-*^-|:^^^ .— dt. V (57), 

-i:-W-<»-">-%^-;1«--^"] , 

where JBT^-— I .. - .»dM= . r (58). 

urJo (1+u)* sinho-TT ^ ^ 

Suppose ^ = - r— l + €+tV, where € is small, and let A, as before, be a small fixed 
positive quantity. Then, if we neglect terms which vanish with e, 

roe 4^ 

I [<l>r+4 (u-a)- <l>r+4 (- a)} u-^"*-^ du 
Jo 

= (^ {^^ (« - a) - <t,r^ (- a)} u->-- du + r "■ <f>r^, (u-a) «"'-- du - f^/""^ . 
This expression differs firom the first integral in (21) by 

The quantity in square brackets is independent of A, and therefore 



ia (hoi)^ (1 + Aoh) io^ (Ao),)**^ 
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The integral along the axis of o), may be treated in the same way. Since ... ^^ has 
no poles whose real part is positive, 

by an easy calculation. 

DiflFerentiating (57) k times gives 



(TIT 

sinh atr ' 



■ 2^ r(g + r + 2) ^' ^* "*■ ''' ^' "^'^ ""'^ " ^ ^'^''-*^' ^~ "^ " ''''■"''^ ^~ ^^^ 



^j;-{*_,,„-.)-*---fcs>}.-"*. 



.(59). 



If r-/c + 4^0 the first term vanishes. If o- = 0, so that -« = r + l, and r-«+4=3-m, 
^ = r + m + l, «+/c = m, while m ^ 3, we find that 

— .27ri r (??i) ?2(wi, a, o>i, Wj) 
IS equal to the integral expression already obtained for 

(-)'«+^27n>2<'"'(a, «i,«2), 
which is of course correct. 

There stilk remains the case in which s is actually a negative integer. Suppose that 

« = — r — 1+6, 
where e is small. Then 

A»», raB»j rhwi r»«i 

I <^r^.s(t*-a)w"*"'^^<i«=(« + ^+l) {<l>r+4(u-a)-<l>r+4(-a)}u-*-'^du^€\ +€ . 

Vo ./o Jo J hfx 

The first term vanishes for 6 = 0, and the second becomes 

- (j>r+4 {— a) lim € I M"^"* dw = — c^^^ (— a). 

Thus - 27rif, (- r - 1, a, a>,, to,) = (-)- (r + 1) ! [<f>r+, (- a) - i|r,^ (- a)} (60), 

(0 ^ r), which is a polynomial of degree r + 3. This agrees with the known fact that for 
negative, integral values of 8 the double Zeta-function is substantially the double BernouUian 
function of order — «*. 

To verify the work difierentiate with respect to a and put r = 0. We find 

27rt5i((), a, ft),, <iD2) = ^8(-a)-'^j(-a) (61). 

Now c^, (_ a) = - log o- (- a) 4- ^Citt* - C^a + G,, 

^3 (- a) = - log o- (- a) + i(7iV - C,'a + 0/, 



where 



C7,= 



ft)i 



C/ = 



^ 
«>.' 



Oj = — , o« = , 

6Di ft>a 

* Barnes, loc. ci<., p. 340. 
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so that (remembering the remark made at the end of § 23) 
27ri?, (0, a, ft>„ ft),) =la' (11^11)^ airi (- + -) + C,-C,''-27n 



.23 



^ oVi __ aTTt (o)i + (02) fj ^C'" 2m 



Thus (apart from a constant) ^2(0, a, ©i, ©o) is 

a** a (ft>i + ©a) 



But it is known* that 






' rt (ft>i H- G>a) ft)i* + ©a' + 3G)ift>a 



.(62). 



■(63); 



jWg 2a>iO>2 ' 12a>ia)2 

which agrees with our result. To attempt to verity that 

G, - a - 2« = 2,rr ?»!+< + 3?', «« , 

lZQ>ia>2 

would lead us too far from our present subject. 

We have now found formulae for the double Zeta- function for all values of b save 5 = 1 
and « = 2, for which it becomes infinite, and ^^^^ and -^^^^ take its place. 



A Formula for log/52(ft>i, ©a)- 

§ 26. We can obtain a formula for \ogp^{<Oi, ©a) by means of the equations 

lim {log Fa (a, g>i, Wa) + log t'} = 0, 

a=0 

and (54). We require to consider the behaviour of 

Jo i*'<"-'^>-^iTir}«=io -^i,., 

when a tends to zero by a path lying entirely within the principal period parallelogram. 

Under these circumstances (see §11) <f>3(u—a) tends to a definite value for all points 
on the axis of coi except the points 0, o>i, 2o>] .... These limiting values define a function 
<l>i{u) which becomes logarithmically infinite at o>i,2o>}, ..., but which is easily seen to possess 
the characteristic properties of <^3 (u — a), in that it has a>i as a period, and 



/; 



<^3(w)dw=0. 



It is not difficult to prove that 



J hi 



die 



<^8(w-a)^ 

is uniformly convergent for a range of values of a including 0, and so continuous for a = 0. 
Thus = <^3(m) -<^3(-a)log ,-— , 

.' Ami J A«, t* f'^l 

if we neglect terms which vanish with a, as I shall do without remark in what follows. 

* Barnes, loe. eit., p. 273. 
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Again =^(-a)log(l + /ia>a)- {log (w - a) - log (- a)} — 

JO •'0 ** 

+ {<^, (u - a) + log(w - a) - <^3(- a)- log (- a)] — , 
JO ** 

logiu — a), log (—a) being chosen so that 

lim log (m — a) = log (— a), 

and lim {<^s (- a) + log (- a)] = Cj. 



The last integral tends for a = to 



dw. 



We may therefore replace the original integral by 

M'^) — + 4>9 (- «) log (''«i) 

- {log(«-o)-log(-a)}^+ {,fe(„) + log«-C,}^, 

Jo « J " 

which is easily seen to be equal to 

/o"" {^ ^"^ "*" "^V+u J T "^ *» ^" "^ '''^ ^^'"'^ "/o ""^^"^ («-«)- log (- «)} :j^ 

Jo 1+w Ja«, w(1 + w) 

We may replace <^8(-a) by —log (—a) + (7,, and then (7, may be omitted except 
in the first integral, since 

»«»<'^'»»>-Jo iTi^A.«iri:ir)=0' 

as appears on working out the integrations. 

The integral along the axis of cos may be treated in the same way. Hence the 
right-hand side of (54) becomes 



- log (- a) log (ho),) + Log (- a) log (A«,) 
-| '{log(w-a)-Iog(-a)}-J^ 

.'0 «* 

+ I '{Log (m - a) - Log (- a)] -^ 

Jo i*- 

Jo 1+W Jo l+'2* 

J*», m(1 +w) ;»„, m(1+m) 



.(64). 
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In this formula log and Log denote different branches of the logarithm. 
The last four integrals are equal to 

(^^liere the integral is taken along the straight line from ho>i to Ao,, and m is an integer) 

= -i{log(Aa),)}« + i{log(Aa>0}*-2mTrtlog(Aa>,) (65). 

Now let us consider the integral 

taken round the contour C shown in the figure, in which Oi, 0, are points nearly 




Fio. 2. 



coinciding with 0. We start from Oi with log {(u — a)/ — a] nearly zero. When we get 
to O, its value Is nearly 27ri. Hence the contribution of (1) is nearly equal to the 
integral in the fourth line of (64), and the contribution of (2) exceeds the fifth line of (64) 
by SL quantity nearly equal to 

Jo, w 
The contribution of the loop is practically 

Jo, u 



2m 



Hence, by Cauchy's theorem, we may replace the fourth and fifth lines of (64) by 

Jhm, ^ \ -a J U Ja "U 

= i{log(Aa>.)}«-i{log(Aa>,)}' 

- log (- a) {log (Awa) - log (Aa>i)} 

— 2m log (A»j) + 27ri log a, . 

xieglecting terms which vanish with a. The sum of this, (65), and the third line of (64) is 
2-71-* log a. There is apparently an additional term, viz. an undetermined integral multiple 
of 2irt log (A«j) ; but this must vanish, as the result cannot contain h. 

Vol. XX. Part I. 4 
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..(66). 



Hence, finally, 
27ri log /5j (©1, ©a) = lim - 27n log ' ^ / ^ -' -^-^ - 2m log a + 2-7^ log aFj (a, »i, Wg) 1 

it being understood that the right branch of the left-hand side is selected, and that the 
logarithms under the sign of integration are so chosen that the limits of ^{u) + logu—C^ 
and -^8 (u) + log u — Cj' for w = are each zero. 

§ 27. I shall next find a similar formula for the modular constant 722(^1, ^a) defined 
by the equation 

722(0)1, 0)2) = - U^s^'(a, »i, ^3) + - (67). 

We found that 

e^^..(»,.,.„.)./;-j^<.-„,-*-i=i)}^-/;-{^.(„-<.)-^))i«. 

Now it is easy to prove that 
For 

+ {<^8 (Ag)i — a) - <^ (- a) - A©i<^2 (— a)]lh(Oi + I S^-^^ — dw, 

Jo 1 + w 



and the sum of these two expressions at once reduces to the form required. Hence 

"") du 



27n^2<^' (a, CO,, o),) = ^^^'^ \^, (^ - a) - <^ (- a) - ''"^y^ 



<*" 



.(69). 



§ 28. Now 



\ '{«^3(u-a)-^,(-a)~w<^2(-a)}-;^ 

JO t* 

= j ' I ^,(14- a) + log (w- a)- C; - Cs (t< - a) - <^s(- a) - log (- a) + C, - Cja 

-tz<^2(-a) + - + C'2UJ--j^ |log(t*-a)-log(-a) + -|^ 
= f V3(«*) + logt^-(7s-C2w}-i*~f* Mlog(w-a)-log(-a) + 4~7, 



Digitized by vnOOQ IC 



DOUBLE GAMMA-FUNCTION IN TERMS OF ELLIPTIC FUNCTIONS. 27 

if we neglect terms which vanish with o. Hence 

JO " .'o ( a) u 

Again /-•{^(„-a)-^(-a)-«-^)^' 

_ /■*- (7, du 
Jo 1 + w 

We may replace ^(— o) by - + C„ and ^(— a) by - log (— o) + C,. Then it is easy 
to see that (7, and (7, may be omitted except in the first line. 

Hence 2iri^,<^> (a, Wj , o,) "^ 

.ii,^,».)-.^«).'^-'^fci>^ ^,„^ 

log(«-a)-log(-a)+-f -, 

+ /*"* {Log(« - a) - Log (- «) + ^1 ^ 
We now take the integral 

j|log(w-a)-log(-o) + ^- 



du 



4—2 
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round the contour C considered before. We find that the last two integrals in (70) may be 
replaced by 

-f'-te?^»-'»?(-»> + "*<-°>H.ll,^(fc'>-2ri(l-'). 

(by Cauchy's theorem) we obtain finally by reasoning similar to that at the end of § 26 

- 27ri 7« (ctfi, o),) = 2m -^^^^ (a, «i, Wg) + - 

§ 29. If we differentiate (69) we obtain 



— 27rti^2<*^ (a, w,, a>a) 



-rK-°>-*-<-«>-iii?}'^ 



.(72). 



By a transformation similar to that of § 27, 
«27ri^,w(a, w,,6)a) 

= 2 



/;-|^,.-«,-M-«)-»^(-.)-^^'}t[ <,3, 

-!/;-{t.<«-a)-+.(-a)-„^.(-<.)-ii^ifc±)}^i 
And by analysis similar to that of §§ 26, 28 we can deduce 

27rt7n ((»„ wj) « - 27ri i^a<»> (a, w, , cog) - - \ 

= 2/;-j*.(., + ,„g.-C.-C..-i^'}| [ (74). 

-./;-{^.(.)..og»-.;-a>-i<j^'j^-) 

Thus Mr Barnes' three modular functions are expressed as definite integrals containing 
elliptic functions under the sign of integration. 
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General values of cu 

§ 30. We have so far restricted ourselves to the case in which a lies within the 
principal period parallelogram. 

Now suppose that a lies in the parallelogram 

iiOi + Ar,(»„ (A^ + 1) Oi + fr,»j, (A-, + 1) Oh + (A-a + 1) Wa, ki(Oj + (Aj + 1) Oj, 

{ki, k^>0). Under these circumstances the right side of (31) must be^replaced by 

1 



Now 



2 2 = 2 2+2 2 + 2 2 + 22 



The constant terms in the expansions of the first three sums are respectively 



and 



f , («, a, tt), , «,), 2 f 1 (*, a + w, fti,, wj). 






Thus - 2m f , («, a, oh, «j) + 2 f i («, a + m,a>i, w^) 
L -*. 

-1 -1-1 1 "I 

= «(«+l)...(« + r) I ^+, (lA — a) u~*"^* du 

— I y^r+z (w — a) tt"^'^* du 
(0^r<3fl(-«)<r+l). 

Now in § 11 we found integral expressions for each of the terms 

fi(«, a + m,o)„ o>,). 



For by (28) 



^[^li^, 



-1 



27n f , («, a + m,wa, o)i) + 2 



-I 



m.« -*, (a + wiiO), + m,o),)*j 

00 Ml 



\ 



««(«+l)...(« + r) j ^,^3(u-a-?w,o)j)u-*-^^dM^. 

— / Xr-j4 (i* — a — ni,o)j) M""*"-^^ du ; 

£knd there is a similar expression for 

( -11) 

m,= -A, (a+ 7?liO>i + maO>2)') 



.(75), 



.(76), 



L 
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Summing these expressions from 7/I2 = — ^'2 to — 1, and from wii = - A*i to — 1, and sub- 
tracting from (75), we obtain an expression for 

-27rt1fo(», a, o>a, 6)2)- 2 2 7 — ; A (77). 

We may also, if we like, express the algebraic terms of (77) as integrals along the -axes 
of a>i and odj, and so obtain a formula for ''2iri^z(8t a, 0)1,0)2) simply: but the formula is 
complicated. Of course formulae for 

r5(a, ft)i, 0).,) 



log- 



Pa (0)1,0)2) 



for general values of a, may be deduced. There is also the case in which a lies on the 
other side of one or both axes to consider; but my present object is only to indicate the 
way in which the formulae of this paper must be modified for values of a other than those 
especially considered. 






Special Ca^es. 

§ 81. Special cases occur when a is on a side or at a corner of a period parallelogram. 
In such cases we may proceed as in § 12, if the special value of a is not one for which the 
function which we want an expression for becomes infinite. 

The most interesting case is however that in which a = 0. Suppose < IR (5) < 1. 

Then by (37) 

r***! dxi /'***9 du 

- 2m ^2(5, a, 0)1, 0)2) = 5 {<^,(i^ -a)^ <^,(-a)} ^^^^-8 {irz(u-a)-ylr^(-a)} -j^. 

.'0 "'Jo ** 

Suppose now that a tends to zero by a path lying inside the period parallelogram. 
Then it may be shown by an argument similar to that of ^26 — 29 that 



r 1"! r f*"* du 

-27rt |f2(«, a, 0)1, o),)-- ^ = « j {^» («) + log «* - C',} ^^ 



n r 



.(79); 



and generally it appears that if 151 («) > and is not integral, 

r n r r*** du \ 

- iwi ^^, (s, a, «„ o),) - -,J = » I ^ j^ {^. (m) + log u] ^^^-j 

If lSi{8) is integral a new set of formulae is required, of which we have already 
worked out those which correspond to the cases « = 0, 1, 2. The form of the general formula 
for positive integral values of 8 may be readily inferred from these examples. 



.(80). 
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PART IIL 
The connection of the formulae op the paper with Mr Barnes' contour integrals 

FOR the double ZeTA- AND GaMMA-FUNCTIONS. 

§ 32. When the real parts of oh, to^ and a are positive, the double Zeta-function may 
be defined* for all values of s for which it exists by the contour integral 

cot' 




Fig. 3. 

where (— 1^)*-^ = e^^^*°»<~**\ log(— w) being real when u is real and negative, and rendered 
uniform by a cut along the positive half of the real axis. The contour of integration is a 
loop from M = + x to w=i+oo enclosing but no other pole of the subject of integration. 

Suppose that the contour is separated at oo and completed by drawing a very large 
circle whose centre is 0. Then under certain conditions which I shall formulate shortly the 
value of the integral when the radius of the circle is made infinite will still be the same. 
If this is so it is clear that 

>vill be equal to — 27rt times the sum of the residues for poles within the contour. 
Now the roots of 1 — e~^" are 



and the residue of 



2n7ri . 
at lA = IS 



2mn , . 

w = — — , (n = -x, ... x), 

g-au(-,.^)>-i 



_2»ciri 

1-e "• 



* Barnes, loc, cit,, p. 314. 



Digitized by vnOOQ IC 



32 Mr hardy, THE EXPRESSION OF THE DO[JBLE ZETA-FUNCTION AND 

The sum of all these residues from ?i = - x to x (exclusive of 0) will be convergent if 

(82), 



"" —J——0 



have opposite signs. 



which will be the case if Ift (-] and Ul \iE^l^\ 

But if rii and u^ are two complex quantities =a?i + iyi and ^52 + ^^2 respectively, the 
meaning of » (^*) > is that ^' > ^^ 

Hence it is easy to see that (82) is satisfied if a lies within the strip bounded by 
(0, 00 6)1) and (a>2, ©g + « cdi). This is in fact obvious on a reference to Fig. 4. 




Fm. 4. 



The roots of 1 — er*^^ give another series of residues which is certainly convergent if a 
lies in the strip bounded by (0, 00 coj) and (wj, cdi H- 00 coa). Hence if a lies within the principal 
period parallelogram both series will be convergent. Moreover it is easy to see that if 
this is the case, and if the circular part of the contour, in its progress to infinity, always 
has its radius so chosen that it never passes at less than some assigned distance from 
any pole, the value of its contribution to the contour integral ultimately vanishes. 



For (neglecting the power of u) the subject of integration is 



0au __ ^(o— «i) u __ ^(o— «>«/ u _|. g (a— »,—«•) t 



.(83). 



Now if a = ai + ia2, u = x + iy, and [t^| is large, |e*"| will be large or small according as 



a^x 



Oay. 



Draw the line (0, 00 a) and its image with respect to x = y. Then the part below or 
above this line is the part of the plane in which le*'*! is infinite at infinity, according as 
Oq^O, A reference to Fig. 5, in which the different angles within which the four terms 
in the denominator of (83) become infinite are indicated by semicircular arcs, now shows that 

becomes infinite, and so (83) vanishes, all along the circular part of the contour. Hence 
the contribution of this part ultimately vanishes. Hence 

2narn 2nain 



1 — e«j 1 — e«« 
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33 



Now let us consider the first series. Take first the general term for which n = i/ is 
positive. In it 

^where the imaginary part of the logarithm lies between ± iri. 




Fio. 5. 



Similarly in the corresponding term for which n=^ — v is negative 

where again the imaginary part of the logarithm lies between + in. 

Now if a>i makes an angle 0i with Ox the imaginary part of logf J is 

(Jv-^i + 2far)i, 

and as Jtt - tfj lies between and tt, k = 0. Similarly that of log ( — - — J is 

{i7r-<?, + (2Jfc+l)^}i 
and here i = — 1. 

Thus the terms for which n = ±v give together 









I — e* •»! 



l-e 



tvutfiri 
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Thus the first term in the expression of ^^(s, a, coi, co,) is 

^. (2^/-- rg -n ^ ^ [ ^'^<-^^*^^ ^Hs-i)^} (85). 

where cdi"* has its principal value. 

§ 33. Now* 

/ ^ \ Vi o/^TTX^S ng^'* 2n(w— a)7r .^^. 

j?(w-a-W + 2;=-2U)?l^""' ^r^ <®^>' 

for all values of u and a such that w — a lies in the strip bounded by 

(- X (»l + i ft)2, 00 G>i + i©,), 

and (— ooo)i — ^ft>2, oo cdi — ^©j), 

a condition which is evidently satisfied if a lies in the strip and u on the axis of a^. 

Hence 

Jo {«'("-«-*"'>+5;K-=-Hw?w'»Jo "'^ «. «F. -(sy)- 

Here it is supposed that 1 < 9fl («) < 2, and that 

logw having its principal value. Now 

Jo '"PI «, }«- = ^ -'Jo *- t?=i- 
Along the path of integration — =a?, where x is real, and w^-' = tt)ia?.e"'^°'^^**»*^ = tt)i*""'a:^'* 
where cdi~' has its principal value. Hence the integral is 

6)i«-'«""^J e»«^a:»"'dar = ft)i»-«(2w7r)«-^r(2 -«)exp J- ^— + J(2-«) Trtj , 

/;-■ {,(.-.H-.).^}^.-(|)'r(.-.,l^| 

f«p[-^ + t(2-.)]'"- + exp[^-J(2-.)]^l (88). 

=-^(i)'''<^-')!f^-|^-*«-.)K) 

Here o)i~* has its principal value, and a lies within the limits previously defined. If we write 
a-^eoa for a, the new a will lie in the strip bounded by the axis of ©i and the parallel 
to it through 6)3, and for such an a 

Now since fa(«, a, «,, «,) is the sum of two series, of which 

* Halphen, Fonctiom ElUptiqtuSt i. 426. The notation is diffeient. 



...(89). 
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is one, it follows that — 29ri (« — 1) (f, («, a, Wj, <»,) is the sum of two series, of which one is 
the series which occurs in (89). 

The second series may be treated in the same way ; and so we arrive at the formula 

-2«-(*-l)r.(*.a.o,...H) = /;-{«>(«-a)+^}^.-/;-*{|,(.-a) + |}^ (90). 

Now if in (34) we suppose r + 3 — #f = l, /c — r + 2, we obtain 

— 2^(« + r + l)fa(*+r + 2, a, (Oj, G)a)= | ^i (w — a) w~^^~^ dw 

Jo 

— I '^1 (w — a) t*"*"^"* dw 
Jo / 

which agrees with the above formula when we put 8+2=t and suppose r = 0, so that 

-l<aa(*)<0, l<3Si(t)<2. 

Conclusion. 

§ 34. The investigations of §§ 32, 33 connect the formulae of this paper, which were 
derived from the definition of the double Zeta-function as the constfmt term in a certain 
asymptotic expansion, with the contour integral by means of which the double Zeta-function 
is first defined by Mr Barnes. The series which occur in §§ 32, 33 are very interesting; 
we can of course deduce expressions for 

log ^^li^^, etc., 

* />2(fl>l, W,) 

as the sum of two infinite series. These expressions are analogous to Rummer's series for 
log r(a). But the length of this paper forbids that I should pursue the subject further here. 

We cannot (at any rate without undertaking a difficult and laborious investigation) deduce 
the corresponding formulae for the O-function directly from those for the double Gamma- 
function. The ©-function, which is the degenerate form assumed by the double Gamma- 
function in the limiting case in which the parameters a>i, 6>, become equal, is a very interesting 
function; more so, perhaps, than the general double Gamma-function itself. But when the 
periods become equal the elliptic functions cease to exist, and to determine the limiting forms 
assumed by formulae containing them is in general a matter of considerable difficulty. 

Mr Barnes has however remarked that the properties of the ©-function may be 
deduced from those of the function 

in the same way as that in which the properties of the Gamma-function are deduced from those 
of the Zeta-function. There is therefore no difficulty in deducing expressions for the ©-func- 
tion and its logarithmic derivates from the formulae of Part I. 



5—2 
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II. The Law of Error. By Professor F. Y. Edgeworth. 

[Received 22 August 1904.] 

INTRODUCTORY SUMMARY. 

The law which is the subject of this paper is the approximate expression for the 
frequency with which different values are assumed by a magnitude that depends on a number 
of independently varying magnitudes, here called elements. 

The first Part deals with a case called '* typical," in which the elements and the compound 
vary only in one dimension, and the relation of the compound to the elements ia particularly 
simple. Approximate expressions for the law of error are found by a new method which 
proceeds on the assumption that a form may be regarded as approximate to a given frequency- 
locus when the mean powers of deviation measured from the centre of gravity — second, third, 
fourth powers and so on up to some high power — are approximately the same for the repre- 
sentative as for the given locus. An approximating curve of this character is found in the 
typical case by means of certain properties of the multinomial law. The general expression 

thus found for the law of error may be written y"^* 

- * y 



V'7r2A; 



e 2*; 



where h^ is the mean square of deviation for the compound; Ati, Atj, ... ht, form a descending 
series corresponding to the second, third, ...(^ + l)th approximation to the actual locus; 
Ati is the difference between the mean third power for the actual locus and what it would be 
if the first approximation were accurate, h^ is the difference between the mean fourth power 
for the actual locus and what it would be if the second approximation were accurate, and 
so on up to the ^th, where i is not large \vith respect to m the number of the elements. The 
formula comprises as particular cases the familiar normal law which forms the first approxi- 
mation, and the second approximation investigated by Poisson. 

The properties of the multinomial law on which the new proof rests are also required 
in order to establish and extend the proof by way of partial differential equations which 
was initiated by Professor Morgan Crofton. 
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The system of partial differential equations for the typical case is: — 

dy _ 1 d^y 

dh 4!da?*' 

dy ^ {"lyd'^^y 
dkt e + 2!da?«+=' 

From this system, combined with certain subsidiary conditions, and regard being had 
to the orders of magnitude to which the respective k& belong, there is obtained a solution 
which is identical with the expression given in the preceding paragraph. 

The properties of the multinomial law which have been referred to are next employed 
to extend Laplace's method of investigation beyond the second approximation found by 
Poisson, to the third and generally the <th approximation. The "diflScult point" which 
Czuber* has pointed out as obstructing the general application of Laplace's method even 
to the first approximation is here surmounted. 

A variant proof is formed by combining some of the premisses on which Mr Morgan 
Crofton's method is based with a new condition which is handled by Laplace's analysis. The 
new condition is that the law of error must be reproductive in the sense that, if there be 
two (or more) magnitudes each fluctuating according to the law of error (as being ea<5h the 
sum of a number of elements fluctuiating according to any law of frequency), then the sum 
of these two (or more) magnitudes must fluctuate according to the law of error. 

The results found for the typical case are verified by showing them to be true in some 
simple varieties of the case for which the law of approximation can be investigated by ordinary 
analysis. Thus in the case of the binomial the second, third and fourth approximations as 
found by ordinary analysis (employed by Todhunter for the second approximation, by Czuber 
and Karl Pearson for the third approximation) agree with the results of the more general 
theory. 

Further verification is obtained by a new use of ordinary analysis to prove the law of 
error in the simplest case of multinomial laws of frequency with which Laplace begins his 
investigation (the case in which the frequency-locus for each element is a horizontal line) 
and the fairly complicated case at which Laplace stops, the case in which each of the elements 
have any the same locus. 

The results thus established for the typical case are extended in Part II, to the general 
case in which there are several degrees of freedom, the compound may be a function other 
than linear of the elements ; and other simplifications are withdrawn, only essential conditions 
being retained. 

* Theorie der BeohachtungtfehUr^ referring to Laplaoe*s Method of Least Squares. 
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PA.RT I. 

The law of error may be described as the approximate expression of the frequency 
with which in the long run different values are assumed by a quantity which is depen- 
dent on a number of variable items or elements ; given cei*tain conditions which seem to 
be adequately fulfilled in common experience. 

The first approximation to the law of error thus understood was given by Laplace* in 
connexion with his method of least squares. The second approximation was investigated by 
Poisson on the same lines. Another proof of the first approximation has been given by 
Professor Morgan Croftonf ; and has been extended by the present writer J to the second 
approximation. It is here attempted to confirm the results which have been found, and to 
find new results — namely the third, fourth, and generally the ^th approximation — partly by 
a new method, and partly by a modification and extension of the methods which were originated 
by Laplace and by Professor Croffcon. 

It will be convenient first, in Part I., to discuss a case which is neither the simplest nor 
yet the most general, but may be regarded as typical, presenting the most characteristic 
diflSculties in their least complicated form. The theories proved for the typical case will 
then, in Part II., be extended to the general case of which only the conditions necessary to 
the fulfilment of the law are predicated. 

The typical case which is the subject of the first part is defined by the following 
attributes: first, essential conditions which must be satisfied in order that the law of error 
should be perfectly fulfilled, and second, limitations which are introduced only for convenience 
of exposition, and are to be afterwards withdrawn. 

1. The elements assume difierent values in random fashion. 

2. The values assumed by each element in the long run recur with a proportionate 
frequency capable of being represented by a single definite frequency-curve or -locus. 

3. The set of values each of which is contributed by the same element to a difierent 
value of the compound quantity is formed by variations which are independent of each other. 

4. The set of values each of which is contributed by a difierent element to the same 
value of the compound quantity^ is formed by variations which are independent of each other. 

5. The method of aggregation by which the elements are compounded is the simplest 
possible, namely summation. 

6. Each element varies only in one and the same dimension. 

* Thiorie Analytique det ProhdbiliUt, B. n. ch. 4 : q). X Philosophical Magazine, 1896, VoL xli. p. 93 et tqq, 

Glaisher {Memoirt of the Aitronomical Society, Vol. xxxix. The third approximation is enouneed (but not proved) by 

p. 104) on the wide applicability of this theory. the present writer in the article on the "Law of Error" in 

t Encyclopadia Britanniea, Art. "Probability," p. 781. the Supplement to tiie Encyelopadia Bntannica. 
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7. The distance between the centre of gravity and either extremity for the firequency- 
locus of each element is not infinite ; " centre of gravity " denoting a point on the axis on 
which are measured the values of the elements, the point which would be the centre of 
gravity, if at every point corresponding to a value assumed by the element, there were 
placed a particle of mass proportionate to the frequency with which that value occurs in 
the long run, and the " extremities " denoting the greatest and smallest values which an 
element in the long run assumes. 

8. The distance between the centre of gravity and either extremity for the frequency- 
locus of each element is not infinitesimal. 

9. The number of the elements is large, in relation to certain quantities which will be 
defined in the sequel. 

10. The frequency-loci for the different elements, though not in general identical, are 
approximately equivalent in that each mean power of deviation from the centre of gravity 
(the first, second, third, and so on up to some considerable power, say the ^th), is approximately 
the same for any one of the elements as the corresponding power for any other of the 
elements. 

11. The values which any element assumes in the long run ai-e all multiples of one 
and the same finite difierence. 

The properties which have been enumerated may thus be expressed in symbols. Let 
any the pth value of the compound magnitude — the pth observation as it may be called — 
be J. H-yr; where pX is measured from the centre of gravity pertaining to the set of values 
assumed by the compound quantity in the long run ; A is the distance of that centre from 
an assigned origin. Then 

il + pa? = (ai + pf 1 ) + (aj + p^a) + . . . + (a« + p^,„ ) ; 
where SLq + j^q is the contribution of the qth element to the pth observation, p^q being 
measured from the centre of gravity pertaining to the set of values assumed by the gth 
element in the long run. It is proper to regard a,, a,... a^ as each measured from the same 

origin, the same as the origin of x, in such wise that ^ = 2 a,, and pO? = 2 pf^. It is postulated 

q=l 9=1 

that the values contributed by the same element to different observations, e.g. if^, sfg ... p^<, ... , 
are assumed at random independently of each other. The values contributed by different 
elements to the same observation, e.g. p^i, p?2 -"pfg ••• , are also assumed at random inde- 
pendently of each other. The number of the elements, m, is large, in such wise that a 
descending series is formed by X^, Xj/m*, Xjm, \lmf, where Xq, Xj... are functions of mean 
powers of an element specified in the sequel. The values which any the ^h element 
assumes occur at points lying on the axis x at intervals equal to the finite difference Ax. 
Thus if the (left) extremity of any the qth element is taken as origin the values assumed 
in the long run, with more or less frequency, by the element are 

0, Axj 2Ax ...vAxy 



Digitized by 



Google 



40 Prof. EDGEWORTH, THE LAW OF ERROR. 

where i/ is an integer, i/Aa? is the distance of the one extremity from the other, the range, 
as it may be called, of that element. But if the centre of gravity is taken as the origin, the 
series of values which the element assumes is 

...-(2-a)A^, -(l-a)Aa;, a^x, (H-a)Aar, (2 + a)A«..., 

where aAa?, (1— a)Afl7 are the distances* of the centre of gravity from the nearest values 
assumed by the element. The frequency with which the different values are assumed by the 
jth element is represented by a frequency-locus : riq^^q (^) signifying that the proportionate 
frequency with which any value of the element, e.g. ^q, is assumed in the long run is equal 
to Aa:^g(f'). Accordingly [S^« (^) Af ]t, if the summation extend from one extremity of the 
element to the other, = 1. The mean tih. power of deviation from the centre of gravity may 
be expressed as \S^^^q{^)^i\ if the centre of gravity is taken as the origin and the square 
brackets denote that the summation extends from one extremity of the element to another. 
It is postulated that the last written expression is approximately equal to [£f^^(^)A{]» 
the mean tih power of deviation for any other the pth element. 

Such being the data, the quaesitum is an expression in terms of a?, say y, which may 
be put into the form y© + (y, — y©) + (ya — yi) + etc., such that y^Ax forms a first approximation 
to the proportionate frequency with which any particular value of a; is assumed by the 
compound magnitude, yiAx forms a second approximation, and so on; the first correction 
yi^y^i ^^^ second ys— yi ai^d so on, forming a series descending in respect of magnitude. 

This problem will now be attacked first by a new method, secondly by an extension of the 
method which Professor Morgan Crofton originated, thirdly by an extiension of the method which 
Laplace originated, fourthly by a method which combines some of the data utilised by Professor 
Crofbon with a fresh datum to be handled by Laplace's analysis. Fifthly the conclusions thus 
obtained will be tested by being applied to certain simple cases for which the solution is 
known or discoverable by simple algebra, independently of the higher methods. 



Section I. 

The proposed new Method, 

The following investigation starts from a special definition of the quaesitum, an approxi- 
mating frequency-locus. It is here assumed that the sought representative locus will be 
approximate to the given locus when every mean power of deviation from the centre of gravity 
for the one locus is approximately equal to the corresponding mean power for the other locus, 
up to some power, say the ^th, where t, though a considerable number, is yet small with respect 
to m, the number of the elements. 

This criterion of approximation may be thus defended : whereas correspondence between 
the actual and representative locus is to be expected rather on the whole than in each detail, 
the mean powers of deviation form a proper feature of comparison, being an outcome of all 

* a is in general a proper fraction ; zero is a particular appropriated to the summation of oontribations made by 
case. the different elements, 

t S is osed here rather than 2 ; the latter symbol being 
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the observations*. Accordingly it has been found, both by Professor Karl Pearsonf , and 
by Mr BowleyJ, that when a representative curve has several^-e.g. four or five — mean 
powers identical with the actual one, it also satisfies the more familiar test of approximation, 
namely that the ** misfit" — the sum of the differences between the corresponding ordinates 
of the actual and the representative curve — should be small. 

A curve, or series of curves, satisfying this criterion in the typical case will be found if any 
power (up to the tth) of the compound quantity can be broken up into a series of groups 
descending in order of magnitude, say 0^, (7.i, (7.s..., each of which e.g. 0.-p is equateable to a 

definite integral of the form / ^(j/p — yp-Odx; where yo, y, ".yp-i are functions of x, con- 

J —00 

stituting first, second, ...pth approximations to the actual frequency-locus of the compound 
quantity. 

The required separation of the mean powers may be efiected by the method of 
Generating Functions. The generating function for the powers of a particular observation, 
each divided by the corresponding factorial, is c*p*. 

But e*p* = e* fp^'+ p^«+ ••+ p^) = e^p^' X aV. . . . ^pim 

= (l + ^,f, + i<?'pfi»+...)(l+^pf. + ...)...(l + Mm + ...). 
Identifying the two expressions with which ep^ is identical, and obtaining similar identities for 
another and another up to an indefinitely large number of observations, we find that the mean 
value of the first-written development of e^ is identical with the mean value of the second Let 
the mean value of rc^ be denoted by x^^, with similar notation for the mean values of the 
powers of the elements. We have then 

l + Ox^^-^^d'x^ •{•... = Uee^ of (l + 0^,-{-^0^^^^ 

The right-hand side of this identity may be transformed by the fundamental principle that the 
mean of the product of two independent statistical quantities — the pairs being supposed to be 
repeated with indefinitely great frequency under unaltered conditions — is equal to the product 
of their respective means§. Therefore 

1 + tfa?<« +^^a?w + ^ ^^w ... 
= Mean of (l + tfft* + ^ <^fi* + . • •) x Mean of (l + 0^,' + 1 <?«f,» + . . .) 

= (i + 0^1^'^+^, <^fx<« + ...) (i + e^.^'^+Yi^i^^' •••)••• 

= elog(l+*e/^'+^,ni*«+..0+l<«(l+«f.<»>+i#»^.«+...)+... . 

• Compare Prof. Karl Pearson : *'Our equation then f Loc. eit. and Phil, Traru. 1896, Ay to ki — of the 

depends on all the obseryations'' [when obtained from a t Journal of the Statistical Socief 

moment, i.e. mean power of deviation], Phil Tram, 1894, § '*Wie sich laicht erweise* 

A. p. 92. See also ibid, p. 74. Theorie der Beobaehtungsfehler 

Vol. XX. Part I. 6—2 
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The last written expression is therefore the generating function of the mean powers of the 
compound divided by the corresponding factorial, viz. "^ » "oj • • • 77 • If ^^^^ element is 
measured from its centre of gravity as origin, ^i^\ f,^', ... all vanish. Any term in the index of 
the form log f 1 4-^^ ^^g^^ + o] ^f«*^ + *^^-) > b^ing expanded in ascending powers of 0, becomes 

Call the coefficients o{ 0*,0*,0* ... ^^Kq^^^Ki, t-.k^ ... respectively. These coeflScients are not in 

general the same for all the elements; but by the postulate numbered 10, they are not very 
different. Any k subscribed r belonging to any element may be regarded as of the order 
l/(Vm)''+' relatively to a magnitude which it is convenient to take as unity*, viz. 

For as by postulate no. 7 the range of each element is finite the successive mean powers of any 
the yth element may be equated to 0, hqyq\ hqyq*, hq^jq^ ..., where 7^ is a finite parameter, 
and b^, b^' ... are finite numerical coeflScients. The coeflScient hq for each element may without 
loss of generality be put equal to unity. Then by postulate no. 10 the 7s for all the elements 
are nearly equal; also the coeflScients b pertaining to the same power for diflPerent elements, 
e.g. hq\ b/', &c. are nearly equal to each other. Therefore, if 7, the average value of the 7s, be of 
the order 1/Vm corresponding to the convention that mr/^ is of the order unity, the third, fourth, 
and mean powers for any element, e.g. f^<*^ ^q^^\ ^g<'^ are respectively of the orders 

Jl JL 1. 

Therefore, as any te coeflScient, e.g. k^ for any e.g. the gth element, is a homogeneous function of 
the mean powers ^q^,^q^K ••• the order of k^ for any element is l/(Vm)''"'"'. Put Itc^^kr, 
the summation extending over all the elements. Then Av is of the order l/(Vm)^ The 
generating function for the mean powers of w may now be written 

where the coeflScient of any power of 0, e.g. ^, in the expansion of is identical with ^r-. a?<*> . 

As kf and every product of k& that with the sum of its subscripts = r is of the order l/(Vm)'*, 

— ry mean power is hereby broken up into groups forming a descending series; except indeed 

^P *^-st and second powers each consisting of a single group, k^ and ki respectively. For example 
to m, t. ^j 

ThisL ^^'^ = 2!T»*-"' +*^»' 

theaxjtualai gj g, gj ^^, 

the mean pow ST2* ^4T2l 313! 2!'^ ' 

* a is in general a ^ : \ : : 

case. 

t S is osed here rather ^^ orders of magnltiide with which we have to deal see the Appendix. 
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^m=. 2p!^ _2p\ 

pl2P "^^ 4!p-2!2P-* *^^ 

Also **'^ = 3ii*»*i' +*«; 

7! 7 1 71 

3!p-l!2P-' ^ '' ^51/)-2!2P-« " «i + .... 
From the point which has been reached it is an easy step to the sought representation of 

the groups by means of definite integrals. Observing that — ^^ k^ is the integral between 

1 ^ 
limits ± 00 of the expression - . «" » we obtain this function for y© as the first approximation to 

/+• 
afy^ and the mean Hh power of the actual 

locus is small The difference is small, in the case of an even power, relatively to the value of 
the power whether the actual value or that given by the approximation is taken, being of the 

order ~ with respect to either. In the case of an odd power there is some difficulty in applying 

this test, as the odd mean powers are zero for the representative locus. The difficulty would 
not exist if the test of approximation were, that the ratio of any mean power, say the ^th, 
to a certain even mean power, say the 2rth (preferably the second), raised to the power t/2r, 
should be approximately the same for the actual and the representative locus. 

The difficulty does not affect the further approximations. The second approximation y^ 

ought to be such that i a^"^^ (y^) dx generally should be equal to x^^"^^^ to within a small frac- 

J -co 

tion ^th as it proves to be — of the true value of that power. The requisite correction 

is afforded by putting for yi, yo-^«-j^^« For when p is 1, x^'^^\ that is «<•^ is exactly 
equal to I a^{yi)dx. And when p is greater than 1, 

which is exactly the value for ««p+" when quantities of the order of — relatively to A, — of the 

order — i relatively to £, — ^are neglected. • 

6—2 
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By parity of reasoning the second correction, forming the third approximation, is found to be 

1 d% V 1 d% 

A general expression for the series of corrections may be found by a slight change of the 
expression for the generating function for mean powers. In that expression omit from the index 

the first term \k^0* ; substitute for every other d the symbol - ^ ; and place after the operator 

1 _^ . . 

thus constituted, as operand, the function , — - e ». We have then for y^, the ah approxi- 

V7r2A; 

mation, 

'J IT 2k 

r+oo 
For the mean ^h power as determined from this curve, viz. / (xfytdx, is equal, to within 

quantities of the ^h order, to the mean tth. power as determined by the generating function. 
For consider any term in the expansion of x^^^ as determined in the latter way. It is, if t is 
even, of the form 

*<«-TT!y(;8T2!r"^!r'¥r---'('^^«-2r + a(a+2) + b(^ + 2^ 

An identical term is given by the expansion of the operator, namely, 

*-^ 
i_r! 

daf- 



i: 



a^QT-4=5;y,d<r. (where a(a + 2) + b (/g + 2) + ... = «-2r)' 



= |^,(2/.^«^y.d.==e!Q^,.. 



In like manner if ^ is odd the terms of the two expressions for yt i^&y be identified. 

It will be observed that any coefficient of the type kt may be regarded as the difference 
between the mean tth power as it actually is, x^^\ and what it would have been if the actual 
frequency-locus of the compound coincided with the ^h approximation y^-i- The coefficient kt 
may also be regarded as the sum of coefficients of the type Kty pertaining to the different 
elements; where Kt for any the ^th element is the difference between the mean ^h powers 
for that element as it actually is and what it would have been if the actual frequency-locus 
for the element coincided with the law of error i/t-i, involving the coefficients k^, Ki ... Kt^i in 
the same way as ye«, , the ^h approximation to the frequency-locus for the compound quantity, 
involves A:©, A,, ... kt^i. 

In considering the order of the successive groups formed by the expansion of the generating 
function, or the equivalent operator, account should be taken of the number of terms which go 
to each group and of the numerical coefficient l/t\ with which the coefficient is affected. 
Let pt be the proportionate increase of the tth group compared with the (^— 2)th group 
due to these causes — any homogeneous product of the ^h degree of the k& being treated as 

equal to any others of that degree, and equal to — th of any homogeneous product of the 
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(t — 2)th degree (except A?o and k^*). Then m must be sufficiently large that ptim should be 
small. For any given value of m ceteris paribus the approximation becomes slower as with 
the increase of t pt approaches mf. 

With these explanations we may write the general law of error 



yo 









4!dar*^213!3!Ar«' 



da^ 



where y^^ is put for -^ .^"»f , the successive groups being given by the coefficients of succes- 

V7r2A:o 

sive powers of ^ in the expansion of 



Section II. 






The Method originated by Professor Morgan Croflon, 

The fundamental propositions which are required in order to find a law of frequency which 
is approximative in the sense that the mean powers of the representative and the actual locus 
are nearly equal, are also required in order to find a law of frequency which is approximative in 
the more familiar sense that the ordinate of the representative locus at any point and that of the 
actual locus at the corresponding point should be nearly equal. Of the methods which pursue 
t he latter quaesitum Professor Crofbon especially requires the support of the propositions here 
regarded as fundamental His proof of the law of error is based on a datum obtained by 
observiDg the efiect which the introduction of a new element produced on the frequency-locus 
for the aggregate of elements. It seems to be assumed, very properly, that the sought function 
involveB as constants some at least of the mean powers of the aggregate^. 

We may pass rapidly over Professor Crofton's first step which is to obtain a partial 
differential equation of the first order by which he deduces that, when a new element is taken 
in, the mean first power of the aggregate is increased by the mean first power of that element. 
This inference may be obtained immediately from the fundamental theorem 

This being observed we may without loss of generality refer each of the elements (and 
accordingly the aggregate) to its respective centre of gravity. Then if y, =/(a?), is the 
ordinate of the frequency-locus for the aggregate before taking in a new element, and y + 3y 
the ordinate after that operation, by a well-known principle !|, y + 9y = ['S^m(f)/(^ — f) ^f] 



* Jtj is of the order k^~^, 

t On the Talue of p see the Appendix. 

t It is a pnort eTident that the actual Iocqb can be 
€x«^Uj expreaaed by a function involying as constants as 
man? me«n powers as there are values — multiples of Ax — 
afiinui^ed by the compound quantity in the long run. 



§ A simple case of the multinomial law for a mean power, 
as to which see the Appendix. 

II Morgan Crofton, toe. ciu p. 781, col. a. The principle 
had been used by the present writer in his first publication 
. on these subjects in the Philosophical Magazine^ 1S83, 
Vol. XVI. p. 801. 
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where 17 = ^m (f ) is *he frequency-locus for the new element, and the square brackets indicate 
that the summation is to extend over the whole range of values assumed by that element. 
Expanding in ascending powers of (each value of) ^, and neglecting powers above the second, as 
is found to be legitimate under the conditions specified*, we have (since the first mean power of 
the element vanishes) 

From the fundamental proposition that 

it follows that [S^^^ (f ) Af ] the mean second power of deviation for the mth element is equal 
to dk I the addition to k the mean second power of deviation for the aggregate. There is thus 
obtained a partial differential equation of the second order 

In order to obtain a subsidiary condition wherewith to supplement this leading equation a 
further recourse to the theory here proposed as fundamental may be made. A subsidiary 
equation is (in effect) obtained by Professor Crofton from the property that if the unit according 
to which the axis of x is graduated is altered in any assigned ratio, there must be a corre- 
sponding alteration both of the ordinate expressing the frequency of the aggregate and of the 
mean square of deviation for the aggregation. By supposing the alteration indefinitely small he 
obtains a second partial differential equation, viz. (in our notation) 

»+-i+^*i=<> <2> 

Now the form of y which is given by the general solution of this equation, viz. 

^=;^^(^)' 

where '^^ is an arbitrary function, may at once be presumed from the relations of the ordinate 
and the mean-square of deviation to the abscissa which have just been adverted to ; provided 
that we assume — as Professor Crofbon seems to have assumed — that the sought function involves 
only one of the mean powers as a constant, namely the second. Otherwise why should we not 
have in the last written general expression, instead of V^, as the denominator of x (and Ax) the 
fourth root of the mean fourth power ; with a corresponding modification of Professor Crofton's 
subsidiary partial differential equation ? The justification for omitting x^^^ (and higher mean 
powers) is to be sought in the fundamental principle that the mean fourth (and every higher 
even mean power) differs from a certain function of the mean second power by a quantity which 
may be neglected in a first approximation §; while the mean odd powers differ fi-om zero by a 
quantity which may be likewise neglected ||. 

* See the appended note on the orders of magnitude t Identical with the Icq of Section I. Where no mistake 

involved. can arise k has been sometimes used instead of k^. 

t A simple case of the multinomial law for a mean § See above. Section I. 

power, as to which see the Appendix. i| Above, p. 42. 
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The subsidiaiy condition having been established in either of the forms above written, it 
may be combined with the leading equation either by treating the partial differential equations 
as simultaneous after the procedure adopted by Professor Crofton*, or by restricting the general 
solution of equation (1) in the manner proposed by the present writerf. It may be remarked 
that Professor Crofton's procedure seems to require yet another recourse to the fundamental 

theory. By combining equation (1) with (2) there is obtained a first integral ya; + -p = 0, 

from which the normal law of error is obtained, if is zero. G is inferred to be zero because, 

when X vanishes, -^ also vanishes. But can that premiss be obtained otherwise than by the 

fundamental theory that the odd powers (above the first, which is zero by the construction here 
employed) are negligible in a first approximation, and accordingly that y may be regarded as 
involving only even powers? 

The first and main part of the structure having been placed on a firm foundation, let us 
proceed to repair and add to that superstructure which is formed by the second and subsequent 
approximations. By continuing the expansion for the ordinate of the sought locus when varied 
by taking in a new element, as above represented, we obtain the additional term 

By the fundamental theory the quantity represented by the bracketed sum is dk^ the addition 
made to k^ the mean third power of deviation for the aggregate. As the increment dk^ (= «i) is 
evidently independent of the increment dk (= Kq) we obtain for the first approximation y^ the 
partial differential equation 

dyi__}^^ .ox 

dkr 3! da? ^'^^• 

The emplojnnent of this equation is restricted by the condition that k^ is small relatively to 
yo and A:©. Accordingly y may presumably be expanded in ascending powers of k^ as thus : 

"-"•*'■ [IL*- 

Employing equation (3), and neglecting quantities below the order I/Vtw, we have for that 

1 d'v 
function of x of which fcj is the coefficient in the expansion of y, — ^ -t~ . The first correction 

y,-yo,i8thus-Aag-,^t. 

When we go on to the third approximation, there occurs the difficulty that the fourth mean 
power of the superadded element cannot, like the third, be treated as an independent variable. 
In assigning 3A: = /to = ^''^ the increment of k, we have also assigned a part of ^,»<*^ What may 
be regarded as independent is the difference between the fourth power as it actually is and what 
it would be if the element were perfectly " normal," viz. ^<^ — 3^'. By the fundamental theory 

• loc. Ht. X Cp. Phil. Mag. 1896, Vol. xli. p. 93 et seq, (by the 

t Phil, Mag. 1896, Vol. xli. p. 96, top. preaent writer). 
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this quantity, k^, is the increment contributed by the new element to k^ (= x^ — 3AJ*). To connect 
this increment with the increment of y that depends on it, there must be utilised a fresh 
datum, namely that the aggregate formed by taking on a new element is itself obedient to the 
law of error ; and accordingly satisfies equation (1). Whence 

where Sy is the addition made to the ordinate by taking on a new element. Therefore 

dk°^dk 2da?''^dk~2da?'"'2da?' \dk) -\2da?)' 
Now continuing to expand the variation of y due to the introduction of a new element, we have 

=y. +|['Sr<^»(f)Af]g, -^[sr*«(f)Af]g. +l^m*^r.{i)i^i]% 

where Sy, is the vai-iation of y dependent on the increment SAg, and the other s)naabols have the 
meaning already assigned. By the condition just established 

Bnnging over the term in the latter form frou/Ke left to the right-hand side of the equation, 
omitting terms that have been proved to be equal o.both sides, and substituting equivalent 
, symbols in the expression for the remainder, we have 

I Whence dy,^}^d*y„ 

I subject to the condition that K is small, of the order 1. By that conditio^/ °>»y Presumably 

j t^vrretiretcr;: %t *'" "' "^'^ -' ---'^ '-''' '"'' ^'"''^'^ ''' 

where R is of the nature of a constant .?ith respect to yiv-involvin^ onlv k Wh» ' ^ ^ °^y ^ 
seen by continuing the expansion of y in ascending powers of J *^ ^ " "*^ 

2 ' dV 2 3131 d^' 
W V . V«iV of re^i^g u, th.. j„,. now e,.pl<,«, i. .b, ^ „, «,, ^^^ :> 



dy^ld*y 
dk 2 da?' 



h 
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not only is 
but also 



1^» 
31 da?' 



\dk,) 



With the aid of the fundamental theory the method of partial differential equations can 
be extended to any number of approximations. The general, the tth, correction may be ex- 
pressed as follows. Defining k as the mean square of deviation from the centre of gravity of 
the compound quantity whose law of frequency is to be represented, ki as the difference between 
the mean third power of deviation for that quantity as it actually is and as it would be if the 
first approximation y^ were perfectly accurate, k^ the difference between the mean fourth power 
as it actually is and as it would be if the second approximation yi were perfectly accurate, and 
so on, expand yt by Taylor's theorem as if it were a function of the variables ki0, k^O*, ..., ij^, 
and write out the coefiScient of 0^ in the expansion thus : 



*'-[sfe]/-.'^*-4[iJb'^ 



where after the differentiations ki, k^, ... kt are replaced by zero. Now substitute for 

d . ^ (-ly dP+* , , 

every operator -^ operatmg on yt, the operator ^^ — ^- TTh op^ra^mg on y© J and for every 

power of the former operator the corresponding power of the latter. The resulting expression is 
the tth correction, the difference between the (t+l)th approximation, yt, and the ^th approxima- 
tion, 1/t-.]. For assuming that the required expression yt involves mean powers of deviation* as 
constants, we know by the fundamental theory that they must enter in the forms k, ki, A^, &c.» 

with orders of magnitude proportioned to 1, -=, — , ..., — n. Therefore the above- written 
rule for the ^th approximation will hold good, provided that 



(I) 

and (II) 
where p, q, 






(dkj \dkg) 
are integers up to t. 



Now proposition II. follows from proposition I. by parity of 
reasoning with that above employed + with reference to equations (1) and (3). And it may be 
proved that if proposition I. holds good for At-i ai^d all coeflScients with lower subscripts, it 
holds good also for kt. 

For continuing the expansion of the ordinate J when a new element is taken in up to the 
tth order of magnitude we have for that order on the right-hand side of the equation 



(- 



ir« ^, [£f*».(f)r«Af] ^ = (- ly-^ f ^-' ^ y. 



* Cf. note to p. 46 aboTe. 

Vol. XX. Pabt I. 



t Above, pp. 4S, 49. 



* Above, p. 46. 
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On the left side of the equation we have 

up to terms of the tth order of magnitude. The terms preceding the (^ + 2)nd group* are 
cancelled by equal terms on the right hand of the equation. The terms following the (t + 2)nd 
group may be neglected (with reference to the tth correction). There remain on the left hand 
to be set against the term on the right which has just been written a group of terms of the type 

^^^ ^ t'JS b y> w*^®r® 2r + a(a+2)4-b(/8 + 2)...=« + 2t. Beside these terms, of 

which the contribution to the variation of the ordinate y by the (t + 2)nd mean power of the 
new element is involved in the assumptions which have been already made with regard to 
earlier mean powers of the element, there is to be placed a contribution to ye which is not 
thus dependent on preceding assumptions, di/t £^ it may be called, or 3(ye — ye-i), dependent 
on the independent portion of fm^*^*'- 

Now proposition I, and therefore proposition II, are supposed to hold good up to and 
inclusive of the equation 

Observing that no differential of the type t^ occurs in the group on the left with subscript 

-jr-) by its equivalent [^rild^^j » *^^ ^^^^ 

1 e?"'^ 
obtain on the left hand an expression of the form ^m'**"*^^ ^i J^+iV^'^^yt* where fm'^*"*"*^ is 

the {t + 2)nd power of the mth, the newly added element, on the supposition that its frequency- 
locus exactly coincides with the law of error rjt^i, a frequency- function of the same form as y^-i 
but involving as constants the coefficients of the element Kq, Ki, ..., Kt^i which have been already 
utilised — the portion therefore of the {t-\- 2)nd power of the mth element which can no longer 
be regarded as independently variable. What may be regarded as variable in the mean 
{t + 2)nd power is fm^*"*"** — ^m'*'"^^ the difference between the power as it actually is and what 
it would be if the approximations hitherto made were exact ; in other symbols Kt, which by the 
fundamental theory may be regarded as 8kt. Thus bringing over from the left to the right the 
portion affected with ^m'^'^ we obtain 



dyt (-l)«d'+»y. , • , , X 

Art^i^\d^' (approximately) ; 



* Or the tth group in the notation of p. 41 above. 

f It wiU be remembered that k^ is of the order fc^/TO, le. - ; i^ is of the order yT^'^ (above, p. 42) that is of the 

(1 \*>+* 
■— = ) , or one mth of the order of kp. 
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which was to be proved. Therefore if proposition L holds good up to the (t — 2)nd approxima- 
tion it holds good also for the tth. And it has been shown to hold good for the first and second 
approximationa Therefore the proposition holds good in general. Therefore in general 

where R consists of terms of the ^th order of magnitude not involving kt. What those terms are 
is found by expanding y in powers o(ki0,k^0*y ..., fct-i^* and selecting the coeflScient of ^, and 

substituting for every symbol of the type (^rr-) the symbol l- — 9 t // jh-i ) operating on y©* 
The series of terms thus formed are identical with that obtained in Section I. 

A variant solution of the system of partial differential equations, in the form of the real or 
significant portion of an expression involving the symbol a/ 2 -jr , will be given in the Appendix. 



Section III. 

The Method originated by Laplace, 

The method originated by Laplace and developed by Poisson seems also to require for its 
extension, if not for its support, the propositions here regarded as fundamental. In a free 
version of this classical investigation let us begin with the case to which Laplace confined 
himself, the comparatively simple case in which all the elements have one and the same locus. 
Let that locus be 17 = ^ (f ), signifying that the probability of the element having a value f is 
^ (^) A^, where [S4> (f) Af] = 1, the square brackets denoting summation between extreme 
limits. Pub x(«) for [fi^^ (^) e^^'^Af ], where, as all along, f is an integer multiple of Af, (or 
Aa?) = pA^, say. Form the mth power of x(a)- The coeflScient of gv^*''^ in (xCa))*" is the 
probability that the sum of the values of the elements should be equal to rAa? ; a probability 
which is equal to yAa: where y is the ordinate of the locus representing the frequency of the 
compound quantity. Now multiply x*" (a) by e""^'^'^". The product will consist of a sum of 
terms all of the form ef^^'^^'^^^^yrA^ (where r assumes every possible value) ; except one which is 
free from the transcendental expression, viz. yt^^. Each of the other terms may be put in 

the form 

Aa; (cos (r — t) Aica + V- 1 sin (r - 1) Aara) y^A«- 

Put /8 for Ax2 and integrate the expression thus transformed, with respect to fi between limits 
)8 = and /S^ir. All the real terms of the integral vanish except iryt^x^^- An imaginary 
part in general subsists. Thus we obtain as equal to yt^^x the expression 



5R 



^ Aa; - f ' Y« (/3/Aa?) e-^^^^d/S. 



♦ A qrmbol need to denote the usefal conception of the real part of an expression (a conception used with effect 
by Cznber in his BeobachliMigsfehlerY 

7—2 
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Substituting x for t^, omitting A^ from both sides of the equation, and changing the inde- 
pendent variable from /8 to a, we have 

The path firom this point is easiest wh^n* we take the frequency-function of the element 
to be symmetrical. The expression which has been found for y may then be evaluated by 
expanding x(^) ^ ascending mean powers of the element 

where f assumes all possible values between its extremities. Whence 

To determine [x (<")}"' **k® ^^^ logarithm of x («)• 

Log X (a) = - ij aX + ^ «**,-...+ (V=T)«'a* ^j «^ ; 
where /«o, k^, ... have the signification attached to them in our first section. Accordingly 

where Atq, K, ..., having the signification before assigned to them, form a series descending in 



magnitude. Thus 



1 f'"^ .-|-'*.+ri*.«*-. .-V-i«rdo . 



5R - 6" a* **+4T*** " •• (cos aa? - V- 1 sin our) da ; 

= - 6 2* 4!*^ -cosourda; 

which may be expanded in powers of small quantities 

the rather as each of the definite integrals thus presented is not only finite, but also is made up 

I r ir/A« 

of finite elements. The first approximation is therefore — e~*****cosou»(ia; where Aa? is at 
wjo 

most of the order 1/Vmf and may be indefinitely small. The expression therefore differs by a 
very small quantity from 



the normal law of error. 



f* 1 ^ 
I 6~*"'*« cos axda = , e a* , 



* The facilitation proper to the simpler ease is intro- element is Lx whioh with reference to magnitudes that 
daced by Laplaoe at an earlier stage. are equated to unity is of the order 1/Vm. See below, 

t E.g. in the case of the Binomial the range of the Section V. and Appendix. 
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A nearer approximation is made by taking in the term j-j^i I a*e~****«cos axdx. Now 
this may be identified with 






(V-i)P^;V 



where j^o is the above written expression for the function which forms the first approximation. 
In like manner any other term of the expansion of y in the series of definite integrals may be 
identified with a term in the series obtained by the method of Section I. The general term 
for the 2pth correction by the present method is 

al b"! - (^T2!/(/8^^ - L ^^-*-**<^«^d«*' 
where 2p = aa + b^S + . . . , P = a (a + 2) + b (/8 + 2) + . . . ; 

which is identical with a term obtained by the earlier method since 

d"* J 

T^ cos oup s (v- !)*'«*' cos cue. 

When the odd powers of the element do not vanish x (^) is to be written 
(l + \rri «f 0. _ I a.f « _ |. a. V— 1 f » + ... ) ; 

where ^^ vaiiisheB, the elements being referred each to its centre of gravity as origin. 
Thus 

logx(«) = -|«X-^,«'^^^iP+«'(^P-^^(f«)')+V~la'(-lf« + lf«lp) 

Which differs from the index in the generating function (or the corresponding operator) pertain- 
ing to an element, given in Section L only in this, that for the Olor — -^) there employed there 

is now substituted V — 1 a. The expression for m log x («) = 'og (x (a))"* is similarly related 
to the generating function and operator pertaining to the compound. Thus 

y = «fe"i-**-^*'"^'*'^"^^^^'*^l*^*(cosaar-V"^ 

Expanding in powers of the small quantities ki, k^, etc., and selecting the real terms we obtain 
two sets of terms of the respective types 



and 



TT Jo 

- (V^^)»^+^- I' ( 0^+' e-**** sin cuvda, 

w Jo 



where I and V are products of As (divided by factorials). 

* oD being sabetitated for r/A^ as before. 



Digitized by vnOOQ IC 



54 Pbof. EDGEWORTH, THE LAW OF ERROR. 

Every term in the expression obtained before, by expansion of the form 

corresponds to a term in one or other of these two series, as will be found by observing that 
when t is even 

f — -T-j cos aa? = (V — 1)* a* cos flu» ; 

and when t is odd 

dV 



f — -T-) COS CUP = — (V — l)*"*"* a* sin ow?*. 



So far it has been assumed with Laplace that each element has the same frequency- 
function. But the reasouing is not aifected when we relax this condition to the extent 
permissible in the typical case ; substituting for (x (a))** the product ^i (a) Xi (*)••• X« (®)» where 
each of the ^^ pertains to a different function ; and making other slight changes. 

The reason which legitimates the substitution of e""**** for Xi(^)> Xa(*)-" X«*(«) ^ P^^t 
of the definite integral (with respect to a) which is equivalent to the required function of x 
has not in general been clearly stated by the mathematicians who have treated this subject. 
Laplace indeed {Thiorie AncUytique des ProbabilitSs, Book iv. Art 22, p. 336, ed. 1847), with 
reference to the case in which all the frequency-curves have the same locus, has expressed 
the true reason, namely that the logarithm of the above-written expression in a may be 
expanded in ascending powers of a of which the coefiBcients form a descending series of 
magnitudes. So too Professor Czuber, with reference to the case of symmetrical elements 
{Theorie der BeobacfUuvgsfefder, p. 91). Yet later, referring to Ellis' hesitation about the 
Method of Least Squares, Professor Czuber argues (p. 271, Art. 117) that there is a "diflBcult 
point" not yet cleared upf. 



Section IV. 

A variant Method. 

The preceding results may be confirmed by a method of proof based partly on conditions 
which have been utilised by Professor Crofton, and partly on a fresh condition which will be 
utilised by means of Laplace's analysis. The fresh condition is that the sought frequency- 
function must be reproductive, in the sense that if two or more independently fluctuating 
quantities -4, 5, ...assume different values with a frequency designated by a member of the 
family represented by the sought function, then Q a quantity formed by adding together each 
pair (triplet, etc.) of concurrent values presented by A, fi, ... will also assume different values 
with a. frequency designated by a member of the sought family. For as A is — or may be 

* Cp. CzDber, Theorie der BeohachtungtfehUr, p. 90, on f See appended note on the 'Av^picu of EUis and. 

the saoceseiYe differentiations of the integral. Czober. 
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replaced by — an aggregate of a great number, say mi, elements of the typical sort, and likewise 
B is equivalent to the aggregate of m^ other elejnents, and so on ; Q being the aggregate 
of 7711 + 771, + etc. elements of the typical sort must fulfil the law of error. 

Let us at first limit the enquiry by supposing that A, B, ... each range under the same 
member of the family of frequency-curves — or more generally loci — ^which have the property in 
question; and that this common member is symmetrical. Let the common frequency-locus 
be y=/(a?). It is required to find the form of/ such that, if A, 5, ...etc. each range 
under a locus of that form, then Q the aggregate o{ A, B,... shall range under a locus of 

the form y = -/(jj. 

By Laplace's analysis if 

X (^) == [^f (^) ^ ^^s ^» 
then as the ordinate of the frequency-locus for the aggregate we have 



1 f " 
y = - (x(a)r cos flucda; 



where m is the number of the components, not in general (in the present enquiry) a large 
number. Put e*<** for x(a). Then the condition of reproduction will be satisfied if 



gm*(«) cos axda 
can be put into the form 



-f 



1 1 r 

C IT Jo 



^ COS a - doL 
c 



Put a/c = )8; and the last written integral becomes 

1 r ^ifi<^ cos I3xdfi. 

Whence it appears that the condition will be satisfied if yjr (c/S) b mylr (fi) ; where c is a constant 
depending on m and yjr ()8) is a function not involving m. 

Now the general solution* of the functional equation yfr (ca) = my^ (a) is of the form 

a*(ao + *^^^27rdoga/log77i + a8C08 47rt loga/logm + ... 

+ bi sin 2Trt log a/log m + bj sin 47rt log a/log m + . . .). 

But in the case with which we have to do the coeflScients a, ... bi ... must all vanish as m does 
not enter into yfr (y8). The required function is therefore of the form 



-f 



e^' cos axdcL 



It is necessary that the function should be of this form in order that it should be reproductive 
when the components A,B,... have the same frequency curve; and it is evidently sufficient 
that the function should be of this form in order that it should be reproductive when the 
components being of different magnitude belong to different members of the reproductive 
family. 

* The Bolotion giyen by Boole, Finite Differences, Ch. xi. Art. 5 ; the symbols being altered. 
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The general form which has been obtained may be restricted by a condition which has 
been utilised in Professor Croflon's method, namely that any member of the sought family 

must be approximately at least of the form "yr/f^/r)) where k is the mean square 
of deviation from the centre of gravity, and 9 is a constant such that I —7= f ( — ;?) dx^k. 

1 r* — 

This form may be combined with the recently found form - | e^* cos axda by putting a = ff/q'Jk, 
so that the latter expression becomes 

qwk'frJo qwk 

When a fluctuating quantity having this frequency-locus is compounded with m — 1 others 
of the same species, the frequency-locus for the compound is 

_^ 1 f " er^^nWk)' cos fixlqs/kdfi\ 

NCpk TT Jo 
1 

or, putting ff — yjm*, 

— L= i r ^nq'^y cos ^ ,- */. 

But by the proposition just now adduced the composite function is of the form — -j= "9 ( — i==n, 

where K is the mean square of deviation for the compound, and Q is a constant such that 

2 prj=^ ^A^ = jE'. As ^ differs from yft only in respect of constants, Q ia evidently equal 

to q. Also by a fundamental proposition K^mk, Accordingly comparing the identical forms 
of the composite locus, we have m^^ identical with Vmk, whence t — 2. The sought frinction 
is of the form 

1 fe^/e^tcos-^S/S. 

In order to secure a finite form a must evidently be negative. And thus by familiar 
transformations we reach the normal law of error. 

When we start without limiting the enquiry by the assumption that the sought form 
is symmetrical it is proper to put 



x(«)-['S|/(f)^-^-'-]. 



and to multiply [x(a)f* by 6^-v-^«*. By parity of reasoning it may thus be found that 
the required function is of the form 



•w Jo 
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This is no doubt a reproductive form, but it is one which being imaginary does not concern us^ 
or only concerns us in respect of its real part. But that real part, which may be written 

1 r* / cue \ 

- I e^^^GOS I Hof 7u)^^ (as (? is evidently negative), is not reproductive except indeed 

when H vanishes*; in which case we obtain a function of the same form as before (by putting 
^ = 2k). Without putting symmetry in the premisses we find it in the conclusion. 

Some varieties of proof by which the datum peculiar to this section is combined with 

the principal partial differential equation of Section II. may be relegated to an appendix. 

It need only be added here that just as that leading differential equation is satisfied by other 

forms beside the normal, provided that the coeflBcients which enter into those forms do 

not exceed certain orders of magnitude, so the condition of reproductivity is fulfilled by those 

other forms under the same restrictions. In the expression found for a reproductive law 

If* 
of error, viz. - I g-**'* cos axda, if we add to the index any term affected with a* or generally 

a'', where p is other than 2, the character of reproductivity will in general be destroyed. But 
if the coefficient of a* is of the order — 2 relatively to k, and generally the coefficient of a^ 
{p integral) is of the order — (p — 2), then we may expand in such wise that the resulting 
series of approximations are of nearly the same form for a single component (-4 or 5 ...) 
and for the aggregate of several such quantities (Q). 



Section V. 

Verifications. 

Before extending to more complicated cases the theory which has been proved for the 
typical case it may be well to test the validity of the methods employed by showing that 
they lead to correct results in some simpler cases, which admit of being treated by more 
elementary methods. Such a test case is afforded by the Binomial locus, considered as a 
particular case of the typical circumstances, the case in which all the elements have the same 
frequency-locus, viz. two points separated by an interval ^x representing two values which 
are enjoyed by any element with respective frequency p and q. If the centre of gravity is 
taken as the origin, the abscissae of these points are —q^x and -hp^ix; the corresponding 
ordinates being p/Ax and q/Ax. It is proposed to compare the approximate frequency with 
which the sum of m such elements will enjoy an assigned value of x, as determined on the 
one hand by the simpler analysis of which the case admits, and on the other hand by the 
more general methods investigated in the preceding sections. 

Let us begin with the case in which mp is an integer, and accordingly x the sum of m 
elements measured from the centre of gravity is an integer multiple of Ax. 

* Or at least is very small, in whioh case as explained in the next paragraph the carve will be in a sense repro- 
ductive. 

Vol. XX. Part I. 8 
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Accoiding to the simpler methods the approximate law of frequency is deduced from 
the general expression for a term in the expansion of (p + 5)"*, viz. 

pfnp--r qfnq+r (|) + g =: 1), 



inp — rl mq + rr 

where r is the excess of the number of elements that enjoy the upper of the two possible 
values, viz. +|)Ax, of which the probability is g, the number over and above mq the most 
probable number (out of m trials). By a well-known approximation employed by Laplace 
and others this expression may be represented as the product of three factors P x S x T, of 
which the product of the first two PxS is formed by putting 



m: 



: V27rm mT'e'"' 1 + jo + ••• L 



with like expressions for the factorials mp — rl, mq + rly and multiplying the portions of these 

expressions which are outside the brackets on each other and on p^p-^^+T'^ while T is 

formed from the tail, so to speak, of Stirling's formula, by multiplying together the parts 

of the expressions for the three factorials, which are within the brackets. The expression 

PST represents the probability that at any particular trial the sum of elements will be 

exactly rAXy the proportionate frequency with which in the long run that value will be 

enjoyed : that is in our notation yr^x^^, or y* Aa?. P is a first approximation to this quaesitum. 

It is found to be 

1 __!!. 

Nir2mpq 

where r, or more exactly rpj, is of (i.e. >) the order *Jm. Put a? for rA^r and c for 
*j2mpq Ax, a quantity of the same order as those values of x up to which the approximation is 

Ax -*? 

available. We have then for yxAx the expression ,-^e c", the normal law of error; in which 

_ VTTC 

the constant c corresponds to V2 x the constant k (or k^), employed in former sections. 

When the same substitutions are made in S and T, it is found that they respectively 
assume the forms e^i+^a+" and (1 + £i + 5a ...), where A^, 4,..., and likewise B^, £,..., 
form a series descending in order of magnitudes, for values of x not exceeding the order 
of c. Accordingly the groups forming the successive connections of the first approximation are 

P(A + 50, P{^Ai^ + A, + A,B,-\-B,\ 
p(~^,» + ^,il, + A + ^,B, + 4A + 5, + 5A+| £,«)..., 

where the ^s and Bs have values found by Laplace and his successors, or to be found 
by continuing their work. Thus it has been found that 



^ 2mpq V 3 2mpq) ' 



which becomes, when x is substituted for rAx and c for *J2mpq Ax, 

q — p f^ _ 2 /xV) ^ 
^2mpq \c 3 Vc / r 
an expression which may be simplified by putting x for x/c. 
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Again, A^ has been found to be (in this notation) 

2mpq 3 mpq 

Also B, = 0, 

We have thus for the first correction 

The second correction is found as follows: 

2 4mpq mpq 3 9mpq ' 

* 2m|)9 mpg 3 ' 

-4,5, = 0, 

Second correction = P f- J^ + ^f^ x« - ^,:::^^ x* + ^ =^ x«) . 
V Izmpq \mpq ompq 9mpq / 

These expressions for the first and second corrections are now to be compared with those 
-which are obtained by the methods set forth in the preceding sections. According to those 
methods the first correction is 

or if we put X for? (^«1^^), 

1 A. d»yo _ _ 1 , d*y, :r k - Jfc /c» 
Sl^di^"" 3'r'd^" '* ki-A:,/C. 

For the second correction, using similar notation, we have 

1 1, d% k,» 1 d'yo 
4! "dx*"*" 2 313! dx»' 

To effect these corrections, we have 

p=m 

ki = A?i/c*; A'i= 2 fp<*^ in our former notation, =m(A.r)*jp5(p — 5); 

c = V2mp5Aa:; c» = (2?nj[)5r)» Aar» ; kx = ^~^. 
Likewise 



k, = A^/c* =. (Sp - 3 (p')')/c«» =\^ . 



* The valaes of k^ aiid ft, might also be oonstructed from momentt in Professor Earl Pearson's notation (Trant, Roy. 
tbe eomponnd eurre, being respeotiTely /xs^i (M4 - S/u,*) A^* 5oc. 1895, A. p. 347). 
"Where fisi /us* M4 are pat for the second, third and fourth 

8—2 
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The derivees of yo which will be required in the sequel are as follows : 

^,yo = (12x-8x»)yo, 

^^yo = (12-48x> + 16xOyo, 

^^ yo = (- 120x + 160x« - 32x») y^ 

£.^ y, = (- 120 + 720x« - 480x* + 64x«) yo. 

Utilising these data we obtain for the first correction, yi — y©, 

^3!dx»""V2^V S F" 
For the second correction 

1 dyo^ 3^18pq 2(1-6^) ^, , 2(l-6j>g) ^, 
4 ! dx* 8mpq 4^mpq 12mpq ' 

k^' 1 d^o^ -(5-2()pg) 5(l-4pg) 10(l-4pg) l l-4pg 

2l(S\y'dx^ 24mp5r "^ 4mpq I2mpq '^9 mpq ' 

^* ^' V 12mpq^ 4mpg 3mpg ^ 9mpq J^'' 

Both results are in perfect agreement with those obtained by the more familiar method. 

It may be interesting to proceed one step further and to determine at least the first 
term — the term involving the first power of x — for the third correction both by the simpler 
and by the more general method, for the purpose of further testing the latter. 

On the one hand, continuing the expansion of the general term of the Binomial beyond 
the stage to which it had been carried by Professor E^l Pearson*, Professor Czuberf and 

others, we obtain — ^2_2:x for the first term of fi„ if we put C for the number 2mpq, 

and as before x for x/c where a; = rA^, c = 'J2mpqAx, C being thus related to c as r is 
to X. It is unnecessary to write down A^ as it is seen to involve no lower term of x than 
x*. Employing the values of Ai, A^, Bi, B^, which have been already given, we find for 
the first term of the third correction 

5-:-4j' does not involve first power of x, 

o I 

A A 

'**i'**a >» >» « )} V >» 

J 

■"•3 « ti »t ii )) tt 

A^i =0, 

B1B2 „ 

3! * 

^'^* - W ' 

• Trant, Soy. Soc. 1895, p. 847. t Thtorie der BeobaehtungtfehUr, p. 86. 
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Coefficient of x in y»-yg = y» ^^~ g^,~^ . 
On the other hand we have by the general method for the third correction 

^Sldaf ^^3! 4! da? 3!(3!)»da** 
'where £, and k, have the significations already assigned to them ; and 
/^ = jfc»/c»= 2 (f « - lOf »f «)/(2p3»»)« (A«») ='mpq(p- q) (1 - 12pg) {Axy/2pqm x (2p5rm)« (Aa/ 

-(p-5)(l-12p3)/2(7l» 
The additional derivees of y^ which are required for this calculation are as follows: 

f^'=rl680x-3360x», 

^^«-30240x + .... 
ax* 

We have thus for the first term of ys — ya- 

. 1 Ao_ (p-g)( l-12pg) 

'^^^^3I4!rfF"" 4C» "3 ""+••• 

p ^ d>yo_(p-g)(l-4pg)70 
'^ (3!)»rfx*" 40» 3 ■^•• 
ys— yj — yo ^i x-t-... 

which agrees with the result obtained by the more direct method 

So far we have supposed rnp to be an integer. The modification required when this is 
not the case is thus expressed by Todhunter. Put for the number of times that the " event " 
conresponding to the left or lower value of one of our elements is most likely to occur, out 
of a total number of trials m, not now mp but mp + z, where ^ is a proper fraction. The 
most probable number for the non-occurrence of the event is accordingly mq — z. These 
corrected values are to be substituted for mp and mq respectively in the expression for 
the general term of the Binomial; in which mq + r becomes now wig + (r-«), mp—r 
becomes mp ^ (r -- z). The expression thus transformed gives the probability that the 
number of times the event occurs will be less by the integer r than the most probable 
number, now mp + z. Now this modification is in accordance with that which is required 
by the general formula in order to answer the same question. The general formula, when 
the centre of gravity is taken as the origin for each of the elements, and so for the compound, 
gives the probability that any assigned number out of the m elements should have the upper — 

* The ooeffieient h^ may also be ealonlsted from the the binomial (Phil Mag. 1886, Vol. xxi. p. 30), or by the 

eompoimd locos ; for which the mean fifth power may be more general method pointed oat by Prof. Karl Pearson 

obtained by a continuation of a method employed by the (Tram. Roy. Soc, 1895, A. p. 346). 
present writer to find the mean second and third power of 
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and likewise the lower — value in terms of x, the distance of the point corresponding to the 
assigned number, from the centre of gravity for the aggregate. When mp is not an integer,, 
that distance is not an integer multiple of £^x. If it is required to express the said probability 
in terms of that integer multiple of Ax by which the point designated x is distant from the 
point corresponding to the most probable number of events, say the point (?', distant by less 
than Ao; from 6, then we must transform the expression for the probability in question from 
the origin G to the origin G' — on the left, at a distance z£^x from G, corresponding to 
Todhunters supposition that the most probable number of events is now mp-¥z. Let the 
abscissa measured from 0' be x\ Put x^x' — zt^x) corresponding to the change of r in 
Todhunter's expression. The modification of the second approximation obtained by him is 
thus equally obtained by the general formula. 

The simpler analysis proper to the Binomial may be applied to verify the general 
theory in a less degraded case, in fact the most general case to which Laplace extended 
his proof, the case in which all the elements have the same law of frequency. 

Consider first the particular law of frequency with which Laplace introduces his genera) 
proof, the case in which the law of frequency common to all the elements is the next 
simplest after the binomial, viz. such that over a finite range of the axis x say from to 2a, 
one value of each element occurs as often as another in the long run. Let these values 
occur at intervals equal to Ax; and let there be v such intervals in the .range of the 
element ; so that v ^ 2a/ Ax. To begin with, let i/ be a power of 2, say 2^ Then the frequency 
with which an aggregate of m such elements taken at random enjoys any assigned value, 
may be determined by the following constiniction. Suppose a body of which the dimensions 
may be neglected, a grain or particle* moving along a line from zero in a positive direction,, 
to take T steps of the following description. The first step is either zero or a, the alternatives 
being equally probable. Likewise with equal probability, the second step is either zero or ^a ; 
the third step is either zero or ^a; and so on up to the rth step which is either zero or 
a/2'^* = 2a/2^ ■» 2a/i/ = Ax. Let m grains be started at the origin on this course, and 
distribute themselves over the range OA, = 2a, by taking t steps of the kind described. 
As each step is independent of the others, it comes to the same whether we aggregate 

m parcels, each parcel comprising the results of t steps, of respectively a, ^a...o;2a, or 

T parcels each comprising m steps, the first parcel comprising only steps of range a, the second 
parcel only steps of range ^a, and so on. But each of the latter parcels corresponds to an 
even binomial, with ranges respectively a, ^a, Ja, ... Ax. Therefore by the preceding para- 
graphs the aggregate for each of these r parcels fulfils the law of error; the coefficient k 
for the successive aggregates being Ja*, -^a^... i(^*)*- Now when two or more quantities 
each fulfil the normal law of error, their sum also fulfils that law; the coefficient k for the 
sum being the sum of the corresponding coefficients pertaining to each of the componentsf. 
Thus the quantity is formed by the aggregation of all the steps pertaining to any one particle 

* The oonstruotion might be iUiutrated by a modifica* another aocording to the formula given on p. 45 above : in 

tion of the error machine devised by Mr Francis Oalton. general the proposition follows from the postulate that the 

t In the present connexion this proposition had better law of error is reproditetive. 
be proved by actual superposition of one normal curve upon 
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fluctuating according to a regular* law of error of which the standard deviation squared is 

when V is indefinitely great, Ax being indefinitely small; a result which agrees with the 
result which Laplace obtains for the mean square of error on that supposition, viz., 



^llL'''^-h' 



When Ax is supposed to decrease, v to increase indefinitely, v may be treated as an integer- 
power of 2 without loss of generality f. 

The method of changing the order in the accumulation of parcels may be employed to 
obtain a more general verification. Let the range of each element be as before vAx. Let 
there be taken steps now each of the same range or A^, these alternatives occurring with 
difiFerent probability for each step, for the first step the probability of being Oj, that of Ax 
being ?i (pi + ji = 1), for the second step the probability of those alternatives being respectively 
Pi and 5^„ and so on. The distribution of a large number of grains each of which has taken 

V steps of the kind described, is set forth in the following scheme : 

Stages on the coarse 0, Ax^ 2A^ ... (v"^) ^> ^CL- 

Probability of a particle coming) « rr a 

to a stop at a stage }PiP'2>"Pny Sq^p,...pn, Sq,q,p, . . . pn . . . Sp.q^q,... qn» Jiffs. -Sn. 

Given distribution of frequency Pq, Pi, P^*** Pv-h Pv 

The last line is intended to represent the frequency with which an element enjoys each 
particular value 0, Aa?, 2Aa;...2a, respectively Po> -Pi-, where 2P=1. It appears therefore that 
the supposed given frequency distribution of an element can be replaced by a system of 

V steps such as have been described, provided that each of the probabilities in the second 
row is equal to the corresponding proportionate frequency in the third row. As the sum of 
the fractions in the second as well as in the third row is equal to unity, the (i/ + l) conditions 
involve only v equations for the v quantities Pn pz-'-Pn* The equivalence between the 
constructed system of steps and the given multinomial distribution of an element will be 
attained if the following v equations are satisfied. 

(1) S q^p^p,...p, _P^ . Sq,q,p,...p, ^P, 

PiP2'"Pn Po' PiP2'"Pn Po"" 

Put Wi for qilpi, «j for q2lp2i and so on; also Ai for Pi/Po, A^ for Pg/Po, and so on. 
Then the values of w,, ©j, etc., ct>^, are given as the roots of the equation 

CD' - AiO)"^^ + etc. + (- 1)" ^^ = 0. 

As Ai, A^y etc., are essentially positive, the equation can have no negative roots. 

*«< Regular" is here used in a sense wider than t The difference between the arrangements correspond- 

" normal/' to denote the extended law of error which has ing (1) to the supposition that 2a=2^Ax» or (2) to the sup- 
just been yerified for the Binomial. position that 2a=2^-^Aj; may be neglected. 
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First, let all the values of cd be real and therefore positive. Then the aggregate of which 
the frequency-locus is required may be considered as made up of p parcels, each parcel con- 
sisting of m binomial elements with range A^, for all the elements in all the parcels, and 
frequency the same for each element in any one parcel, but in general different for 
different parcels. By the preceding paragraphs the regular* law of error forms the approxi- 
mate ft^uency-locus for each parcel and therefore for their sum. The mean square of 
deviation from the centre of gravity for the aggregate is the sum of the mean squares 
pertaining to the elements, viz., 

r-v 
r = l 

Next let some of the roots of the equation in co be imaginary. A pair of imaginary 
roots a ± V— 1)8 corresponds to two successive binomial steps each of range Ax with the 
imaginary frequency'distribution (!), for the first step. 

The result of two such steps taken in succession by a great number of particles may be 
considered as resulting in a distribution of this sort. The particles will be massed at the 
three points 0, Aa?, 2Aa? with the respective real proportionate frequencies 

1 . _ 2a{(l-fa)'-h^} + 2/8'(l-ftt) o'-h/S' 

In other words the quadratic factor of the equation which yields two imaginary roots 
corresponds to a trinomiaX step, with tliree alternatives 0, A^, 2A^, occurring with respective 
frequency, 1 — P- Q, P, Q; P and Q — unlike the p and q from which they ai-e derived — being 
real fractions. 

Following the analogy of the method proper to the binomial, let us investigate the 

probability that the sum of m such trinomials should differ from the most probable sum by 

just rAx. The most probable sum is equal to m times the mean value of the (trinomial) 

element, viz. 

m {0 X (1 -P- Q) + A^ X P -I- 2Aa: X Q} = mAi»(P -h 2Q); 

which may be considered as an integer multiple of Ax, with a loss of generality that is very 
easily repaired. Now the frequency with which out of the m steps (mP + s) are of length 
Ax, while concurrently (niQ + t) are of length 2Aa; is, by well-known principles, 

mP-h«! mQ + <l m(l~P-(2)-«-^!^ V l.^ ^ W 

Proceeding as in the simpler case with the aid of Stirling's law we find as a first approximation 

to the above expression 

1 /I j?« 1 g' 1 {8-\'ty \ 

m2WPVQVi-.P-.Q^''PA 2mP 2mQ 2m(l-P-Q)j- 

* So far at least as verified in this section, i.e. np to the fourth approximation. 
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We have now to introduce the condition s+it — r. When the resulting value of t, viz. J (r -«), 
is substituted in the index of the above expression, the index becomes 



ri ^ i (r-gy 1 (r+sy i 

l2mP^2 4mQ "^ 2 4m(l -P-G)J 



Put r Aa? as before = x and also 8 Ax = y, and we find for the required frequency an expression 
in terms of x and y, where y may have any value between extreme limits. To obtain an 
expression free from y it is proper to integrate the expression in terms of x and y, with respect 

to y between extreme limits. For this purpose rearrange the index in the form at + oL 

with corresponding changes in the form of the constant outside the exponential. Put 
y - aa; = y' ; and integrating with respect to y' between + oo and - x we obtain for the first 

approximation to the required frequency . exp. — a^/2k ; where 

w2'7rk 

k^m\p{l —p) + 4} (1 — g) — 4pg} Aa?", 

which is, as it ought to be, equal to m times the mean square of error for the trinomial element. 

Thus for every pair of imaginary roots in the equation for co a sum of "m trinomial 
elements fluctuating according to the normal law of error is to be added to the sums of 
binomial elements corresponding to the real roots. Accordingly the sum of m elements 
whatever their laws of frequency (provided they are of the typical kind) fluctuates according 
to that law of error. The verification may be extended to the second, third, and further 
approximations for trinomial elements by an extension of the method which has been applied 
in this section to binomial elements. 

The reasoning employed in the typical case having been thus verified, we proceed with 
the more confidence to extend that reasoning to the general case. 
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III. On Relations among Perpetuants. By A. Young. 

[^Received August 2, 1904.] 

Any covariant type of a system of quantics of infinite order can be expressed in 
terms of covariants of the form 

(aaa,)^M«i«8)^...(«i«a)^«-^*, (i) 

or of the form 

(a,a,)^i(a^a3)^'...(aa_ia«)^«-i, (ii) 

the sequence of the letters being fixed beforehand. 

All such forms are linearly independent, for it is evident that no linear algebraical 
relation can exist between S3mabolical products of the form (i) when the sequence of 
letters is fixed. 

The conditions for irreducibility of either (i) or (ii) are 

\,^2«-«, X,^2«-», ...,\a-i^lt. 

Again if all the letters are interchangeable, the conditions of irreducibility become 

X^-i = 1 + fa-i 

X«-« = 2 H- f a-.2 + 6-1 



Xr = 2«-^^ + f,+ f,+,+ ...+f,_, 



y, (iii) 



\, = 2^H-2(f3 + f3+... + fa-,) + f,/ 
where the f 's are positive integers or zerosj. 

It has been pointed out that this result, which was proved originally for perpetuants 
belonging to a single quantic (in which case f^ must be even), also gives the conditions 
for perpetuant types when these are expressed in terms of products of either of the 
forms (i) and (ii), the sequence of the letters not being fixed §. 

* In writing down symbolical products we shall omit X ^i^' P* S^^- 

factors of the form flj^, a^, ... . § Grace and Young, Algebra of Invariants, p. 379. 

t Grace, Proc, Land, Math, Soe, , Vol. xxxv., p. 107. 
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The exact aumber of perpetuant types of degree 8 and weight w is known to be 

I S-2 )• 

But when the sequence of the letters is not fixed it will be found that the conditions (iii) 
give too many perpetuant types; it is the first object of this paper to determine what 
are the relations among these forms. 

It will be convenient to make use of the notation of the theory of substitutions; 
to avoid confusion symbols which refer to substitutions are printed in Roman type. 

The symbol {ab ... k} is used to denote the sum of the substitutions of the symmetric 
group of the letters a, by..,k. 

The symbol {ab...k}' denotes the sum of the substitutions of the alternating group 
of the letters a, b, ... k minus the sum of the substitutions of these letter^ which do 
not belong to the alternating group. 

In the last part of the paper the reducibility of certain transvectants is deduced 
firom the results obtained. 

r 

1. Consider a perpetuant of degree S 

P = (a,a,f^ (a,a,)^ ... (aa-,aa)Vi. 

All perpetuants such as P will be supposed arranged in order according to the 
indices of the different factors, the sequence of the letters not being fixed. Thus if 

where 61, 6,,.. .6a are the letters Oi, a,, ...aa arranged in some order; then Q will precede 
P provided that the first of the differences 

which does not vanish is positive. 

If all these differences are zero, P and Q belong to the same set, and take the 
same position in our arrangement. 

To express that the sum of certain forms like P is equal to a linear function of 
perpetuants which precede them in the chosen arrangement and of products of forms 
of lower degree, it will be convenient to write 

The symbol R is throughout used in this sense. Thus unless the indices X satisfy the 

conditions (iii) we have 

P^R. 

2. Cavariants of degree three. 

All perpetuants of degree three can be expressed in terms of those of the form 

{a^a^^ia^aif, X^2/.. 

9—2 
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If X = 2/i, 
If X = 2/4 + 1, 

These facta are well known. They may be deduced at once from Stroh's series*. 
The relations may be written 

{(h(hy^ i<h(i,y = i {aia,a,} {a^(h)^ {(^(hy + -B, 
{aia,a,K (oao^^+^a^a,)'^ = iJ. 
When X > 2/i H- 1, we have three independent forms (oia,)^ {(ii(hy» 
Hence the number of perpetuants of degree three and weight w = 3i + 2 is Zk\ for we 
may take /i = 1, 2, ... k. 

The number of perpetuants of weight w^Zk-^l is 3(i — l) + 2 = 3i — 1. And the 
number when w = 3i is 3 (& — 1) + 1 = 3A; — 2. 

In every case the number is w — 2 ; and this is known otherwise to be the exact 
number of perpetuants of degree three and weight w. Hence there can be no relations 
between these perpetuants other than those just enumerated. 

3. Let P = (oio,)^^ (0,0,)^ . . . (a«_xa,)Vi 

be a perpetuant of degree S, whose indices X satisfy the conditions (iii) : we proceed 
to prove that if fr-i = (r > 2), then 

{a,a^,r^-^. 
Let the symbol a refer to the perpetuant 

when considered as a single binary form of infinite order. Then 

(aa,)^-> (orar+.f' . . . (a«_,a«)Vi - P = E. 
Now Xt-1 = 2*"^^ + Xr, since f r-i = 0, hence by Stroh's series 

X (a,+,o^j)^' (or+jOr+j)'^' ••. (oj_,a,)V' = 0. (iv) 

But {arOr+if (o,+,o)^(o^,a,+,)'^' ... (a,_,o,)V> 

= (o,ar+.)^ (a,+,ar (««r+,)'''^' ... (a,-,a,)Vi + R ■ 
and when /it < 2'*"^' the perpetuant on the right-hand side can be expressed in terms 

* Math. Ann., Bd. 31 ; Algebra of Jnvarianti, p. 64. 
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of forms which contain a greater number of factors involving Or, Or+n « only. Thus 
we see that all the terms of the second sum in (iv) may be included in the symbol R; 
in fact this relation becomes 

Whence {a,ar+a}' (aor)^"^ (OrOr+i)^ (or+iOr+y'^^ . . . (a«-iaa)Vi = R ; 

and therefore {a^si^jyP — R, 

4. When f, = 0, we have X, = 2X,. 

In § 2 we saw that {f^fiY ((ho^f^ ((h<h)^ ^ R 

where a, yS are any two of the letters a^, Oj, Oj. 

Hence also {afi}' (ai(kf^ ((ha,)^ ((h^if^ . . . (a«-i a«)^«-i = R ; 

for ((h(hf^ (chihf' ((ha,f' . . . (a«-, a«)Vi « (o.o,)^'^ (0,0,)'^ (o^a^)^' . . . (a«_ia,)Vi = R 

Therefore when f 1 = 

{ci^}'P = J2, where a, ^ are any two of Oi, Oa, a,. 
Similarly firom the £Etct that 

we deduce that if f 1 = 1 

{a^a^a,}' P = i2. 

The following relations have been obtained: 

(a) f,_, = 0. (r>2), {a^,^,KP = i?. 
(6) f. = 0, {a,a,}'P = i?, {a^asK P = iJ. 

(c) f, = l, {a^a^a,}' P = i2. 

(d) fi even, faias}' P = 22, 
f odd, {aia,}P = JL 

It remains to shew that there are no more relations. 

5. Assuming that the relations just enumerated are all that exist between the 
forms which satisfy the conditions (iii), we proceed to prove that the number of these 

forms which are linearly independent is f ;^ ) > ^ being the weight and 

S the degree. 

Let >a = 2«-« + /i„ X, = 2« 3 + M2,...X«.i = l+/i«-i. 

The conditions (iii) become 

together with the fact that the fjua are positive integers. 
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Consider first those forms for which 

and fjLi, /i,, ...fir are all different from zero. 

Let P = (a,a^)^' ((has)^ . . . (««-, a«)^-' 

be one of these forms ; then by § 3 

{ab}'P = iJ, 

when a, 6 are any two of the letters 0^+^, ar+ a«. 

The letters Oj, Og, ...ar+i can be chosen in f J ways. When this set of letters 

has been selected, the number of forms corresponding to given values of /Ai, /bCa, .../ir 
depends (i) on what consecutive pairs of /as are equal, and (ii) on whether /ai — 2/Lta = 0, 1 
or > 1. This number is then quite independent of S, provided that S^r + 1. Also the 
set of values which can be given to (a*ii M», ... Av) is independent of 8. 

Hence if (f>(r, «r) is the number of independent forms P of degree S for which 
2/A = «r, fir> 0, and 

H'r+i = M^+9 = . . . = /i-a-i = 0, 

then (f> (r, «r) is the number of independent forms of degree r + 1, for which no /i is 
zero, and S/x = ^. 

Now if fjr is not zero, the number of forms of degree r + 1, corresponding to a given 
set of values (/Ai, /Ab, •••/^) of the /i% is the same as the number of forms corresponding 
to the set of values (Ati — 2, /Aj — 1, .../At — 1). Hence ^(r, «r) is the total number of 
forms of degree r + l, for which S/tA = «r — r— 1. 

Again, the total number of forms of degree 8 is equal to the number of forms for 
which fjLi is the last non-zero fi, together with the number of forms for which /a, is the 
last non-zero fjL, and so on. Hence this number 

= 0(1, «r)(|) + 0(2, «r)(^) + ...+^(S-2. «r)(g^ j) +*(« " L ^)Q. 

Now we shall assume that the total number of forms of degree r <S and 

weight w is 

/w - 2^» + 1 +r- 2\ /tsr' -h r - 2\ 

\ r-2 ;"V r-2 ./' 

where w' = 2/a: also that the number of forms of degree S, for which %fi = vr\ «r'<«r, is 

/tsr' + S-2\ 
V S-2 )' 
Then by hypothesis 

' when r + 1 <B, and when r + 1 = 8, but w'<m + 8. 
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Hence the number of fonns of degree 8, for which S/«s«r, ia 

and this is the coeflScient of a?^ in the expansion of (1 +aj)* x(«H-l)^~^. 

Therefore the number required 

_ /BT + S - 2\ /w + S - 2\ /w - 2«-* + 1 + S - 2\ 
""l vr )^[ 8-2 )^[ S-2 )' 

Hence the number of independent forms of weight w and degree S is 

/w - 2«-^ + 1+ S - 2\ 
I S-2 )^ 

provided that this is true for weight < w and degree £, and also for degree < S and 
any weight. 

Now if u; < 2*~^ + 1, tr is negative, and there are no forms of weight w and degree S ; 
the formula is then true for weight w < 2*~^ — 1 and degree S ; hence it is true for degree S 
and any weight if it is true for degree < 8 and any weight. But it is evidently true for 
degree 2, hence it is always true. 

Thus on the assumption that there are no relations other than those of § 4, we 
find that the number of independent irreducible forms is the same as the exact 
number of perpetuants. It follows that there can be no other relations between the 
forms considered. 

6. In consequence of the relations of § 4 

(a, Os)**"" (ojo,)**"' . . . (a«_, a«) 
can be written in the form 

{aia,...a^}P + iJ,^ 

where P is a numerical multiple of the above form, and i2 is a sum of products of 
perpetuants. 

Again, if 

Q = (ctiOa)^*"'^^ (a^ciy^ . . . (a«_2 aa_i)* (a«-i a^), 

we have {a, a,} Q = R, {ajSy Q^R, 

[^f^f^YQ-R, 
where a, yS are any two of the letters a,, a4, ... a^. 

Now using the substitutional series 
in which the letters affected are ai, Os, ...a^; we have 

♦ Young, Proc. Lond. Math. Soc, Vol. xzzm., p. 133, et seq. 
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But from the above equations 

Q = Ka,}' {a,a4 ... a,} ^ .g^^.. Q + R. 

Hence every ^^a^, «,.... «*Q is equal to i2, except T^^^i and r«^,i,i. 
Now 2«-i, 1 {a^aj}' {a,a4 ... aa} « {a, a,}' {a8a4 ... aa} 2«_,, ^ 

= X{aia,}'[{aia,a4 ... a^} + {a^aja* ... a«}]. 
Therefore T«_,, i Q = /i {aiaa}' [{axa,a4 . . . a^} + {a,a,a4 . . . a^}] Q + 72 

= fi {axa,}' {a8a,a4 . . . a,} {axS,}' Q + R 

Again T^.,, ,, i Q = 2(S-2)\ ^^^^' '*'^' * * ' ^^ ^*"^' 1. 1 + ^ 

= V {e^SL^ ... as} {aia^as}' {a,a4 ... a^) Q + U. 
But {aia,a,}'Q = i?, 

therefore {aiaja,}' . {a3a4 ... a«} Q = (S - 2) ! {aia,a,)' Q + 22 = i2 ; 

and therefore 2a_a, 1. 1 Q = 22. 

Hence Q = il {a, a,}' {a,asa4 ... a^} Q + 22, 

where -4 is numerical ; and 22 is a sum of products of perpetuants. 

7. We proceed now to consider certain transvectants. The order of each of the 
quantics involved is supposed to be greater than the weight of the covariant in which 
it occurs; in this case theorems proved for perpetuants will be true. 

(i) Consider first the transvectants 

C = {(a,a,).a2)\ 
If X = 1, the covariant is of degree three and weight two, and hence must be 
reducible, — for the minimum weight of an irreducible perpetuant of degree three is three. 

If X = 2, and the orders of the quantics represented by Oi, a, are the same, 

C = (aiaj)«(a2a,) + 22. 
Also {aias}C = 0. 

But by §§ 4, 6 {a^a,} (0,0,)* (0,0,) = 2 (a,a,y (o^o,) + 22 ; 

therefore in thia case C is reducible. 

(ii) Transvectants C = {{a^a^, (o^a))^ 

are reducible when X = 1, 2, 3, 4, owing to the fact that the minimum weight of an 
irreducible form of degree four is seven. 

Let us suppose that the quantics concerned are 
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Similarly, if ni = n^ and fh^n^, 

{axa,}C = 0, {a,a.}C = 0; 

then if X = 6 C ^lA {ahY {bed} C -^ R = R 

(where a, b, c, d are the letters a,, a,, a,, a^ in some order). 

Again, if nj = tIj = w, = 714 and X = 7, 

{aia,}C=0, {a,a,}C = 0, [l+(aia,)(a,a,)](7 = 0. 

Also C can be expressed in terms of forms 

(aby{bcy{cd\ 
and of products of forms. 

Hence C^A,T,C + il,,,2;.i C+IA {ab}' {cd}' {ac} {bd} C + R. 

But from the above equations 

and we have only to consider expressions like 

{aia,}' lasa^K {a^a,} {a^aj C= i {a,a,}' {a,a.}' {a^a,} {a,a,} [1 + (a,a,) (a^a*)] C= 0. 
And hence is reducible in this case. 

(iii) Transvectants C = {{<iia^, {a^a^y. 

If X =* 1, 2, 3, C is reducible owing to the fact that the weight is less than seven. 

If X = 4, and n, = tij, C is reducible since 

{a,a,}(7 = 0. 

(iv) Transvectants C^{{(iia^, (a^^O'A 

If X=l, 2, C is reducible owing to the fact that the weight is less than seven. 

If X = 3, and ni = n, = n, = n4, (7 is reducible since 

[l+(a,a,)(a.a,)]C = 0. 

(v) Transvectants (7=((aia2), (o,a4)')\ 

C is reducible if X = l, 2, 3, 4, and ni = na, n^=^n^, 

(vi) Transvectants C = ((oiOj)", {(H(^^Y* 

C is reducible if X = l, 2 and n, = 7i4. 

(vii) Transvectants C = {{aia^^ {(HO'ifY'- 

C is reducible if X = 1, 2, 3, and Wi = n, = n, = 714. 
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§ 1. Introduction. 

This paper is a continuation of one with the same title presented to the Society 
on January 4, 1902 and published in Volume xix of the Camhridge Philosophical Transactions ; 
it is closely connected with an earlier paper " On Quartic Surfaces which admit of Integrals 
of the first kind of Total Differentials," published in Volume xviii of the same Transczctions. 
I shall refer to these papers as '* Quintics I " and " Quartics." 

The problem considered is the discovery of quintic surfaces which admit of integrals 
of the first kind (everywhere finite) of total differentials. In " Quintics I *' I dealt with cases 
in which the surface possesses a singular line of multiplicity greater than two, or a double curve 
of order greater than two, or two non-intersecting double straight lines. The present paper 
deals with cases where there is a double conic, which may in certain cases degenerate into two 
intersecting straight lines, distinct or coincident. The cases not dealt with generally in either 
paper are accordingly those in which the surface possesses a double straight line and no other 
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singular curve, or merely multiple points but no singular curve ; certain surfaces belonging to 
these latter types were however dealt with in a somewhat diflTerent connection in Parts II and 
m of "Quintics I." 

In the present paper cases in which a surface has any further singular line in addition 
to the double conic, or in which the conic breaks up into two straight lines, one of which is 
a triple line, are ignored, as having been already dealt with. It is also unnecessary to consider 
cones. Surfaces linearly transformable into one another are not regarded as distinct, and, as 
a rule, specializations obtained by giving particular values to coefficients are ignored. Subject 
to these restrictions the paper professes to solve its problem completely, but owing to the 
complexity of the algebra I have very possibly missed some cases, though, I hope, not many. 

I consider first the cases in which the quintic has in addition to the double conic a distinct 
triple point (§ 2) or double point (§ 3), in which cases the surface can be birationally transformed 
into one of lower order. I then consider the cases where there is no such point, distinguishing 
for convenience the cases when the double conic is non-degenerate (§ 4), or degenerates into two 
distinct straight lines (§ 5), or into two coincident straight lines (§ 6). The equations of the 
surfaces discovered are marked with Roman numerals in continuation of the enumeration 
given in " Quintics I." A summary of the results is given in § 7. 



§ 2. Quintics with a double conic and a triple point. 

Since a quintic with a quintuple point is a cone and a quintic with a quadruple point 
is rational and therefore cannot admit of an integral of the first kind, we begin with the case 
of a triple point not lying on the double conic. 

The surface can be written 

f^(fz-\- qu^w + u^w^ = 0, 

where g, t^, v^ are homogeneous functions of a?, y, z, of degrees 2, 2, 3 respectively ; and the 
double conic is g = w = 0. 

Transforming birationally, by taking x, y, z, q/w as new variables, we obtain the cubic 

F= v/^z + wti^ + u^^O. 

As a non-conical cubic is rational, this must reduce to a cone, and therefore F must be 
annihilated by a differential operator of the form 

dx dy dz dw 

Substituting and equating to zero the coefficient of u;' we have c = 0; and since a, 6 
obviously cannot simultaneously vanish we C€Ui by linear transformation of x, y reduce the 

operator to -7- + d-r— . Thus ^ is a function of y,z,w — dx, and hence 

F=(w — dxyz + {w- dx) Vi + 1;,, 
where v^y v^ are independent of x, w. Retransforming, we find for the quintic 

f = (q — dxwf z + (q — dxw) v^w -¥ v^v^ ^ (XXIII). 

10—2 
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Let g = cw^ + (y, z'^x, y, z). 

Then there is a triple point where y = z = 0,(ix — dw=^0', this is a second distinct triple point, 
if neither a nor d vanishes. 

If (2 = 0, a^Oy the two triple points coalesce into a triple point of a more complicated 
character, the tangent cone at which breaks up into the three planes v, = ; the surface assumes 
the simpler form 

^z-\-qv^w + Vj,w* = (XXIV). 

If a = 0, d 4= 0, the second triple point becomes the point y = z = w=0 which lies on the 
double conic; we have there a triple point of a complicated character, the tangent cone at 
which consists of 3 planes two of which coincide and moreover cut the surface in 5 straight lines. 

If both a and d vanish, y = -^ = is a triple straight line, so that we revert to a case already 
considered in " Quintics I." 

The four fundamental quadrics (cf. "Quintics I," § 1) are easily found to be respectively 
xqi - ^q — d^xw, yqi-^dyw, zq^ — dzWy — f wji -f fdt^;", 

where qi stands for -^ . 

The general surface (XXIII) which we have obtained is the general quintic with a double 
conic and two triple points, a surface considered by Cayley*, and shewn by him to be rationally 
transformable into a cubic cone. The cases when a or d vanishes are limiting cases. 



§ 3. Quintics wfth a double conic and a double point. 

Taking the conic to be g = (fl?, y, £r)a = 0, w = and the double point to be a?=y = 2:=0, 
the surface is 

/= <fui -h qu^w + v^v^ + v^u^ = 0, 

where Ui, w,, it,, y,, are homogeneous functions of x, y, z of degree indicated by the suffix. 
Neither u^ nor v, can vanish identically. We assume that there is no triple point off w = 0, 
as this would lead back to the case of § 2. Moreover, if there is more than one double point 
we assume that the most complicated one has been chosen to be ^ = y = ^ = 0, where we count 
a tacnode as more complicated than an ordinary uniplanar point, a uniplanar point than a 
biplanar point, a biplanar point than an ordinary conical point. Thus we may avoid duplication 
of cases by rejecting all cases in which the surface has elsewhere a double point of a more 
complicated character than the one at a? = y = -e = 0. 

By the same quadric transformation as in § 2, we obtain the quartic 

^ = gVj + V^W + U^V^ + UiV^ = 0. 

We observe that from the nature of the quadric transformation F can only reduce to a 
cubic if Va = 0, or if the conic split up into two straight lines, one of which is a triple line ; both 

♦ "On the Defioienoy of certain Surfaces," Math. Annalen, Vol. in. (1871) ; Coll. Math, Papers, Vol vin. p. S97. 
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these cases can be ignored. Moreover, we need not consider the case when F becomes a cone ; 
for since the section by w == is two conies, either F degenerates, or these conies become pairs 
of generators ; in this latter case by a linear transformation of x, y, z, F \a reducible to a 
function of ^, y, w and on re transformation we see that the quintic/=0 is also a cone. 

We have therefore only to consider the possibility that F may coincide with one of the 
known non-conical quartic surfaces which admit of integrals of the first kind*. 

• If ^ be such a quartic it must satisfy the differential equation 

^ dF /| dF >j dF >j dF - 

where 0i = aiX + biy + CiZ -f diW, and Oi + 62 + Cs + ^4 = 0. The functions have also to satisfy 
certain conditions at the singularities of F ; in particular the conic ^4 = 0, w^O must be an 
adjoint on the section of F hy w = 0; but this section is two conies, hence 0^ divides by w, 
i.e. a4 = 64=04 = 0. Any linear transformation of F which involves x, y, z only corresponds 
to an exactly similar transformation of the quintic / and can therefore be employed freely, 
but a linear transformation involving w corresponds to a rational quadric transformation of /. 
Transforming first x, y, z we know from the theory of bilinear forms that the quantities 
can be reduced to one of the three types 

OiX + diW, b^-hd^w, CaZ'\'diW, d^w (i); 

OiX^-dyW, x+Uiy-hd^w, CtZ+dsV), d^w (ii); 

diX-^rdiW, x + Oiy+diW, y-^OiZ + d^w, d^w (iii); 

where 04, 6,, Cs, d^\ 04, 04, c„ d^\ Oi, o^, ai, d^\ are now the roots of the fundamental 
determinant on which the integration of the differential equation depends. By the known 
results for quartics these roots taken in some order must be one of the four sets of quantities, 
1, - 1, 0, ; 1, 1, - 1, - 1 ; 3,-3, 1, - I ; 0, 0, 0, 0. In type (i) the roots cannot all vanish 
or we should have a cone ; in types (ii), (iii) they must all vanish. 

Remembering that w is essentially different from a?, y, z^ we thus have for aj, 6,, c,, d^ one 
of the six sets of values 

1, -1, 0, 0; 

0, 0, 1,-1; 

1, 1, -1, ~i; 
3, -3, 1, -1; 
1, "1. 3, -3; 
0, 0, 0, 0. 

We have now to reduce further by linear transformations which involve w ; either quoting 
the known results for quartics, or directly, rejecting cases in which the integrals of the funda- 

♦ •* QuartioB," p. 843, "Qaintics I," p. 2^ footnote, and De Franchis's paper **Le saperfioie irrazionali di 4« ordine 
di genere geometrioo-saperfieiale nnllo '': Rend, del Circolo MaUmatico di TaUrmo, t. xiy. (1900), pp. 1—13. 
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mental diflferential equation are logarithmic or conical, we get for the differential operator 
which annihilates F one of the nine forms : 

fl-'i+'-s*"-^ ^"'^ 

"•l+o-l+fl-"^ <^^>' 

^ d . d d d ,T>\* 

f3f + '3^-'S-"'C <^>' 

'f|-^l^'^rr"'i' • <='*• 

f|-4*'^i?-'-is (=2)' 

dec ay dz dw ^ ^ 

'■'i*4y*'>li*'>-ru. (•'D' 

"l+fl^'l^'s <"2>' 

d d d . ^ d ,-,. 

'^di+^^+J'd-.+^-dii; <^>' 

where f , 17, f stand for linear functions of the form x + \w, y + /iw, ;? + i/w, and the reference 
letter corresponds to the notation which I have used for the several types of quartics which 
admit of integi-als of the first kind (" Quartics," p. 343). 

It is known that the most general quartics satisfying these equations actually possess 
integrals of the first kind, but may of course fail to do so if they are specialized. In our case 
the quartic is specialized by the conditions that the section by «(; = breaks up into two distinct 
conies, and that the point a7=y = ^ = 0isan ordinary point on the surface. 

We have now to discuss these nine cases : 

(A 1). The fundamental integrals of the differential equation are fiy, z^ w and the most 
general quartic integral is : , 

The section by w = breaks up into conies of the form ay + kiz\ xy H- k^ ; the equation 
may be written 

(^7 + h^) (fi? +*^*) + ^w (z, wf + {z, wf w = 0, 

where the coefficients of the second and third terms have to be chosen so that the coefficient 
of vf may vanish. 

Taking q^xy + k^2^y v^^xy + k^, the quintic is 

/= [{{xw + X?) {yw + /*?) + kizhu^} {(xw + Xgr) Q/w + a*?) + Ai»«*w"}/? 
+ (xw H- \q) (yw + fiq) {zw, qY + (zw, g)«] -5- w = 0. 
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This has triple points where x^z^w + Xy^O, y^z^w-^ fjM^O\ we thus revert to a 
case treated in § 2, unless X = /i s ; in this case the quintic is 

f^{xy + k^*)v^'\'Xy{zw,qyw-\-{zw,qyz^{i (XXV), 

the surface has triple points on the double conic, where a; = ^ = w = 0, and a? = y = w = 0, and 
may be regarded as a limiting case of Cayley's surface (§ 2), when the two triple points coalesce 
with the conic. The fundamental quadrics ("Quintics I," § 1), are easily found to be ayw. — yw, 
0, 0. The surface thus belongs to the class considered in " Quintics I," Part II, and is in fact 
a special case of the surface (XVII). 

In general the conic is non-degenerate and the double point is an ordinary conical point. 
If ki vanishes the conic degenerates and if Ar, = the double point becomes biplanar. 

If ki^k^^O so that in the quartic qv^ = ahf^, we have the further possibility of taking 
g = ic*, t; = y*, giving rise to an essentially distinct quintic 

f=[{wJt\xy{2pV'^fiocJ-^x{w + \^^ 

where as before the coefficients are so chosen that w divides out in the numerator. 

The double point is uniplanar, the conic degenerates into the two coincident straight lines 
0^ = 0, and there is a triple point on it where x^z = Q. In general there is no other multiple 
point 

The quadrics are : 

— Xaj* — xw^ ^"kxy + bfxa^ + 9y w, 4tz (Xa? + w\ — 6t«; (Xa? + w), 

(A 2). The fundamental integrals are 1, 17, l^w^ and the quartic is 

jy-s (f, 17)* + (f, i7)» ft£r + 0» = 0, 

where the coefficients have to be so chosen that the coefficient of 'u^ vanishes ; q, v^^ u^ are all 
0* along a; = y = 0, and therefore the quintic has an additional double line jj = y = 0. This case 
has already been considered in ** Quintics I." 

(B). Three fundamental integrals are f/17, z/w, ^z, and 

where as before the coefficients must be chosen so as to make the coefficient of rv^ vanish. 

The section by ttrs is of the form (x, yy^; this can be resolved into quadratic factors in 
three ways, giving three quadric transformations and therefore three quintics. If we take z to 
be common to q and t;,, since it is also common to t£s> i^ ^ & factor of the quintic, which 
accordingly degenerates; if we take q^z*, v^ = {Xj y)^ then since v^ contains ^ as a factor, 
inspection of the form of the quintic shews that it has a triple line z=^w=^0. We have now 
only to consider the case in which q ={x^yy = ax^'\' 2hxy + 6y', Vt=^z^: it is convenient to make 
a linear transformation of d?, y so as to remove one of the constants X, /i, which occur in the ^s, 
say the former, so that f now reduces to x. We can now write F in the form 

(a, A, b^Xy y + fiwyz^+ (x, y + fiwyzw+(x, y + fjLwY xtu* = 0, 

where we have expressed the condition that the coefficient of w* vanishes. We obsei-ve that fi 
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cannot vanish, or the quartic would have a double point at a? = y = <? =s 0, which we have seen 
to be impossible, since t^ cannot vanish identically. 

The quintic is 

/= (a, h, V^xw, yw + fiqf zhvjq + {anv, yw + fiqf z + {xw, yw -f- fiq^ xq=0. 

This has a double line along «; = 0, w + h^iy = 0, which is distinct from the conic unless 6 = 0. 
If 6 = 0, the double line a? = w = 0, which is now part of the conic, is cuspidal with the fixed 
tangent plane w + 2/iAa; = 0, and this expression is also a factor of the terms which are cubic in 
Xy w ; thus the double line is tacnodal, being the limit of two double lines which intersect. We 
revert to a case already considered in ** Quintics I," § 6. 

(E 1). The general integral is 

jP = afi7» + 62>» + c^fw + df w;» + eiyf* = 0. 

The section by w = is aa^ + eys^ = 0, which can only break up into two conies if a or 6 
vanishes. The birational transformation employed in " Quartics " § 5, shews that in each of 
these cases F is rational. 

(£ 2). The general integral is 

» 

F= a^^ + b^^ + c^^w + dv^w + 6?^ = 0, 

where as before the coefiicients must be chosen so that the coefficient of w* vanishes. The 
section by w = is cury + ba^z = ; if 6 = the quartic is rational as before, hence 6 + 
and may conveniently be replaced by unity ; a may or may not vanish. We now have two 
possibilities, q = a^, v^ = xz + ay^ or q = xz+ ay\ Vj = a^. 

In the forrajer case the quintic becomes 

/= [a (w + \xy (yw + fia^y -k- x(w -\- \xy (zw + va?) •\-cx{w-¥ Xa?) {yw -f- fia?) (zw + j/jj") 

+ d (yw + fj^y + ea^ (zw + vay^y] -r- w = 0, 

where aXV* + XV + cX/jlv + d/i* + ei^ = 0. 

There is a uniplanar point AtX:/M:p: — \*] this is an isolated point and distinct from the 
double point at x=^y = z^O, provided that X 4 ; the surface thus possesses a double point 
of a more complicated kind than the one chosen as the principal point of the quadric trans- 
formation ; hence as explained at the beginning of this paragraph the surface can be ignored. 
If X = this uniplanar point coalesces with a point on the conic ; / assumes the simpler form 

a (yw + fia^yw -f x (zw + va?) v^ + cx (yw + /xa?*) (zw + va^) 

+ d' {j/«(yw + fia^y - /iV (zw + i;a^)»}/w = (XXVII). 

The double conic consists of the two coincident straight lines o;^ » and has a triple point 
on it where y = ; the double point xszy:=z^O is in general a conical point, but becomes 
biplanar if a = 0. 

The four quadrics are 

^xw, 2fia^j Sva^ + zw, 0. 
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In the alternative case, q = xz + ay", v, = of, the quintic becomes 

/= [{a (xw -h XqY {yw + fiqf + {xw + \qf (zw + vq)]lq + c {xw + 'Kq) (yw + fiq) {zw + vq) 

+ (Hyw + /iqy + e{zW'^vqyq]'i'W=^0 (XXVIII), 

the constants being connected by the same equation as before. 

The double conic is in general non-degenerate, but reduces to two straight lines if a = ; 
the double point at x=^y = z = is a uniplanar point, the tangent plane at which is n? = 0, and 
therefore touches the conic ; there is a second uniplanar point, with the same property, at 

To the generators of the cubic cone, into which the surfece can be rationally transformed, 
correspond a family of rational quartic curves on the quintic, all passing through the two 
uniplanar points. 

The four quadrics are 

— 2xu + 5\q — 9xw, — 2yu + lOfAq — 4fyw, — 2zu + 15vq + zw^ Stvu + 6v/^, 

where u = 3vx + 4a/iy + \z. 

(C). The fundamental integrals are x, w, xz — yw; the quartic is 

F = {xz — ywY + {xz — yw) (x, w)* + x (x, wf = 0, 

where we have expressed the condition that the coefficient of vf vanishes. 

The section by w = is a?{zy xy. 

If we take q = a^y V2 = (z^ xy, since x is also a factor of t^, the quintic has a triple line along 
0* =s t(; = ; if we take q = (z, xy, v^ = a^, then since t^ is quadratic in x^ z the quintic has a double 
line a? = jgr = 0; lastly if we take a; to be a common factor of q and Vj, the quintic divides by x and 
degenerates. Thus this case can be ignored altogether. 

(D 1). The fundamental integrals are z, w, aj* — 2yw; the quartic is 

F= {a? - 2ywy + {(x^- 2yw) {z, wy + z (z, w)»= 0. 

The section by w = is of the form (a^, z^y ; and the coefficient of w (i^t) is at least quadratic 
in X, z; hence 9, Vst ^ are all at least quadratic in x, z and the quintic has a double line along 
x = z=^0, 

(D 2). If the constant X does not vanish it is easy to see that /i can be removed by a linear 
transformation of x,y, z; if X = it is not generally possible to remove /i. Thus we have two 
slightly different cases to consider. 

(I) X=t=0, /i = 0. 

The fundamental integrals are x, w, y'^ — ^^z'y the quartic is 

J^= (y»- 2f2r)« + (y» - 21iz){x, wy +a?(a:, wy = 0. 

The section by ti;s=0 breaks up into two conies of the form 

y«-2a?^-|-i<a^=0 (i=l, 2); 

by a linear transformation of z, x we can reduce one of these conies, which we take to be 9 = 0, 

to the form y'— 2a?^ = 0; the effect of this transformation is that the third term of jP is xw{Xy wy. 

Vol. XX. Part I. 11 
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The quintic is now 

f^qwiw-^ 2\«)" + (t(; - 2\z) {xw, qf-k-x (xtv, qf = 0. 
This has a triple point at a? = y « 0, w = 2X^ and therefore belongs to a type already considered 
in § 2, 

(II) X = 0. The quartic is reducible as before to 

F^{fj'-ixzf + {rf-ixz){x, wy + w(x, wf = 0, 

where the coefficients have to be chosen so that the coefficients of w^ vanish, and q^'j^— 2xz. 
The corresponding quintic is 

/= [q (w» + 2fjLyw + fJL^qy + {11/"+ 2/iyw + /I'^q) {xw, qf 4- {xw, qY]^w^O . . .(XXIX). 

The double point x^y^z^Q is an ordinary conical point; the double conic is non- 
degenerate, and has on it a triple point, where ^ = ^ = 0. 

The four quadrics are : 4^, 4yLucy 4- oxWy 4sfjLXZ -h 5fiq + 5yw, — Gfixw. 

(F). Three fundamental integrals are u;, U = x^'-2yw, V = a^ ^ Sxyw + 3ztu^ ; from which 
can be deduced 

<f>= ~ — ^ex'z-Sxh/^-lHxyzw + Sy^ + dzHi/'. 

The most general form of the quartic, subject to the condition that the coefficient of w^ 
vanishes, is 

The section by w = is 6x^z — Sxh/^ + cue*, so that we can take q = a^, Va = 6xz — 3y* + cwc*, 
or vice versd. 

In the former case the quintic is 

/= {6xzv/^-Syhf^-lSxyzw H- Sfw + 9^a^) w + aa^{w- 2yy w 

'\-bx'(v^''9yw + Sxz) + cx'{w-2y) = (XXX). 

The double point atir = y = i? = Oisa conical point, the double conic degenerates into the 
two coincident straight lines a^ = 0, and there is a triple point on the conic at y = 0. 

The quadrics tf are : a:", — 4fxy + 5xw, — 4ixz + 5yw, 6xw. 

If we take q = 6xz — 3y' + aa^, v^ = a^, the quintic becomes 

/= {Ga^ztju^ - 3aj*y*ti;> - ISxyzqw + Sfqw + 9z^^ + a {ahu - 2yqy] w/q 

-\-b(afv/' - fixyqw + 3zq^) + c {ahv - 2yq) g = (XXXI). 

The double point is uniplanar, the tangent plane at it is a;sO, which touches the double 
conic ; the double conic is non-degenerate. There do not appear to be any additional singular 
points or singular lines. 

The quadrics are 

— 2a^i H- 5g, — 2ygi + bxw, — 2zqi + hyw, Zwqi, where ^1=^ = 62: + 2aa?. 

This completes the enumeration for the case of a double conic and a double point not 
lying on it. We have found seven surfaces, given by the equations (XXV)— (XXXI). 
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§ 4. QUINTICS WITH A NON-DEGENERATE DOUBLE CONIC BUT WITH NO DISTINCT 

MULTIPLE POINT. 

We write the quintic in the form 

/ = ^, + qyLiW + u^v^ + VjM;* -I- Vjtc^ + icuj^ = 0, 
where Vi, it, cannot both vanish, as we should then have a double point at a; = y =-e = 0. 

In accordance with the general theory we have to find four quadrics di such that / satisfies 
the fundamental differential equation 



»'%*»•%* '-t*''!-" <*>■ 

while the ^s are connected by the subsidiary equation 

dx dy dz dw ^ ^' 

The ^s have also to satisfy certain conditions at the singularities. Since the curve ^4 = 0, w = 
must be adjoint on /=0, w; = ("Quintics I," p. 266), and this latter curve is a double conic, 
04 must vanish identically when w = 0, i.e. must divide by w. Further each of the six cubics 
xd^ — ydi, etc., pass through the double conic. We thus get 

where w, i; are linear in x, y, z and 0^ = OiX + 6,y + c^-e^ + diW (i == 1, 2, 3). Equating to zero the 
term independent of w in the fundamental differential equation, we have 

where 2q^ is used to denote 

dq o^, dq 
dx dy dz' 

It follows that (5ti + 49«) Ui must divide by 9, but q is assumed non-degenerate, therefore 

ou + 4}, = 0, and 

dtii ^rfu, du, ... 

^d^-'^d^-^'ydz=^ ^^>- 

Appljdng now the subsidiary equation (B) we find that v = f9« and 

ai+6a + c,+ d4 = (2). 

The quadrics now reduce to 

- i^9. + «9 + w®i> - iy9* + /89 + ^®«» - i^9* + 7? + «^®8, i^q^ + i d^^^^ (3), 

subject to the condition (2). 

The diflFerential equation is much simplified if we can remove the constants di, dj, d, in 
®i, ®j, ®f This can in general be eflFected by substitutions of the form a?+Xw, y + /iw, z + vw, 
for a?, y, z. We suppose now that this reduction can be effected, postponing to the latter part 
of this article the discussion of the case when this reduction is impossible. 

11—2 
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Case I: di, d^t d, aU zero. 

We proceed first to reduce ©i, ©a» ®8« For brevity let us denote by A the differential 
-operator 

Equating to zero the coefficient of w' in the fundamental differential equation, we have 

A(9««,)4-9»(«^ + ^| + 7^)«. = 0; 

hence t^q must divide by q, say 

A5 = 2A;5 (4), 

where A; is a constant which may vanish. 

By the theory of bilinear forms we can reduce A to one of the three types : 

d 1 d d /.v 

'^^si+^'^^+'^di ^^>' 

,^^£ + (^ + a^)|. + c^_- (ii). 

a,«,^ + (^ + a^)^ + (y + a,5)^ (iii). 

Employing these forms in equation (4) and remembering that q is not to degenerate, we 
easily find that in 

Case (i). k = one of Oi, 69, c,, say Oj, and then 6j + c, = 2k, so that 2ai — 6a — Cs = 0. 

Case (ii). q always degenerates. 

Case (iii). A: = Oi and 5 is of the form aa^ + (y* — 2zx), which is reducible by a substitution, 
i: + \^ for £r, to y' — ^x. 

Also from the coefficient of «(/• in the fundamental differential equation Kd^ — Q, If /c4=0, 
{{4 = 0; if icsO then firom the coefficient of vf, since Vi cannot now vanish identically, one of 
Oi + 2(^4, 6a + 2(^4, Cs + 2d4 must vanish ; thus in all cases we have the alternative conditions 

^4 = 0, or a, + 2(^4 = 0, or 68+2^4=0, (yr c + 2^4=0 (5). 

We now have enough equations to determine the ratios of the quantities Oi, 62, p,, {^4; we 
can obviously multiply them by any convenient numerical factor ; solving we thus obtain four 
sets of values: 

belonging to type (i) 0, 1, -1, (A), 

1, 6, -4, -3 (B), 

(or 1, -4, -6, -3) 

0, 0, 0, (C), 

belonging to type (ii) 0, 0, 0, (D). 

In the first three cases we can take 

q^a^'-Zyz and in (D) q = y^-~2zx. 
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In cases (A) or (B) if we employ the transformation 2fiz + (Cj — ^d^ w — W^* which only 
fails if ^ ss 0, A is transformed into an expression of the form 

where the new constants di', W, Cs', d/ have respectively one of the two sets of values 

h -i h -h or 1, -I, J, -3, 

and the ^s are otherwise unchanged. 

The same reasoning as before shews that these new constants must still satisfy the condition 
(5X On substitution of the numbers we see that this condition is not satisfied. 

Similarly, if 7+O, we can employ the substitution 2yy +(b2'-^d^)w=2yy\ leading to 
the sets of values 

"h h 'h *;. -2, -f, i, 6, 

which are similarly impossible. 

Hence cases (A) and (B) are impossible unless /8 = 7 = 0. In case (A) when ^ = 7=0 
we obtain &om the coefficients of ^ and iv* in the fundamental differential equation 

d ( d d\ 

From the first equation we see that v^ is independent of a;, y^ Zy and from the coefficient 
of X in the second equation we then see that a = 0. 
The whole differential equation now reduces to 

the integral of which is <^(a?, w, yz) or, more conveniently -^(x, w, 5), so that the quintic is 

f=q^x-^q(q, a^yw-^xiq, a^Yvi' + iq, a;»y ^ + X^uw;* + /cw» = (XXXII), 

where q = a^-2yz. 

The birational transformation q=YW, a?=Z, z = Zy w—W converts this into the 

cubic cone 

Y'X+7{7W, Z«) + Z(FTf, X^)'^(7W, X')W+\XW^+kW' = 0, 

which is in general non-singular, so that an integral of the first kind effectively exists. 

The surface has triple points at a? = y = w=0, «? = £: = «; = 0. The surface satisfies the same 
differential equation as the surfaces (XVII) (" Quintics I," p. 277), and (XXV) of this paper 
(§ 3). It is a special case of the former and a slight generalisation of the latter : if we put 
X^K^O we get (XXV). 

In case (B), when /8 = 7 = 0, the equation to be integrated is 

where as before q = a? — 2yz. 
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This admits the three independent integrals* 

y*^t^, U=(fz, F = (205 — ?ixw) yzWy 
from which can be constructed 

<^ = ( F^ - bOy^zHu^y/ Uy^zHi/* = y (^q^ - 20oucw + 25m;*)'. 
The most general form of / is now 

f=Xq^z-\'fi<t>'hvV=0 (XXXIII). 

If we put 2aq - 5odw = Xw, ^aq^ - 20flurw + 26t(; = Ww, q = Yw, z=^Z, which is a birational 
transformation, we obtain the quartic 

50XF«Z« + (/iTr«+ i/ZZ)(Z«- FF) = 0. 

This is a slightly specialised form of the surface E ('* Quartics," p. 343), and as shewn there 
can be transformed into a non-singular cubic cone, so that an integral of the first kind 
effectively exists. 

The quintic has tacnodes (close-points) on the conic at a? = y = 0, x^z^Q. 

In case (C), A = 0. 

The coefficients of xv^ and 9jif in the fundamental differential equation give the equations 

Since qa cannot vanish identically when q is not degenerate, nor be a factor of 9, the 
first equation shews that /c = and the second that t/j = ; thus we have an impossible case. 

In case (D), 

From the coefficient of u^ in the fundamental differential equation, we have 

From the coefficient of z in this equation, we have xa = 0, so that ic or a vanishes. If 
sc^OfViis merely Wy and the coefficient of «^ in the fundamental differential equation then gives 

dy' 
From the coefficients of y', zx 

a + 2/==0, -6a + 2/=0, 
where 2/ is the coefficient of yz in Va, whence a=/=0. 
Thus a always vanishes. 
The ^'s now reduce to 

* In this and similar oases these integrals were by no means obvious, bat, as when onoe discovered their verification 
is simple, I have not thought it worth while to give any indication of the process of discovery. 
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If /8 + the transformation 2/8^ — w = 2^y does not affect 0^, 0^ but removes the terms 
xWy yw from 0^^ 0^\ we thus revert to case (C) which has abready been shewn to fail. 

Thus we must have ^ = 0. 

The fundamental differential equation now has the integrals 

and the quintic is 

f^(f{x, 2r^y-\-wf'{-q{x, 2yyJfWfw^{x, 2yy + wYw^==0 (XXXIV). 

The birational transformation q = ZW, a; = X, y=^Y, w=W converts this into 
Z«(Z, 2ryY+Wy-\'Z{X, iyY-^-Wy + iX, 2yY+Wy = 0, 
a cubic cone which is in general non-singular. 

The quintic has a triple point of a complicated kind on the conic at a? = y = 0. 

Case II: d^^ d^, ck not all zero. 

We have now to investigate the conditions that it should be impossible to remove (2i, cZs, c{,, 

by linear transformation. If we substitute 

fc « f 

x = x'-^-w, y = y' + -w, ^ = / + -t^, 

ft) "^ " O) ft) 

where f , i;, f, to are constants subject to the restriction o) + 0, and x\ y\ z are new variables, 
and express the fundamental differential equation in terms of x'y'z'w, the coefl&cient of ^ in the 
new ^/, i.e. the new di, becomes {a)^i(f, 17, 0""f^4(f» ^> ?)}/<*>'f with similar expressions for 
d,, d^. Thus di, d^y d^ can be made to vanish if the three quadrics 

Si = ^1 - x0^lw = 0, Sa = ^2 - y0,lw = 0, Ss = ^3 - z0^lw = 0, 

have a common point not lying ouw — O, The process fails only if S^ = 0, Sa = 0, S, = meet 
only on w = 0, or in other words, if these equations, regarded as quadratic equations in the three 
non-homogeneous variables xjw, y/w, zjw^ are inconsistent. 

We take the ^'s in the form given by (3), (p. 83). It is convenient to distinguish three 
cases according as (I) the point a, /8, 7 does not lie on the conic y = 0, (II) a, /8, 7 lies on g = 0, 
(III) a, ^,7 all vanish. 

(I) By linear transformation of Xy y, z we can arrange that a = l,/8 = 7 = 0, and q^a^ — 2yz. 
The equation (4) then gives 

X {a^ + 6,y + Ci^) - y {a^ '^h^ + c^)-z (a^ + ftay + c^) = 2A; («* - 2yz), 

whence 6j = C2 = 0, a, = 6i, aa = Ci, 2ai — 63 — c = (6). 

By a substitution (y-^ fiw, y) we can now remove Ci, and by a substitution (z + pw, z) we 
can remove hi ; these substitutions having been performed, a substitution {x + Xw^ x) removes 
di. The ff^ now have the forms: 

"" f ^ + 9 + Oi^^w, — ^xy + h^yw + diW\ - ^xz + dzw + d^'u/^, %xw + ^d^'u^. 
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Accordingly 

Si = - a;* — 2yz + di'xw, Sj = — 2ay + Wyw + dgw;*, Sj = — 2a:z + Cj'-^t^; + djW', 

where o/, 62', (h' are written for brevity in place of Oi — ^(£4, 6a 7- i<^4, Cs — ^^4- 

The three quadrics S meet on w — in the two points a; = y = 0, ar = ^ = 0, and nowhere 
else on w = ; hence, if the quadrics S are to have no common points oflf w = 0, these two points 
must be multiple points of intersection together equivalent to 8 points. 

At x = z = w = the tangent planes to Si , iSf, are 2: = 0, 2y — 6,'w = 0, Hence if this point 
is to count triply as an intersection of S^ Sj, S^, the line of intersection must be a generator 
of the cone S,, therefore ^8 = 0. Similarly ifa; = y = «; = counts triply as a point of inter- 
section, c?2 = 0. But by hypothesis dj, dj are not both zero. We must therefore have one 
o{ dz, di zero, say ^$ = 0, and the point x = z^w = must count as 6 points of intersection 
of the three surfaces. Now a; = ^ = is a line on Sj, S^ meeting 8^ where 6a'y4-d,M; = 0; this 
gives a finite value of y, contrary to hypothesis, unless 6/ = 0. Again x — Oi'w = ^ = is a line 
on iSj, /S, meeting 8^ where — 2ai'y + dzW = 0. Therefore also ai' = 0, and then from (6) c^'^O, 
so that 01 = 62 = 03 = ^4 = 0. 

The 0's now reduce to 

-f^ + ?> -|a;y + d,w«, -ixz, ^xw, 

where d^^O, and may conveniently be taken to be 1. 

The fundamental differential equation now has the three integrals 

z^\ U=z (5* + ^xzw^X V=q^y + {6xyz - ^a?») w^ - ^zw*. 

Moreover these can be shewn to be the only quintic integrals, so that the surface is 

f=\zW + fiU+vr=^0 (XXXV). 

The surface has a tacnode on the double conic at a? = ^ = 0, the tangent plane there 
being z = 0. 

The transformation 

(9» + 6xzqw^ + 6shJtf)lw^ ^Z'W, ( j« + Aaczv)')lvfi = XZ, q/w = F, z = Z, 

which is birational, transforms / into 

a non-singular cubic cone. 

(II) Let a, /8, 7 lie on 5 = 0, then we can arrange axes of x, y, z so that 5 = ic* — 2yz, 
a = 7=0, /8=1. The condition that Aq divides by q shews as before that A can be reduced 
to the form 

where 2ai — 6s — Ca=0 (7), 

Further by a substitution (x + Xw, x) we can remove d,, and by a substitution {z-^vw, z) 
we can remove d^. The ^'s are now 

^xz + {OiX + 6iy + Ci-^) k; + djW*, ^yz + g' + (cjX + b^) w, ^^ + (61a? + o,e^) w, — f ^^w + ^(£4^*. 
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The quadrics S accordingly become 

where as before Oi^ 6,'> O9 stand for 01 — ^^4, 6,-^^4. c, — ^d*. 
If 6,' + 0, from /Si and iSg 

62' (2az + ai'a?i(; + Ci-^w + diW*) — 61 (a* + Ci/cw;) = 0. 

If also 61 4 we can eliminate x from S^y obtaining a quartic in 2r, t£; in which the coefficient 
of z* does not vanish; we find accordingly at least one finite value of z:w; then S^ gives a 
finite value of w:w and S^ a finite value of y:w,so that 81, S^, 8^ meet at least once off t^ = 0, 
contrary to hypothesis. 

Hence if b^ :^ 0, 61 = ; fif, then factorizes into z.(2z + c^w). If z — then from S, 
Oi'd; + diW = 0, so that we have a finite value of x:w unless a^ = 0, and hence from 8^ a finite 
value of y:w. The second factor of 8^ gives ^ = — ^c,'w and 8^ then gives 

so that we get again a finite value unless c' = 0. If a/ = c,'«0 then from (7) 68^ = also. 
Thus we must always have 6/ = 0. Sj = and S, = are now satisfied by a? = £r = 0, and 8^ 
gives then a finite value of y:w unless ftj = 0. The quadrics 8 are now merely functions of 
X, z, w and have in general no common solutions. 

From W = and (7) we find Oii bti c^ : d^ — 2 : -- S : - 7 : — 6 ; and we may assume 
(a) that these constants have these actual values, or (/9) that they all vanish. 

In case (a) the ^s are 

^xz •{- (2x -^ Ciz) w + diti^, ^y-^ + 3 + (9a? — 3y)w;, ^2^ + 7zw, — f^w-3te^. 

It is convenient to make a substitution {x + \w, a;) so as to remove di thereby in general 
reintroducing d^ ; and then to make a substitution {y + \z, y), (y + \y -¥ JX*^, y) which can be 
so chosen as to remove Ci, without altering q. The ^s are now 

^xz + 2xw, ^yz + 5 — Syw + dgte^, f-?' + Tzw, — ^zw — 3w^ 

The terms independent of a? in the quintic / must now satisfy the diflFerential equation 

Two independent integrals of this equation are 

s^{z-{- 6wy w^, lOy/w + di log (z + 5w)/z. 

It is evident that from these integrals no quintic integral can be constructed, d^ being 
by hypothesis not zero, so that the quintic surface divides by x and therefore degenerates. 

In case (/9) the ^'s are 

^xz + cizw + diw\ ly-^ + 3 + Ciflju;, ^z*, -f«w, 
when di + by hypothesis. 
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We now remove Ci by a substitution (a?, w), thereby reintroducing d^ ; we can then remove 
df by the substitution (a; + X-?, a?), (y + Xa? + i\^z, y) used in case (a). Thus we have removed 
Ci from 0iy 0i, without otherwise altering the form of the 0*s, 

The fundamental differential equation now has the three independent integrals: 

From these we can construct also the quintic integral 

<^ = { F> - d, U'^jsW^IsM' = 4 [Q(fz + iM^qxu^ - IQd^a^vr' - 6d,*j^}. 
It can be verified that these are the only quintic integrals, so that our surface is 

f=\2hv^ + fiU + vV^pW^^0 (XXXVI). 

The birational transformation 

converts the surface into 

\Z^ + fiYZ^ + vXZ^ + p (X«Z- d,F») = 0, 
a cubic cone which is in general non-singular. 

The quintic has a triple point of a complicated type on the conic at a^z^^w^O. 

This completes the case when the double conic does not degenerate and the surface has 
no singularity distinct from the conic We have found five surfaces represented by (XXXII) — 
(XXXVI). 

§ 5. QUINTICS WITH A DOUBLE CONIC, CONSISTING OF TWO DISTINCT INTEBSECTING 
STRAIGHT LINES, BUT WITH NO DISTINCT MULTIPLE POINT. 

We take the double lines to be «y = 0, tc; = 0, so that the quintic is of the form 
/= a;*y*w, + xyu^w + u^n^ + v^v^ + v^w^ + ic%ifi = 0. 
As at the beginning of § 4 we reduce the ^s to the form 

am + oay + ©iW + d|t«^, yu-\- fixy -{-^^w^-d^u^, zu -^ yxy '\' S^w -{■ dtU^, wv-i-^d^vf, 

where ©i = at-« + 6iy + c»2f, and u, v, are also linear functions of «:, y, z. 

Now the conic d^^x^O must be adjoint along the section of/ by x^Oy and as this 
section consists in part of the double straight line x^w^O, the conic ^, = a? = must reduce to 
tu^^O; i.e. 6, = Ci = 0; similarly a^^c^^O. Similar reasoning shews that for all values of 
X:/A the conic X^, +/a^4 = 0, Xx^ fiw = must be 0* along x = w=sO, 

.•. «(—» + «*)+ flu?y must be 0* along a? = w=0, .*. t; = tt + ay + a'a?, 

and similarly v^u-^/Sx-^Vy, .'. t; = tt4-/8a;+ oy. 

The subsidiary differential equation (B), then gives 4a + /8a; + ay + v = 0, whence 

u = -f08a: + ay), t; = f (/ftc + ay). 
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As before we have 

«^ + /9^'+7^' = 0, anda, + 6, + c + d,=:0 (8). 

The ^8 are now: 

- 1 a? ()3a: + ay) + axy + a^xw + d^w\ - f y (/8a? + ay) + fiiey + ft^yw + d»w*, 

- 1^ (/8a: H- ay) + 7icy+ (a,a? + ^ay + o^) iv + djti;', f w {fix + ay) + id*^". 

As before we can remove d„ dj, d, if the three quadrics 

iSi = ^1 - xOJw^O, S, = ^s - y^^/w = 0, S, = e^-zOJw^O, 
have a common point oflF w « 0. Now these quadrics are 
Si = - fia^'\-a^xw + dlW^ /Sj = — ay"+ 6/yw + d^v^, 

fif, = '^z{fix + ay) + yxy + {a^ + 6«y + c,';?) t^; + (i,t(>» = 0...(9), 
where as before Oi', 6/, Cj' are written for ai — ^d^^ &« — ^^4, c, — ^d*. 

Hence we can remove di in two ways if /8 + 0, and d, in two wajrs if a + 0. 

It is convenient at this stage to distinguish three cases accordiug as (I) neither a nor 
fi vanishes, (II) one only vanishes, say a, (III) both vanish ; and to subdivide the third case 
again according as (III A) 7 4= 0, or (III B) 7 = 0. 

Case I : a + 0, fi^O, 

We can remove di, dj. We suppose this done; then a?=y = lies on 81, 8^ and meets 
89 where d'z + d^tv = 0; thus we can remove d, unless c,' = 0. If c,' = 0, then a? = 0, - ay + Wiv = 0, 
lies on /Si, Sj and meets fifj where — 6/jgr + (6,6j7a + d8)w = 0; thus we can remove d, unless 
also W = 0, and similarly unless a/ = 0. Thus we can remove d, unless ai = 6^' = Ot' = 0, whence 
Oi = 6s = Cs = d4 = 0. 

Take yEr^ the case, which proves to be simpler, in which d, 4 0, and may conveniently 
be taken to be unity, and 01 = 62= Cj = d4 = 0; we can further remove 7 by a transformation 
(z-^-Xx, x). The ^s are now: 

- |a?(/8fl? + ay) + ary, -^y {fix + ay) + l3xy, - |^(/8a7 + ay) + (a,a? + 6,y)«; + w\ iw(fix + ay). 

The coefficients of vf, w*, v/^, v^ in the fundamental equation now give the equations : 

3/ic(^a7+ay)+(a,a? + 6,y)^t;i + ^t;, = 0, 

2 (^a? + ay) ^i + ^y (« ^ + /8 x:) «^i + («»^ + M 5^ ^« "^ d^ "» "= ^' 
(fix + ay) t;a + aiy ^a ^ + /8 ^j Va + (a^+ 6^)^ M, + ^^W^=' ^• 

From the first we infer that t^i is independent of Zy from the second and third that v^ and u^ 
are at most linear in z, 

12—2 
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In the last equation the coefl&eients of oi^z, \^z, xyz give the equations 

^ = 0, /=0, 2a^+2/3/+c = 0, 

where 2^, %f are the coeflScients of xz, yz in v^ and c is the coefficient of s^ in «,. 

Hence o = 0, so that the whole quintic is linear at most in z, and is accordingly rational 
or a cone. 

We thus revert to the second case, in which cJ, can be removed. 

By a substitution (2: + Xa?, x) we can remove a, unless Cs = ^> ^i^d similarly we can remove 
6, unless Os = b,. 

Let us suppose first that we have removed a,, 6,. 

If we make the transformation /8a? — (01 — ^^4) t(; = /8a?', we do not reintroduce any of 
d\y d^y d^\ we may introduce a term h^yw in ^s, and the constants Oi, 6,, C3, (^4 acquire new 
values, say a secondaiy system, viz. these are 

(h-iioi-^d,), 6» + f(ai-id4), c,-i(a,-H)> «^4 + f (oi -id*). 

Similarly by the transformation ay — (63-^^4) t«^ = «y' we replace ch, 6,, c,, d*, by a tertiary 
system 

Oi + H^-KX 6.-^K6«-K), c,-f(6,-id4), d4 + f(ai-H). 

Now by considering the coefficients of w", 'w^ in the fundamental diflferential equation, 
we obtain as before (equation (5) of § 4) the alternative conditions 

0, + 2^4 = 0, or 6, + 2d4 = 0, or Cs + 2d4 = 0, or d^^O (10). 

Since this condition is independent of the existence of a, and 6, it must be equally true for 
the secondary and tertiary systems of constants. For the primary system we need clearly only 
consider the three alternatives 01 + 2^4 = 0, c, + 2^4 = 0, (£4 = ; but for the secondary and tertiary 
systems we must consider all four. Applying the conditions (10) to the primary and secondary 
systems we obtain equations sufficient to determine the constants; on solving them we get 
nine possible systems, viz. : 

-1, 

2, 
-2, 

9, 
-3, 

6, 

8, 
-4, 

0, 
In the last two cases the secondary and tertiary systems are the same as the primary 



0, 


1, 


1, 


- 3, 


1, 


1, 


*. 


-11. 


2. 


2. 


1, 


- *, 


3. 


- T, 


1, 


1. 


0, 


0, 






(i)^ 





(ii) 





(iii) 


-2 


(iv) 


-1 


(V) 


-3 


(vi) 


-4 


(vii) 


2 


(viii)j 





(ix)J 



\ (I). 
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system. In the remaining seven cases the values of the tertiary constants (omitting common 
numerical factors) are respectively 



3, 


-2. 


- 7, 


6 


(i)] 


2, 


-3. 


- 8, 


9 


(ii) 


4, 


-1. 


- 6. 


3 


(iii) 


2, 


-3. 


-13. 


14 


(iv) 


^, 


-3, 


- 8, 


4 


(V) 


1. 


1, 


-14, 


12 


(vi) 


0, 


0, 


1. 


1 


(vii). 



.(II). 



We now see that the conditions (10) are only satisfied in cases (iii) and (v). In both 
these cases the tertiary constants are such that the constant a, if it has been introduced can 
be removed by a substitution (z + X^c, z). Thus the tertiary system can be treated as the 
original primary system. Repeating the first transformation in these two cases we get the two 
sets of values 1, 1, - 14, 12 and 0, 0, 1, - 1 which obviously fail. Thus all the cases (i) — (vii) 
fail, and we have only to consider cases (viii) and (ix). 

Now if the quintic is neither rational nor a cone it must contain a term at least quadratic 
in z. The terms highest in z in the quintic satisfy the fundamental differential equation with 
the constants 7, o^, 6, omitted, since the corresponding terms in the differential operator lower 
the degree in z\ among the terms highest in z, those highest in w satisfy the equation 

(°>a^''|^«.£*Wffi)/-« <"> 

The possible terms quadratic or cubic in z are from the form of / one or more of 

xyzHv, xz^w^, yz^u^y sNi^, s^\jt^\ 
and it is evident that in case (viii) none of these can satisfy (11). 

Thus we are reduced to case (ix). In this case the coefficient of 'oj^ in the fundamental 
differential equation gives /c = 0, and then the coefficient of v^ gives 

2(^aj+«^)t>. + ^y(a^ + /3|^ + 75^)t;» = 0, 

which is impossible since the first term cannot divide by o^y. 

Thus if (2,, ds, (2, can be removed and also a,, 6, can be removed there is no solution. 

Let us suppose neoct that one of Os, 6, can be removed, say Os, but not 6,. Then 
C = 6, ; we may still use the first transformation just employed, viz. {^a? — (Oj — ^4) w, ^a?}, 
so that the possible systems of values of the constants Oi, 6„ c,, (24 are the 9 just given in 
tabular form. But in none of these but the last is Cs = 6a; so that if Og^O, 63 ^0 all the 
four constants must vanish. Similarly if Os^O, 63 = 0. If neither o^ nor 6, can be removed 
then c, = Oi = 6s ; and then the conditions (10) shew that we must also have Oi = 6s » Ct = (^4 « 0. 
We can now employ a transformation {z + \w, z\ to remove a, or 6, without introducing d, 
and so reduce this case to the preceding one in which only one of a„ 6, does not vanish. 
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In this case the terms in / which are independent of y satisfy the diflFerential equation 

of which the most general integral is {x, £f v^. Thus the term icafi vanishes, Vj, Vj divide by y 
and the former may be taken to be simply y. 

The coelBBcient of t(;* in the diflFerential equation now gives 

Everything in this divides by y* except S^icy, therefore /8 = contrary to hypothesis. 
The whole case when a 4=0, /8 + 0, accordingly leads to no solution. 

Ca^e II: a = 0, ^ + 0. 

We can always remove di\ we can remove dg unless ftj — ^d4 = 0. 

Let us suppose first that we can remove d^ as well as dj. 

The quadrics 8 are now, di and d^ having been removed, 

8^=i-fi(x^'\'{a^-\d^xWy S2^{h2-\d^yWy iS, = -/8«?^+7ajy+{a,a? + 6,y+(c,-id4)2r}«(; + d,«;». 

As before these meet on a point off w = 0, so that d, can be removed, unless Oi = Cz — ^d^, 
whence Oi : 69 : c, : d4 = 1 : — 4 : 1 : 2. 

Let us first suppose that d, cannot be removed, so that the four constants Oi, 62, c,, d4 
(a) are 1, —4, 1, 2, or (/8) all vanish. 

In case (a) the ^s are 

— l^a^ + am, ^fixy — 4eyWy -ifiyz-hyxy -^ (a^ + biy'\-z)w'+diV^, ^fixw + v^. 

We can then remove 6, by a substitution (z + Xy, z) and a, by a substitution (z + \w, z). The 
terms in the quintic which are independent of y now satisfy the differential equation 

This has the two independent integrals filogxhu* — 5w/x, 2fiz/x — di(w/xy, from which no 
quintic integral can be constructed, so that the whole quintic divides by y and therefore 
degenerates. 

In case (/8) we can remove a^ as before and we can remove 7 by a substitution 
(^ + Xy, z). The ^'s are now 

-i^^\ f/3a;y, - f /8a?^ + 6,yw + dM i/3xw. 

The fundamental differential equation now has the two obvious integrals x/w, a^, and 
it can be verified that a third integral is [ijSxz — (b^ + dzw) w] y\ The only quintic integral 
which can be constructed from these is (a?, wf y*, so that / degenerates. 

We thus revert to the case in which d, can be removed, if di, d, can ; and consider it next. 
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We can always remove a, by a substitution (z -h X^, z) unless c, = Oj. Also since rf,, dj, rf, 
have been removed we have the conditions (10). Combining these with c, = Oi we find that the 
constants Oi, 6^, c,, ^4 have one of the four sets of values 



.(III). 



0, 0, 0, (ix)x 

1, -2, +1, (x) 
2,-3, 2,-1 (xi) 
1, -4, 1, 2 (xii)j 

If Os is removed we can use the first transformation employed in Case I., viz. 
; — (01 — ^(24) u;, fix]^ and by the same argument as before arrive at the values given 
in table (I). In Case I., however, we omitted the possibility 6, + 2d^ = 0, on account of 
symmetry; at present we no longer have symmetry and must therefore take this possibility 
into account. This leads to three new sets of values, viz.: 



.(IV). 



1, 6,-4,-3 (xiii)^ 
3, 8,-7.-4 (xiv) 
1, -4, 1, 2 (XV) 

Also as before one of the terms a^iryro, i*a>u^, ^yv^, iW, nhjifi must exist in the quintic 
and must satisfy the equation 

did, d _ , d 



(«'*i+^'yd^+'^di+i«'^di;,)/=o: 



Le. one of the five constants 

a, + 68 + 2c, + ^4, ai + 2c + d4, 62+2^ + ^4, 3c + (i4, ^c^ + id^, 
must vanish, or more simply one of 

2c, -(^4, fta-Ca, Oi-C 3c, + (^4, ^C, + 8^4, 

must vanish. This new condition is satisfied in all cases of table (III); otherwise only 
in (ix) of table (I) and (xv) of table (IV). Thus the only possible sets of values of the 
four constants are those given in table (III), where in cases (ix) and (xii) a, may or may 
not vanish; in cases (x) and (xi) a, cannot vanish. 

In case (x) we can remove 6, by a substitution (z-{-\y, z\ and then the ^s are 
— \0a? + xw, \fixy — 2yw, — \Picz + 'ixy + a^tw + zw, ^/Sxtv, 

The fondamental differential equation then admits of the three independent integrals 

(/9« — wfv^, ah) {fix — w) w, izjx 4- yyl'w + a, log yjw. 

The letter z only occurs in the last integral, which is logarithmic ; hence the only algebraic 
integral must be independent of z, and the quintic is a cone. 

In case (xi) we have similarly two algebraic integrals which are independeilt of z and a 
logarithmic integral, viz.: 

^^» « (/8fl7 - 1 w)* w», hzj^M + yyjw + a, log yjw. 
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In case (xii) it is simpler to consider the differential equation satisfied by the terms in 
the quintic independent of y, viz. : 

This has the two independent integrals 

{fiz — a^wy/x, — 5w/x + 13 log ahjui^. 

From these evidently no quintic term can be formed, whether a, vanishes or not, 
80 that the original quintic divides by y. 

In case (ix) we can remove 7 by a substitution (z + Xy, z) and a, by a substitution 
(^ + Xw, z)\ the tf*s then reduce to: 

and the fundamental differential equation has the three independent integrals 

aj»y2, y/w, U = {2fixz — b^yw)/a^. 

If 6, 4 the only quintics which can be constructed from these three integrals are 

a^ (y, wy, Ux (y, vify so that the quintic degenerates. 

3 
If 6, =. 0, the general quintic integral is {x, z^, wy, so that x=sz^O is a triple line, 

a case previously considered. 

This completes the case when a = 0, fi^O, and di, rfj can be removed; and there 
is in this case no solution of our problem. 

We have now to consider secondly the case when a=0, fi^O, di = but d^^O; 
then as we have seen 62 — ^^4 = 0. 

We make no assumption for the present about (2,, and express first the condition that 
a term quadratic or cubic in z exists. The highest term in ^ as we have seen must satisfy 
the fundamental differential equation modified by the omission of the coefficients 7, a„ &,, (2,. 
If s^v^ exists we have at once 3c, + ^4 = 0, whence Oi : ftg • c, : ^4 = 7 : — 3 : 2 : — 6. 

If ^le;' does not exist there must be quadratic terms of the form 

cxyzHo + {kiX + #csy) 2^u^ + cz^w^. 
Applying the differential equation and equating coefficients we obtain the four equations 

c(62-Cs)-i8#Ca=0, 

cdi - /ci (6, - c) + /So = 0, 

(36,+ 2c)^ = 0, 

d,#c, + (36s+2c)c = 0. 

These are easily seen to be consistent only if 63 = c,, or 3(, + 2c,3sO, whence 

ai:6,:c,:d4=-4:l:l : 2, or =3:- 2: 8: -4. 
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We thus have altogether 4 possible systems of values of the constants Oi, b^, c^i d^, viz.: 



7, 


-3, 


2. 


-6 


(i). 


4. 


1. 


1, 


2 


(ii). 


3. 


-2, 


3. 


-4 


(iii). 


0, 


0, 


0, 





(iv). 



In case (i), since none of c, — 6j, 0,-^(^4, c^ — Oi vanishes we can successively remove 
6j, rfj, a,; the ^s then reduce to 

- f /8^ + 7wWy il3ay - Syw + ditv', - ^fixz 4- yay + 2zw, ifixw - Sw\ 

The fundamental differential equation has a logarithmic integral d,log- lOy/w, 

and two algebraic integrals U=a^ (fix — lOwY t^, F= (yxy — £^ — ^d^xw) xw {fix — lOw). The 
quintic must be a function of U, V only ; if 7 4= 0, F is the only possible quintic integral and 
the quintic accordingly degenerates. If 7 = 0, F reduces to xzy^ifix— lOw), and from this and 
F we deduce -e'w*, but no other quintic terms, so that again the quintic degenerates. 

Cases (ii) and (iii) can be interchanged by the transformation fix—(ai-'iid^w = fix\ 
already employed more than once ; so that we need only consider one of them, say case (ii). 
We cannot in general remove rf, or 6„ but can remove a, by a substitution {z + Xa:, z). The 
terms independent of x in the quintic / satisfy the simplified differential equation 

This has the two independent integrals 

ylw - da log w, 6, {ylwf + 2d^lw - U^jw, 

of which the first is logarithmic and the second is of zero dimensions. Hence no quintic 
integral can be constructed from them, and the whole quintic degenerates by having a? as a 
factor. 

It remains to consider case (iv) in which the constants Oi, ftj, c„ d^ all vanish. In this 
case we can remove (2, by a substitution {z + Xy, z), and then a, by a substitution {z + /iW, z)\ 
and the ^'s are then: 

-f^^, iP^-^d^v^, -ifixz-^-yxy+b^iyw, ifixw. 
The corresponding fundamental differential equation has the three independent integrals 
yhi^, U = {fixy — da^) ^xjw, V = [fi^a^z — fiya^y — ^fib^w + ^yd^xtij^ + ^b^v^] tv^. 

From these we can in general construct no quintic integral which is quadratic in z, so that 
the surface is rational or a cone. But, if 7 = f^, = 0, we have an integral z/x and the general 
form of the quintic is then 

/= (fixy - d^w'Y (x, zy + {fixy - d.v/') {x, zyw + {x, zYv/'^O (XXXVII). 
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The transformation fixy — d^v^ = FTT, x^X, z^Z, w^W converts this into 

P(Z, zy+Y(X, Z)« + (z, Z)»=o, 

a cubic cone, which is in general non-singular. 

The quintic has a triple point at a? = -? = w = ; and is further characterized by the existence 
on it of a family of pairs of conies, which are cut out by planes of the family a: + \^ = 0. 
These conies correspond to the generators of the cubic cone into which the surface has been 
transformed. 

We have now completed the discussion of the case a = 0, /84=0, and have found merely 
the surface (XXXVII) just considered. 

Case III a: a^fi = 0', 7 + O. 
We may conveniently take 7 to be unity. 

From the terms independent of w in the differential equation we have -^ = 0, so that 
Ui is independent of z. 

From the coefficient of w in the differential equation we have 

so that ti2 is at most linear in z ; and similarly from the coefficient of v^ we infer that u, is at 
most quadratic in z. 

Now we have seen that at least one term in the quintic must be quadratic or cubic in z ; 
hence the only possible terms of this type are Kixzhu\ x^z^tju^, czhu^. Hence as before we must 
have one of the three alternative conditions 

ai4-2c, + d4 = c,-6, = 0, c,-ai = 0, 4!C^ + Sd^^0 (12). 

We now consider as before the possibility of removing the constants diy d,, ds by 
substitutions (a? + \w, x), (y + /aw, y), (z + vw, z). 

First: let di, d^ be removed. Then the four fundamental constants ai, b^, c,, d^ cannot 

vanish, since we should then have -f = ^> giving a cone. 

The coefficient of z* in the fundamental differential equation gives 

(c,-6a)/fi = 0, (c,-ai)/if, = 0, (4c, + 3d4)c = (13). 

Also the coefficient of xyztu^ in the differential equation gives 

c + a^tCi -f 6j«i = 0. 

The last equation shews that if Ki, k^ both vanish c vanishes also: therefore one of /Ci, /r, 
must not vanish, say Ki, and therefore from (13) 

ft. = c, (14). 
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We can remove d^ by a substitution (z + vWy z) unless c, » ^£{4. If this equation holds, then 

the four fundamental constants are —4, 1, 1, 2; since Cj + ai we can remove a, and the ff^ 

are then : 

— 4ii?Mf, yw, xy + {h^ -\- z)w -\- d^v^, w*. 

t The fundamental equation now has the three independent integrals 

arw*, y/Wy zjw + ^xyjW^ — (ftj^/w + d») log w. 

The first two are independent of z ; hence the third must occur in the quintic, and must 
therefore be non-logarithmic, i.e. 6, = d, = 0, and the third integral reduces to {bzw + ayy)!^^. 
Any quintic integral constructed from these three integrals, of which the last two are of zero 
dimensions, must have a? as a factor, so that the quintic degenerates. 

We thus revert to the case Ct^\d^, in which d, can always be removed. The coefficients of 
vfi and "uf in the fundamental differential equation then give as before the alternative conditions 
01 + 2^4 = 0, or 6a + 2d4 = 0, or c, + 2d4 = 0, or ^4 = (15). 

The first, with (14), gives 08 = ^^4 and can therefore be rejected; the second or third gives 
for the four fundamental constants the values (a) 3, - 2, — 2, 1 and the last gives (/8) 2, — 1, - 1, 0. 

In case (a) we can remove Oj by a substitution {z + \x, z), and the 0's are 
SanVf — 2yWf xy + (b^ — 2z) w, ^ w\ 

We now have the three integrals of the fundamental differential equation 
a?y , yu/^j — zv;^ + f ^w* + 2b^ytv^ log w. 

As before, since z must occur in the quintic, the last integral must be non-logarithmic, 
so that 6s = 0, and the quintic is then 

/= X (2xy - 5zwy + y (xy, vff -h {2xy - ozw) {xy, u/^Yw^O (XXXVII a). 

The quintic is quadratic in a?, t(;" ; hence the double line « = w = is tacnodal and can be 
regarded as the limit of two coincident double lines ; we therefore revert to the case of three 
intersecting double lines, two of which coincide, a case already treated in " Quintics I," § 6 ; 
the surface which we have found is in fact reducible by the linear substitution 

2x = X, y^Z, oz^W, «;=F, 

to the surface (VII) of that article. 

In case (/8) we can remove a, as before, so that the ffs are 

2xw, -yw, xy'^{b^'-z)w, 0. 

The differential equation has the integrals xjf, w, - ^x/w + z/y + 6, log y. As before 6, must 
vanish ; and we now obtain 

f=ax(ay- 2wzy + bxy (xy - 2wz) w -f cxj/hi/^ + KUf = 0, 

80 that fl? = w = is a triple line, a case already considered. 

This completes the case when a = /8 = 0, 7 = 1 and rf,, d^ can be removed. 

13—2 
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Secondly, let one of dj, d, be removable and the other not : let us take cJ, = 0, ^2 + 0, then 

We can always remove a, by a substitution (y+Xw, y). 

The conditions (12) now give three sets of values for Oj, 62. Cs, d^, viz., (a) —4, 1, 1, 2, 
(/3) 3, -2, +3, -4, (7) 0, 0, 0, 0. 

In case (a) we can remove d^ by a substitution (z + \y, z) ; the terms independent of x in 
the differential equation then satisfy the equation 



{(y + 4«')|^ + (% + ^)^ + «'£}y = 0; 



this equation has the two independent integrals 

y/w — da log w» 2d^lw — b^/w\ 

From these no quintic integral can be constructed, so that the original quintic divides by 
^ and degenerates. 

In case (J3), since 0, + 62 or ^^4 we can remove b^, d^ by substitutions {z + \y, z\ (z + fjuw. z\ 
and the ^s then reduce to 

^xw, —2yw + diV^, xy + Zzw, — 2^*. 
The fundamental differential equation now has the integrals 
a^u^y 2yjw + da log w, xw {xy^ — id^sv^). 

The only quintic integrals which can be formed from these are simply the first and third 
of these, so that the quintic degenerates. 

In case (7) we can remove ds by a substitution {z-\-\y, z), and fcj by a substitution 
(x + fiw, x), so that the ^s are 

0, d,w;^ xy, 0. 

The integrals of the fundamental differential equation are now 

Xy Wy xy^ — d^ztu^, 
from which no quintic integral which is quadratic in z can be constructed. 

Thirdly, let neither di nor dj be removable ; then Oi = 62= ^^^4, whence by (12) ai, 6a» C,, d* 
all vanish. We can remove a„ 6, by substitutions (x + \w, x), (y+fiw, y) and then d, by a 
substitution {z^-vx, z). The ^'s are now 

diV^y d^w^y xyy 0. 

The fundamental differential equation has the integrals 

da® - diy, Wy edi^zw"^ - SdiX^y + d^y 
from which no quintic integral quadratic in z can be constructed ; so there is no solution of our 
problem. 

This completes the case in which a = /8 = 0, 7 ={= 0. We have found no new solution of our. 
problem. 



:V: 
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Case III b: a = )S==7=0. 

The ^8 all divide by w, and we may for convenience omit this factor. 
The terms independent of w in the differential equation give the equation 

|2ai + 2b^ + aiX^ + ^.y ^- + (a»a? + 6,y + c,^) ^| Wi = 0, 

whence we obtain the alternative conditions 

301 + 263 = 0, or 2aa + 368 = 0, or c, + 2d4 = (16). 

We have as before the conditions necessary for the existence of a term, quadratic or 
cubic in z, 

2c8 — ^4— 0, or C3 = ai, or Cj^tj, or 4c, + 3d4 = 0, or 3cj + d4 = (17). 

Solving these two systems of equations we get ten possible systems of values of 
Oi, 6„ c,, (^4, viz. : 

6, -9, 1, 

- 9, 6, 1, 

2,-3, 2,-1 

-3, 2, 2,-1 

2, -3, -3, 

-3, 2, -3, 

4, -6, -1, 

-6, 4, -1, 

1, -1, 0, 

0, 0, 0, 

where the systems with the even numbers (ii), (iv), (vi), (viii) only differ from the immediately 
preceding systems by an interchange of x and y. 

We can now consider the possibility of removing the constants dj, dj, d,. 

(I) Let di, dj, dj be removable; then from consideration of the coefficients of the 
two highest powers of v) in the differential equation we have as before the alternative 
conditions 

ai4-2d!4 = 0, or 6^ + 2^4=0, or 0,4-2^4 = 0, or d^ = 0. 

On inspection we see that these are only satisfied in cases (iii) {or iv), (vii) {or viii), (ix). (x). 

But the last leads to ;/ = 0, giving a cone. 

Case (iii). We can remove 6, by a substitution {z + Xy^ z)\ the ^'s are now 

2x, — 3y, asX'\-2z, —^w. 



2 


(i). 


2 


(ii). 


1 


(iii). 


1 


(iv), 


4 


(v). 


4 


(vi). 


3 


(vii). 


3 


(viii), 





(i^), 





(x). 
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The fundamental differential equation has the three independent integrals 

ic*y", xw^^ a^logx — iz/x. j 

In order that z may occur the last integral must be non-logarithmic, so that a,=:0, { 

and the integral is z/x. \ 

The most general quintic is now a sum of terms of the form {x, zf y", {x, zy yw^^ {x, zf w* ; 
expressing the condition for the existence of the double conic we have therefore for our quintic 

/= a^y* (x, zy +y{Xt zyv^-\' {x, zy w* = 0. 

This surface, like (XXXVII a), has a tacnodal line y = w = 0. 

If the coeflScient of «*y* is not merely x it can be taken to be z, and we have 
the slightly simplified form 

f^x'y^z + yix^zyw^ + ix.zyw^^^O - (XXX VIII a). 

This is easily seen to be identical with surface (VII), of *'Quintics I.," § 6. But 
if this coefficient happens to be ^ we have the special case 

/=x'y'+y{x,zytv' + (x,zyv/':=^0 (XXXVIII), 

which was omitted by error in "Quintics L," § 6. 

The birational transformation x = X,z = Z,w=W,y= WyY, converts this last surface into 

X»+ Y(X, Zy+Y*{X, Z)^ = 0, 

a cubic cone which is in general non-singular. 

Case (vii). We can remove a,, 63 in the uBual way, so that the ffs are 

4!xw, ~-6yWy --zw, ^vj^. 
We have the three independent integral^ ic*y', ytji/*^ z^w^, and the quintic is 

f=af'y^'^{axy + bz^)zvj^ + cyvr = (XXXIX). 

The surface has a triple point at a:=^==ti; = 0. 

The birational transformation x— X, z = Z, w= TT, y= YW/X converts it into 

Z»P + aZFZIT-h 6Z^ -«- cFTF» = 0. 

This is a special case of the quartic which I call (E) ("Quartics," p. 343); and the 
transformation there employed converts it into a cubic cone which is in general non-singular. 

Case (ix). We can remove a,, 6, and the 0*8 are merely 

xw, —yw, 0, 0. 
The general integral is <f>(xy, z, w) so that 

f^a^y^z-k-xyixy, afjw -\-z{xy, z'^ytiJ^+Xzw^ + KW^^^O (XL). 
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This 8ur&oe is a specialization of (XXXII), of § 4 [see p. 85] ; the double conic which 
was there assumed non-degenerate being in this case a pair of straight lines. 

(II) Let du d« be removable, but c2, not removable. Then c, = ^(£4, and we have one 
of cases (i) (or ii), (ix), (x) : and the last fails as before. 

Case (i). We can remove a,, 6, so that the ^s are proportional to 

6a?, -9y, -f + djW, w. 

The differential equation now has two algebraic integrals involving x, y, w only, and a 
logu-ithmic integral involving $, so that we have a failure as before. 

Case (ix). We can remove a„ 6, so that the ^s are proportional to 

X, -y, d^w, 0. 

This fails for the same reason as case (i). 

(III) Let one of di, c2, be removable, the other not; say, (2| — 0, di^O, then 01 — ^^4, 
and we have to consider cases (v) and (x). 

Case (v). We can remove a, by a substitution (z+\x, z\ thereby changing c2, and then 
we can remove c(t by a substitution {z + vWy z). The ^s are now proportional to 

Ix + diW, — 8y, 6iy — 3^, iw. 

The differential equation has the two algebraic integrals diz/y — b^/wy yhi^, and a 
logarithmic integral 2x/w ^ dilog w. The only quintic integrals which can be constructed 
from these are of the form 

y^, (dizw-b^yw, {d^zv)'-h^)yv^, 

all of which divide by w, whether h^ vanish or not. 

Case (x). We can remove c2, by a substitution {z + Xj;, z). The ff^ are now proportional to 

djW, 0, a^ + 6^, 0. 

The differential equation has the integrals y, w, U = 2dizw — a^ — 2b^. 

The most general quintic which can be constructed from these is 

/= Cr«(\y + ^u;)+ U(y, t£^)» + (y, wf^O. 

But since ysti; = Oistobea double line either \ = /a = 0, or a, == 0, and in either case 
y^w = is at least a triple line. 

(IV) Let neither of d,, d, be removable; then ai = &a = ^^4, and the only possibility is 
case (x). We can remove d, as before by a substitution (z -f \x, z). We may conveniently 
replace dj, d, which do not vanish, each by unity. The ^s are now 

«>■, w", (a^ + bty)w, 0, 

where either of a,, 6, may vanish, but not both, as we should then have a cone. Let us suppose 
0,3^0, so that (modifying z) we can replace it also by unity. 
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The fundamental differeDtial equation has the three independent integrals: 

^ — y> ^y ^= ^^^ — 2ajy + (1 — b,) y\ 
From these we can construct the quintic integral 

/= U^{X(x'-y)'{'fiw} + U(abcd^x^y, w)» + (a', b\ c\ d\ e'J'^x^-y, w)» = 0. 
When w = 0, this reduces to 

{-2a;y + (l-6,)y«}«\(a:-.y)+a{-2a^ + (l-6,)y»}(a:-y)»+a(^-y)». 

This to divide by a;*y*, leading to a=a' = 0, X(l— 6s) = 0; but, if X = 0, the surface 
degenerates, therefore 6,= 1; the further condition that ay=^0, i«; = should be double gives 
6' = 0, and the surface then reduces to 

/= (xy — zwf (x — y, wf + (xy — zw) (x — y, vif w '\- {x ^ y, vif w^ ^0 (XLI). 

The birational transformation xy —zw^^ZW, x^X, y=Y, w— W converts it into 

2?{X-Y, }fy + z(Z~F, Tf)»+(z-r, Tr)»=o, 

a cubic cone, in general non-singular. 

The quintic has a triple point at a? = y = t(; = 0. 

The pencil of planes a? — y + Xw = cuts the surfaces in two families of conies given 
by the equation of the plane and an equation of the form xy — zw-h fiw^ = 0. 

We have now completed the case where a = /8 = 7 = 0, finding four new surfaces 
(XXXVIII) — (XLI), of which (XXXVIII) properly belongs to the case of three intersecting 
double lines treated in " Quintics I.," § 6. Siace when a = ^ = 7 = the tf s all divide by w, all 
the surfaces obtained should belong to the class treated in " Quintics I.,'' § 10. On inspection 
we see at once that (XXXVIII) is a special case of (XVIII), (XXXIX) is a special case of 
(XXI) (the coeflScients p, a of that equation being replaced by zero), (XL) is a special case 
of (XVII). If in (XLI) we write a: — y = 2^, a?-Hy = 2Z, -?= TT, 11;= F we obtain a surface 
which is a special case of (XVI). 

The results of this section (III b), might have been obtained by assuming the result 
of " Quintics I./' § 10, and examining which of the surfaces there obtained had, or could have, 
double conies on them ; but I have preferred to carry out the independent investigation of this 
paper, as a check on the work of the earlier paper. 

We have now completed the case when the double conic breaks up into two distinct 
straight lines. 

§ 6. Quintics with a double conic, consisting of two coincident straight unes, 

BUT WITH NO distinct MULTIPLE POINT. 

The conic being jr" = 0, i^ = 0, the quintic can be written in the form 

f= oHii 4" xHi^w + UtV^ 4- VjW" 4- ViVJ^ + kvj^ = 0. 
As at the beginning of § 5, we reduce the ^'s to the form 

arw + our* + Oi^pm; + djW', yu + /8a:* + ©,w + djtt;*, .^u + 7^* -f 8,w + d,w", wv-^^d^v^, 
where 6i = aia? + 6<y + Ci^(i = 2, 3) and u, v are also linear functions of x, y, z. 
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From the term independent of w in the fundamental differential equation we have as before 

Hence (i), if i^ does not divide by a, we have 5u + 4ofl? = 0, whence as before v = few?, and 

^S+^^+^^=«' «^ + ^.+^ + <^^ = o m 

or (ii), if ^ is a multiple of a, say x itself, we have 

5u 4" 40W? + ac = 0; orti = — our. 
The secondary differential equation then gives v = 2cuc. 
The coeflScient of w^ in the fundamental differential equation then gives 

The second, third and fourth terms of this equation divide by a^y so that oxtis must do the 
same; but w, cannot divide by x since x = w=0 would then be a triple line, a case previously 
considered; hence a must vanish, and we revert to a special case of case (i). 

Thus we have only to consider case (i), in which the ^s are 
-^aa^-k-aa^ + dixw + d^yf, - ^oucy -\- jSaf^ + S^w + d^v^, - ^aa?e + 7«" + ©sW + (3j,«^, iaaw + ^d^w^ 
subject to the conditions (18). 

Now tt, must contain one or more terms of the form (y, zf^ since otherwise a? = tt; = 
would be a triple line. By substitution in the differential equation we see that these terms 
are annihilated by the operator 

(6,y + C2^) ^ + (68y + C|^) ^+ ^4. 

By linear transformation of y and z we can always remove Cj, and can further remove 
6, unless Cjs&s. Applying the operator in this reduced form to (y, z^ we must have one of the 
alternatives : 

36j + d4=0, (yr 26, + c,+ ^4 = 69-01 = 0, or c~a, = 0, or 3c, + d!4 = (19); 

if &s is i^ot removable we have the further condition 62 = 0,1 whence : 

01 = 62=03 = 1, d4 = -3, or 01 = 62 = 08 = ^4 = (20). 

We have seen (Case II. of § 4), that the constants di, d^, d^ can be removed by linear 
substitution if the three quadrics 

8^ = 01" x0Jw « 0, flf, = ^2 - yffjw = 0, S, = tf, - z0Jw = 

meet in a point not lying on k; = 0. In our case 

iSi= - ouc> + (a, - ^d^) xw + diW^, ^f, = - owry + ;8ic* + a^icw (fcj - id4)yt£; + d^u/^, 

jSs = — ouKZ -}- ya^ + ayxw + h^w (c,— ^(£4) zw + d^iJt^. 
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Hence we can remove di in two ways if a 4= ; supposing this reduction effected so that 
di = 0, the quadrics meet where a: = 0, (6, — ^d^) y + d^tv =0, 6,y + (c, -^d^)z + d^w = 0, so that 
we can remove d^ unless 6a- Jd4 = 0, and then d, unless 08-^^4 = 0. If 6,-^^4 = 0, we take 
the other &ctor of Si, viz., — cur + (a^ — ^d^) w, and we see that we can remove d^ unless 
01 — ^^4 = and d, unless c, — ai = 0. We can proceed similarly if c^ — ^d^^O. 

Thus, if a =^ 0, w^ can remove d, unless 

a, = 6, = K (21), 

and we can remove d, unless 

ai = c, = id4 (22). 

It is now convenient to distinguish two cases according as a does not or does vanish. 

Case I: a=j=0. 

As we have just seen we can always remove di. 

Firstly, let us suppose that we can also remove d^^ c^. 

The coefficients of vfi and vJ^ in the fundamental differential equation give as before 
the alternative conditions 

ai+2d4 = 0, or 6, + 2d4 = 0, or c, + 2d4 = 0, or d^^O (23). 

As before at least one term quadratic or cubic in z must occur in our quintic, i.e. one 
of the terms a^sN), xsN)^, yshj^, shi^, s^n^ must exist. As before we deduce the alternative 
conditions 

462 + 3^4=0, or c,-ai = 0, or c,-6, = 0, or 3c, + d4=0, or 4c,+ 3d4 = (24). 

The only values of Oi, 6a, c,, d^ which satisfy (19), (23) and (24) are (a) 0, 0, 0, 0; 
{fi) 1, 0, - 1, ; (7) 1, — 1, 0, ; of which we need not consider both (/8) and (7), as 
they are obtained from one another by a mere interchange of y and z. 

If in case (/8) we make the transformation ax — w^aaf, Oj, 69, c,, (£4 are respectively 
changed into \, — ^, — |, ^\ the constants d,, dz reappear but can be removed again by 
substitutions (y + fiw, y\ {z 4- 1^, z); we can then apply the conditions (23), which are 
obviously not satis&ed. 

Thus we have only to consider case (a) : the ^s are now 

We can further remove /8 by a substitution {y + fix, y), 7 by a substitution (z + vx, z), 
and then a, by a substitution {z + \w, z) ; it is convenient further to remove a, by a 
substitution (y + ww, y), thereby reintroducing d,. The ^s are now 

^oux^i — fflury, — ^axz -\- b^yw -^^ d^v^, ^cucw. 

The fundamental differential equation has the three independent integrals 

a^, yW, a^U, 

where U = axz — b^w — ^djW*. 
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From these we can construct the quintic 

f^y{a^, ywy + xUiaf", ywy+ Ohu^O (XLII). 

This is the most general quintic integral if U does not factorize, but if &, = c2, = we have 
an integral of a more general form 

which has a triple point at x^y^z^O, contrary to our present hypothesis. 

The transformation a? = X, y = F, u; = TT, [7 = YZ converts (XLII) into 

{X\ YWy 4- XZ (Z», YW) + F^^TT = 0. 

This is a slightly specialized form of the quartic (A) ("Quartics," p. 343), which 
is known to possess an integral of the first kind. 

The quintic surface has a triple point at x = y^w^O, 

Secondly, let us suppose that after di has been removed, either or both of (2, and (2, cannot 
be removed by substitutions (y + \w, y), (z + /aw, z). If d^ cannot be removed, we have seen 
that the conditions (21) must hold, so that either (a) a, = 1, 6j=l, Cs= — 4, <i4=2, or 
(j3) a,, 6a, c,, di all vanish. 

In case (a) since the conditions (20) are not satisfied, bs^O; the terms highest in 
z are annihilated by 

(^OK* -h xw) J- + (— 1«^ + ^^ + o^ajw; -{-yw + d^v^) j- + (— i^'^^ — ^^) ^r + ii<xxw + W) -i— . 

The terms highest in z must be either ^*w;*, or one of a^^ihv, xihj^y yji^tn^, t^tu'; on substitution 
and arranging by powers of w we see that none of these terms can exist ; so that this case fails. 

Since 6,sO there is in this case no essential difference between y and z] so that the 
same reasoning shews that if d, is not removable, the case corresponding to (a), viz. that 
in which ai=C8=l, 63 = — 4, dj=2, fails also. Hence if either d^ or d^ or both cannot be 
removed we have only to consider case (/8) in which Oi, 6,, c,, di all vanish. The ^s are then : 

^aa:*, — ^eucy + /8«* + a^vw + rfjt^;", — ^axz + ya^ + (ojar + b^) w + dsV^y ^axw. 

By substitutions of the form (y-^\w, y), (y + Xja?, y), (z-^X^w, z), (z + X^, z) we can 
successively remove Oj, /8, a,, 7; finally by a substitution {z-^- fiy, z) we can remove dg, unless 
(2, vanishes. The tf's are now: 

^aa^y — ^axy + d^vJ^y — ^axz + 6syw + d^w^ %axWy 

where one of eZg, d,. vanishes and the other does not. These two cases need only be distinguished 
if 6, + 0. 

Case (i). d, = 0, d,=j=0. 

The fundamental differential equation is the same as the form to which it was finally 
reduced in the preceding case, viz. when d,, d, were removable, but it was found convenient 
to reintroduce d,. The integral is accordingly (XLII), as before 

14—2 
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Case (ii). d,4=0, (^ = 0, 6,=j=0. 

The terms cubic in y, z which must exist in w, are annihilated by h^^j so that 
they reduce to a single term Xy*, where X=f 0. 

The coefficient of i^ in the fundamental differential equation, gives 

hence Vj contains no term of the form 2/yz. 
The coefficient of tu* now gives 

The only term in this equation containing y^ is 3\(i„ which must accordingly vanish, 
contrary to hypothesis. 

This completes the whole case when a=f 0. 

Case II: a = 0. 

First, let us suppose that di, dg, d, can be removed; then the analysis employed 
in the corresponding sub-division of Case I. (a=f 0), shews that the constants Oj, 6„ c„ d^ 
either (a) all vanish or (/8) have the values 1, 0, — 1, 0. 

In case (a), the 0*q are 

0, fia^ + a^cw, ya^ + (a^'\-b^)w, 0. 

The fundamental differential equation has the three independent integrals 

Xy w, U=ya:h/ + (a^ + ^b^*)W'-'(j3a^ + a^w)z. 

If U does not divide by a function of x and w any quintic function made up of 
these integrals can only contain U linearly, so that z also only occurs linearly, a case 
of failure. 

(i) //" 6, = 0, U divides by x and can be replaced by the simpler integral 

V = yxy + a^w — 13 xz — a^w ; 

if V cannot be further reduced by the removal of a factor ; from x, w, V we can construct 
no term cubic in y, z conjointly; so that we revert to the case of a triple line ; if a further factor 
linear in x and w divides out, then V reduces to a linear function of y, z say Xy + fiz, and then 
our quintic is a function of x, w, Xy + julz, i.e. a cone. 

(ii) If h%^ 0, but ^ = 7=0, U divides by w and can be replaced by the simpler integral 
Tr= a^ + \h^ — a^z ; but from x, w, W we can construct no quintic containing terms of the 
type (y, zy w^ ; so that we have a failure as before. 
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In case (/9) we can remove a,, a,, 6, in the usual way, so that the 0'8 are: 

anVf fia^y ya^-^zw, 0. 
The fundamental differential equation has now the three independent integrals 
Wy U= /8a^ — 2yw, V=x (ya^ — 3zw), 
From these we can construct 

^ = 08»F« - 7» J7*)/w = 6/3^0^ (yy - I3z) -f dff'x'z^ - Ufiy^xh/hv + Sy^fv^. 
The most general quintic integral that can be constructed is 

/':=a<f>^bUV+cUHu + drv^ + eUv^'\'ftu^--0 (XLIII), 

where a, b, c, dy e, k are ai*bitrary coefficients. 

The birational transformation a: « X, u; = W, 2yw — fia^ = YW, a (ya? — 3zw) ^ZW* converts 
the surface into 

a cubic cone, which is in general non-singular. 

The quintic has a triple point at x = y^w — 0. 

Secondly, let us suppose that (2, can be removed but that one or both of ci,, c2, cannot be 
removed; suppose first that d^ cannot be removed; then bi — ^di^O. Combining this with 
conditions (19) we have five possible sets of values for Oi, 62, Ct, d^; viz. 

1, 0,-1. (i), 

1, 1.-4. 2 (ii). 

3, -2, +3, -4 (iii), 

7,-3. 2.-6 (iv), 

0, 0, 0. (v). 

In cases (i) — (iv) 63 vanishes, and we can remove c?, by a substitution (z + \w, z). 
The conditions for the existence of a term quadratic or cubic in z readily shew that cases 
(i) and (ii) are impossible; the corresponding conditions for y shew that case (iv) is 
impossible. In case (iii) the terms independent of x in the quintic satisfy the equation 

This equation has the two independent integrals s^v^, 2ylw -^-dilogw; from these no 
quintic terms of the type {yzYvj^ can be constructed. 

Thus cases (i) — (iv) all fail. In all these cases 6, vanishes, so that there is no essential 

difference between y and z ; thus if we had assumed c^ not removable we should have found four 

cases of failure exactly corresponding to (i) — (iv). Hence whether it be ci, or ci, that is 

irremovable we have only to consider case (v), in which Oi, 6,, c,, ^4 all vanish. The ^s 

are now : 

0, jSa^ + a^cw + d^iu^y ya^ -f {cb^ + tjy) w + d^, 0. 



Digitized by vnOOQ IC 



110 Mr berry, on CERTAIN QUINXIC SURFACES WHICH ADMIT OF 

The fundamental differential equation has the three integrals 

In order that our quintic should contain terms cubic in y, ^ conjointly U must 
occur raised to the power 2 at least ; hence it must divide out by a factor depending only on 
X, w. If 6, + 0, the only factor which can divide out is w ; and then /8 = y =s and U can be 
replaced by the simpler integral V = (ifXy + ^b^^ + dstu^y -- cl^z •- d^zw ; now F* contains y*, 
which cannot occur in our quintic ; hence V still cannot occur raised to the second or higher 
power ; and we have a case of failure. If 63 = 0, U is linear in y, « ; hence in order that 
terms cubic in y, z conjointly should occur, U* must occur; hence U must divide by a 
quadratic factor depending only on x and w, and the residual factor is of the form VsXy + fJLB, 
where X and /i are constants. Our quintic is accordingly a function of three variables only, 
viz. X, Wf Xy + fiz, and is a cone. 

This completes the case when di can be removed. 

Thirdly, let us suppose that we cannot remove dii then (h'^id^; combining this with the 
conditions (19) we have for the fundamental constants five possible sets of values, viz. : 



3, 


-2, 


-7, 


6 


(i). 


3, 


-7. 


-2, 


6 


(ii). 


1, 


1. 


-4. 


2 


(iii), 


1, 


-4. 


1, 


2 


(iv). 


0, 


0, 


0, 





(V). 



In all cases except the last &, = 0, so that there is no essential distinction between y and 
z; hence it is unnecessary to consider cases (ii) and (iv), if we consider cases (i), (iii), 
and (v). 

Case (i). We can remove in the usual way d„ d„ a,, a„ reducing the ^s to 

SxW'\'ditu*, /Sa^ — iyw, yxl^ — Tzw, Sv^. 

It can then at once be verified, as on previous occasions, that no term quadratic or cubic 
in z can occur in our quintic. 

Case (iii). We can remove cJa by a substitution (y + X^, y), a, by a substitution (z -f fix, z) 
and then d, by a substitution {z + vw, z) ; so that the d'% are 

xw-\-diV^, fia^^-a^tw + yw, ya^-^^zw, w\ 

As before no term quadratic or cubic in z can exist. 

In case (v), we can remove dj, d^ by substitutions (y + Xa:, y), (z + fix, z); so that 
the ffs reduce to: 

di'UJ^, I3a^ + a,^vw, ya^ -^ {a^ + b^y) w, 0. 

The fundamental differential equation now has the three independent integrals 
w, il3a^ + ^a^xrhv - d^w\ \fib^ + | (a,6, - 7^,) a^ - {\a^ + 6^) xv^ + d^s^. 
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From these we can construct no integrals quadratic in y or ^r unless at least one of the last 
two integrals divides by w, so reducing. This can only happen if /8 = 0, or 6, = 0. If 63 = we 
can remove ^ from the diCFerential equation and therefore from its integrals by a substitution 
(y + X^, y) ; hence whether h^ vanishes or not, ^ must vanish. 

We now have the simpler integrals 

w, U= a^ — 2dTi7/w, V =2 (ajb^ - 7^1) a? — Sa^iohu — Qb^ixyw + Qd^zv^. 

From these we can construct the quintic integral <^ = (\J7*4-/LtF*)/t(;, where X and /a are 
constants so chosen that 

Xo,* + V (0,6, - 7^0' = 0. 

The most general quintic is now 

/=<^ + (fr, vj'fw + K^Vv^^icJJV^O (XLIV), 

where Kiy k^ are arbitrary coefBcients. 

The birational transformation V = YWy V — ZW\x^X,w^W transforms the surface into 

a cubic cone which is in general non-singular. 

The form of the quintic requires some modification if a, = 7 = 0, as in that case the integral 
^ which we have used becomes indeterminate. The simplest integrals are now 

y, w, a^ + ^b^ — idizw. 

If firom these we construct the most general quintic with «* = 0, w = double on it we find that 
w must be a factor of the whole expression, unless 6, = 0. If 63 = 0, a, cannot vanish or we 
should have a cone; we may conveniently take each of c2i, a, to be unity and the quintic now 
becomes 

/=(ai»-2^w)»(y,w)^ + (a^-am)(y,w)*w + (y, w)'w» = (XLV), 

the ^'s being now y^, 0, xw, 0. 

If we use the transformation a^ — 2zw = ZW, x^X.y—Y^w^ IT, we get the cubic cone 

Z«(7, Wf^-Z{Y, F)' + (F, W7=0, 

which is in general non-singular. 

This completes the case of a = 0, so also the whole case when the double conic degenerates 
into two coincident straight lines; we have found four surfaces represented by equations 
(XLII)— (XLV). 
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§ 7. Conclusion. 

We have now given the equations of a number of quintics satisfying the conditions 
of our problem as defined in the introduction. Each surface possesses at least one integral 
of the first kind of a total differential, and has a double conic but no further double line ; cones 
have not been taken into account. According to the system of classification adopted there ai*e 
twenty-three surfaces, the equations of which are marked by Roman numbers in continuation of 
the enumeration given in " Quintics I." Three of tliese sur&ces possess a triple point not lying 
on the double conic ; they are Cayley's quintic with a double line and two triple points, and two 
limiting forms of it ; they are represented by equations (XXIII) (with a modified form) and 
(XXIV). Seven surfaces represented by equations (XXV) — (XXXI) have a double point not 
lying on the conic. The remaining thirteen surfaces have no double or multiple point distinct 
from the double conic ; in the case o{five of these thirteen surfaces, represented by the equations 
(XXXII) — (XXXVi), the conic is non-degenerate, in the case of four surfaces, represented by 
equations (XXXVII) and (XXXIX) — (XLI), the conic degenerates into two intersecting straight 
lines which are distinct, while in the remaining four cases, represented by equations (XLII) — 
(XLV), the conic degenerates into two coincident straight lines. The surface (XXXVIII) should 
have been given in " Quintics I," § 6, and only differs slightly from the surface (VII) of that 
article. Six of the twenty-three surfaces belong to a class considered in '' Quintics I," Part ii, viz. : 
those for which the fundamental quadrics have a common linear teuctoT ; three, viz. (XXV), 
(XXXII) and (XL), are special cases of (XVII), two, viz. (XLI) and (XLV), are special cases of 
(XVI), while (XXXIX) is a special case of (XXI). 

The surfaces of this paper share with all other known quartic and quintic surfaces, which 
admit of integrals of the first kind, the property that they can be transformed birationally into 
cones ; so that in all cases the geometrical genus (pg) is zero and the numerical genus (pn) is 
negative. All the sur&ces of this paper can be transformed into cubic cones, so that pn = — 1- 
Each surface possesses a family of rational curves corresponding to the generators of the cone. 
I have not in general worked out the equations of these curves, but they can be immediately 
deduced from the transformations, which I have always given, by means of which the surface can 
be transformed into cones either directly or via quartics. None of the surfaces of this paper are 
ruled, a result which is in agreement with Schwarz's enumeration * of ruled quintics. 

* '* Ueber die geradlinigen Flaefaen fanften Grades *' : Crelle^s Journal, t. 67 (1866) ; reprinted in QesammeUi 
Abhandlungen, t. 2, pp. 25—64. 
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V. The Law of Error. Part II, By Propessoe Edgeworth. 



ANALYSIS OF CONTENTS. 

PA0B8 

The first four attributes of the typical case (defined Part I. p. 38) are replaced by more general 

conditions 113 — 115 

The condition that the range of the element's frequency-locus shotdd be finite is not necessary 

for the new proof; is in general fulfilled sufficiently for the old proofs 115 

The law of error extends to the case of elements with several dimensions 116 — 120 

The law also extends to the case in which the compound quantity is a function other than 

linear of the elements, capable of being expanded in ascending powers thereof . . 120 — 126 

Analogously in the case of elements which are slightly interdependent the law of error is fulfilled; 
there is no other general form for the frequency-locus of a quantity which is the sum 

(or d fortiori a non-linear function) of elements which do not vary independently . . 126 — 7 

The relaxation of the last three typical attributes further widens the domain of the law of error 127 — 130 

Appendix 131 



The conclusions which have been proved for the " typical " case are now to be extended 
to more general cases. These may be reached by removing or relaxing the conditions 
which form the attributes of the typical case*; beginning with the one which was last 
in the original enumeration. 

Bemoval of the eleventh condition. The condition that the finite diflference Af(=Aa;), 
being the interval between adjacent values of an element, shall be the same for all the 
elements may be dispensed with by taking A^ as the greatest common measure of all the 
intervals (between adjacent values) presented by all the elements (in the long run). Thus 
if an element which (measured from its lower extremity) presents the values 

0, A^, 2/^Xy ... vAa 

is to be combined with a binomial element which presents only the values and vAx, 
it is allowable to regard the latter element as presenting the values 

Aa?, 2Aa?, ... (v — 1) Aar 
with zero frequency. 

* See Part I. p. 88. 
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Suhatitvtion for the tenth, ninths and eighth conditions. The three conditions which (in 
the reverse order) come next may be reduced to one: namely that a descending series 
should be formed by the coefficients A, i,, A?2...&t*, each divided by k (or 2k) raised to 
a corresponding power, viz., respectively ^(0 + 2), ^(1+2), i(2+ 2), ... J(^ + 2). For thereby 
it will be secured that the mean powers of the compound x will be broken up into groups 
forming successive approximations. Thusf 

'^ p\'ip\:^ 1.3! jfc»;^-' 

P-1I2P- t3!^•^^ 5! /fc»K-- 
Also the expression for the ordinate^ can be exhibited as a descending series, viz., 

y" '3!dx»' ^'''4!dx'^'^' 3! 3!dx« ' ^■••' 
where x = x|^f¥k, k, = Jfc,/(2i0*"^*, 

^'^vfe'"'' a°d accordingly ^^y^= (2*)*'^' . 

The convergency of the series is thus secured, provided that x is not too large with 
respect to 2A;§. 

This convergence tends to be impaired by the inequality between the elements in 
respect of mean deviation against which the tenth condition is directed. This may be 
seen by considering the case in which some of the component elements have a mean- 
square-of-deviation which is veiy small in comparison with the corresponding coefficient 
for the other elements. Thus suppose the system of elements to consist of two classes, 
mi elements assuming the values 0, 1, 2, 3, ... 18 with the same frequency as the number 
of pips on a domino taken at random, and m^ elements assuming the values or 1 
according as a tossed coin turns up tail or head. We have for k the mean-square-of- 
deviation for the compound m^ x 16*5 + rw, x 0*25. For k^ we have m^ x — 83*325 H- ^w, x — 0-125. 
Unless 1712 is very great in comparison with mi it will not contribute much to the con- 
dition that kjh? should be small. It must be supposed that the elements are not|| 
regular, otherwise the inequality of their dispersion would not impair the regularity of 
the compound. 

Another circumstance unfavourable to the fulfilment of the essential condition is 
extreme asymmetry on the part of the elementary locus; which is guarded against by 
the eighth condition. The effect of asymmetry is illustrated by the case of the binomial 
when one of the alternatives is very improbable. The quantity mpq which affects all the 
coefficients ki, ka, ... as a denominator then tends to be small, and accordingly those 
coefficients tend to be large IT. Analogously in general when an element has a very 

* See Part I. p. 44. applied to the law of error as generalised in this paper ; 

t Ibid, p. 43. X I^id. p. 45. the term "normal" being confined to the first approzi- 

§ See Appendix, Note 2. mation. 

II It will be remembered that the term "regular" is H See Part I. Sect. 6. 
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asymmetrical locus its mean powers will be small, say e^, eV. ^'V* &c., where €, e, c" are 
small fractions of the same order. Accordingly the k coefficients will not form a de- 
scending series (unless m is very large). E.g. k« = 2 (e'V — S^VV^cV^' J where € and 
e" are presumably of the same small order. 

In general, whatever the abnormality of the elements, whether it be due to asymmetry 
or other incidents, and whether or not it be aggravated by inequality between the elements 
in respect of dispersion, the regular law of error will be generated, provided that the number 
of the elements is sufficiently great. The number need not be great when the elements 
are nearly regular (themselves perhaps compounds). If they are perfectly regular the sum 
of any two elements will obey the regular law of error. 

Removal of the seventh condition. In what precedes it has been taken for granted that 
the mean powers of the elements are finite ; as follows from the attribute that the range is 
finite. This attribute is only required in order to affi^rd that inference ; if the method of 
proof recommended in Sect. 1 of Part I. is. adopted. That proof is not afifected by the range 
of the elements becoming infinite, provided that their mean powers remain finite. 

But in employing the method originated by Professor Morgan Crofton, in cases where 
the range is infinite we are met with a difficulty when we proceed to expand the expression 
for the frequency of the compound in terms of the mean powers of the elements*. Some of 
the constituents of these means now become infinite; and accordingly we are employing 
Taylors theorem for the expansion of /(x + h) in ascending powers of A, in cases where 
h is infinite. A similar difficulty is presented by Laplace's method when it is attempted to 
expand x(^) (i^ ^^^ notation) in ascending mean powers of an elementf. As Laplace 
himself says, "si les erreurs peuvent s'etendre k Tinfini, I'application de la m^thode pr^c^- 
dente pent ofifrir quelques difficultesj." 

These difficulties may be removed by the following theorem. An element with 
indefinitely great range may be reduced, without sensible efifect on the locus of the com- 
pound, to an element with range finite and small in comparison with the "standard 
deviation"§ of the compound ; provided that the mean powers (up to the tth) of deviations 
in excess of the centre of gravity, and likewise the mean powers of deviations in defect — 
each set being taken in absolute quantity — are finite and not very great, so that the ^th 
root of the mean tth power is a small quantity || relatively to the standard deviation of 
the compound. For consider a case in which the area of the element above its centre of 
gravity is p, and below the centre of gravity ? (|> + ?= 1). Let OP, measured from the centre 
of gravity to the right, represent the tth root of the mean tth power of deviations in excess ; 
and likewise OQ the tth root of the mean tth power of deviations in defect. And let us 
endeavour to arrange that as large as possible a portion of the element should lie above 
a limit considerably greater than OP, say SOP] and likewise as large as possible a proportion 
below 30Q. The arrangement most favourable to this result would be that the portions of 
the area not outside these limits should be huddled up in the neighbourhood of the centre 

* See Part I. Sect. 2. quantity here denoted by ^Jk, 

t See Part I. p. 52. II A quantity of the order ll»Jm according to the scale 

X TMorie analytique des ProhahiliUs, Bk n. ch. iv. § 18. of units recommended in this paper. See Part I. Sect. 1, 

§ Professor K. Pearson's convenient term for the and Appendix, Note 1. 

15—2 
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of gravity so as not to contribute to the mean powers of the element. Let pp be the 
proportion of the area outside SOP ; and likewise p'q the proportion outside 30Q. If all the 
portion outside SOP were indefinitely near that limit, pp {SOPy^ =^ pOP^\ But if the 
portion outside SOP is more dispersed, p . OP^^— pp {OP'f^ where OP' is greater than SOP. 
Accordingly p :^ (jy^ Likewise it may be shown that p' is very small. A fortiori when 
the element has a less peculiar form of frequency-locus than that which has been supposed*. 
Therefore (it being granted that the mean powers of the elements are finite) all the elements 
may be considered as ranging within limits sufficiently small to permit of the expansions 
practised in the methods originated by Laplace and Professor Morgan Crofton. The pro- 
portion of observations involving values of elements outside those limits must be so small 
as to be insensible when distributed over an area (bounded by the frequency-locus of the 
observations compounded of elements) which is nearly equal to unity. 

Removal of the sixth condition. Beginning with the case of two dimensions, let us 
represent the frequency-locus of the rth element by the equation f^ = <f>r (f , 17) ; signifying 
that the probability, or comparative frequency in the long run, of the concurrence of the 
values f and 17 is for the rth element ^^(^,17) AfAiy. Let the pair of values contributed by 
the rth element to the «th observation be (,f^, ,17,.). The «th observation consists of a pair 
of values for the compound quantity (^a?, ,y) such that 

r»= 2 ^r\ «y* 2 ,17^. 

r=l r=l 

Beginning with the method placed first in our First Partf we have to find a repre- 
sentative surface whose mean powers of deviation from the centre of gravity are approxi- 
mately equal to those of the actual locus ; not only mean powers for one of the variables, 
such as the mean of aP or of y^, but also the mean of products such as of xy^. The 
latter mean may be designated thus {x, yY^^* ^^K If f{xy) is a surface approximating in 
form to the actual locus [JJafy^f (xy) dxdy] — the square brackets denoting integration 

between extreme limits — 

= (a;, y)<«.'*'). 

Take the centre of gravity as before for the origin, and transform to principal axes by ' 
putting ajsZ cos^— Fsind, y ^Zsin^H- Fcosd, where is taken so that (Z, F)^^'»^», the 
mean product of the coordinates pertaining to the compound, may vanish. This will be 
efiected if 

tan 2^ = 2 (^, y)*^>''V(^> y)^'-(^, y)^'^. 

Following the analogy of the simpler caseg let us express the generating function of 

— ;j(Z, F)'^'' ^^'^ in a form suited to our purpose. The generating function of 

1 



t\t'\ 



X^P' 



is e^-^^^', the coefficient of of&^ in the expansion of this function being rr—^X^Y^'. 

z\ z \ 

* See an eiample in Appendii, Note 5. f Section 1. 

♦ Compare " The Componnd Probability Curve," PhiL Mag, 1S96, vol. xu. p. 208, by the present writer. 
§ Part I. p. 42. 
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And g•x+^F= ga5H+^2H ^jf g^^ jj^ ar^ ^^3 coordinates for the rth element referred to the 
principal axes X and Y) 

x(l + aH« + /3H,) + i^(a»H,» + ) + ... 

X (!+«&,„ + /3H^) + ^,(a*H^«+ ) + .... 

Therefore, taking averages on both sides of the identity, 

is identical with the mean of the last written product; that is, as the elements vary 
independently of each other 

•H,+^H,+ ^(a«,,,lc,+aa/l,„«,+/S^„«l)+g-,G,«^«l«"+8a,l«|tt^) + ... 
6 

X e "■ 

where p^qtc^ is the coeflScient of — j — -^ol^^^ in the expansion of 

log f 1 + t&r''' + /3H,<^> + -^ (a«Sr<« + 2ct/8 (S.H,)")' <^> + /8«H,w + ...)+...). 

Put a,o^» or more shortly iT, for S J,o'Cr^^ 0,2^, or more shortly K\ for 2 o,a^^*'; and 
generally p,j£' for 2 p,qKr\ and we obtain for the generating function of — — r-. (Z, F)<^>»<^'^ — 

r«l ' till 

remembering that Z»), F«. (Z, y)(>>.w all vanish— 

^ 5 

where p^gK* is of an order inversely proportional to the (p + g — 2)th power of ^/m (if the 
elements are supposed to be typical*, except in that they are two-dimensioned). 

The values of (Z, F)^''*^^'' thus given may be expressed as integrals of a repre- 
sentative surface, if we convert the generating function into an operator by omitting the 
first pair of terms in the index, viz. \Ka^ + \K'^y substituting in the remaining terms for 

// ft 

a, — -TyT, and for /8, — t^, and putting for operand the (normal) function 



-^, Exp-(g. + 2^'.).8ayZ,. 



:pre8sic 



For it will be found that the expression given by the generating function 

1 



* It ii often oonvenient in enonndng the relaxation of one typical attribute to treat the otben a« in force, where 
no new difficulty is introdaeed by their relaxation. 
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is identical with 

where Z is the function which results from the performance on Z^ of the operation which 
has been indicated. For by analogy with the case of one dimension* it will be found 
that any term in one of the compared expressions, e.g. a term which involves & and K'^, 
is equal to a corresponding term in the other expression. The comparison may be 
eflfected by the equations 

where ^ = 2p + r, ^' = 25^ + «. 

It remains to transform the expression which has been found back to the original 
coordinates. This is effected by substituting in the operand Z^ for X and Y their values 
in terms of x, y, and ^, for K and K\ their values in terms of (ic, y)^*>'<°^ {x, y)<^''^^^ 
(a?, yY^'^^\ say A, /, and h' respectively, and for tan^ also its value in terms of those 
coefficients. There results for the operand, and as the first approximation to the required 
law of error, 

^0 = ^ Exp - (A;V - Uxy + %')/2 {kh' - 1% 

For the operator it suffices to change each coefficient of the type p^qK to the corre- 
sponding symbol in lower case, viz. p^^k where p^^A? has the same relation to z that p^qK 
has to Z; that is, p^qk is the difference between (a?, y)<P>'<9> as it actually is, and as it 
would be if fp+g_« the (p + q — l)th approximation were correctf. This may be shown by 
considering the group of terms which are of the order (p + g — 2)/V7?i J, as having the 
character of an emanant For instance, in the case of p + q^S the group (of the 
order 1/Vm) is 

This expression is the mean, that is, the quotient of a sum, of constituents each of 
which is of the form 






+ 3^"^' mr + •••)• 



where XT' is a particular pair of values assumed by the compound quantity. But by 
the theory of emanants§ this constituent is identical with 



hk' 



•3*''^» , 0„'l,,' ^"'O 



^^VS;-^...). 



doi^ ^ daf^dy 



* Part I. p. 44. J On the supposition of typical — not in general regular 

t Or the sum of the oorrespondiug differences for the —elements, 
elements. Cp. Part I. p. 44. § Salmon's Higher Algebra, Art. 125. 
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where x'y is that pair of coordinates referred to the original axes which corresponds to 
X'Y'. Whence it follows that the group 

3"! v'-'^ dX* ^^'^^'^ d^rfr"^ "V 
is identical with the group 

Like reasoning may be applied to any other group. 

With the aid of premisses furnished by the foregoing proof of the law of error in two 
dimensions, the same conclusion may be obtained by the proof which is based on partial 
differential equations*. When a new element is taken in we have now for the first 
approximation : 

(1) a^ = [-SfSp^„(f.i;)AfAi,]g; 

(2) az=[SSfn^(f.,)AfA,]^^; 

(3) ^z^\ [88v'<l>,n il V) A? A,] 1^ ; 

the square brackets indicating that the summation extends over the whole range of the 
new element. By first principlesf the three bracketed quantities may be replaced respec- 
tively by AA?, Al, Ak\ the additions made by taking in the new element to k, I, hf 
(respectively representing x^^\ (x, y)^*'^^ y^^^). We have thus the system of partial differ- 
ential equations: 

dz 1 d^z ,^^ dz d^z ,«, dz 1 d'^z 



(1) 



dk^^da^' ^^^ ~dl''dxdy' ^^^ dK^'idf' 



If we transform to principal axes I disappears. There must be satisfied the two partial 
differential equations 

dZ _ld^Z dZ _\ d'Z 

^^^ dK~2dX'' ^ dZ'"2dP' 

For subsidiary equations we obtain, by parity with Professor Crofton's reasoningj in the 
case of a single dimension, 

(I) Z + zg + 2^g=0; 

Combining the subsidiary with the leading system, we obtain the first integrals: 
(1) ZZ + g. = C.; (2) ZY+^^C; 

where C^ does not involve X, nor Cj, F. Further, as by the fundamental theory the odd 

♦ See Part I. Sect. 2. f Cp. Part. I. p. 46. 

X Encyclopedia Britanniea^ 9th edition, Art. ** Probability,'' p. 781. 
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powers of X and Y in Z may be neglected in a first approximation*, when Z = 0, 

^^«0, and therefore (7i = 0. By parity of reasoning Ca^O. Whence by a second inte- 
dX 

I ZdXdY^l — we obtain the normal surface. 

There is no difficulty in extending this method to further approximations on the lines 
indicated by the present writer in a former paper f; with the aid of the fundamental 
theory stated in this paper. 

The proof of the law of error for two dimensions on the lines traced by Laplace for 
one dimension J presents no additional difficulty; so short is the step from the generating 
function (or the operator) which has been above written to that function in a for one 
dimension§, in a and for two dimensions, which is proper to Laplace's method. 

Nor does the use of the method which is based on the condition of reproductivity 
present peculiar difficulty in the case of two dimensions||. 

Nor need we be detained by the extension of the theory to dimensions more than 
two; nor by relaxations of the typical conditions, such as have been already considered 
with reference to one dimension. 

Slight relaxation of the fifth condition. So far we have supposed the method of com- 
pounding the elements to be of the simplest sort, namely, summation. To this species 
may be reduced the case in which the compound is the sum, not indeed of the m elements, 
but of m magnitudes each of which is a given function of a difl'erent element, say 

Here if fr obeys the law of frequency v — 4>r(^r)» the statistical quantity which we may 
call [^J obeys the law 

where for f,. is to be substituted its value in terms of [-^r] obtained from the equation 

[^r] = ^r(?r). 

The compound quantity is thus shown to be the sum of m elements [^,], [^2], ... [^w,], 
each of which fluctuates independently. Accordingly (if the new elements satisfy the 
essential conditions) the law of error will be set up. This variety includes the important 
case in which the function whereby the elements are compounded is linearlT. 

Functions other than linear are not in general amenable to any of the proofs which 
have been given. Nor is there any universal form towards which the frequency-locus of 
such aggregates converges. If we are free to employ any combination of the elements we 

* See Part I. p. 47. variety is where \f/ (!) = {•, a being a positive integer; the 

t Phil. Mag,f 1896, vol. xli. p. 208. oase discussed by Todhonter, History of Probabilities, Art. 
X See Mr Burbury's extension of Laplace's method, in 1006. Among known and simple cases of relations other 

Phil. Mag, 1894. than summation by which the law of error is set up may be 

§ See Part I. p. 52. mentioned here the median ejid percentiles of a large set of 

II See Appendix, Note 6. elements ; though they cannot be classed as functions of 

H Another important simple case belonging to this the elements. 
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can arrange that any assigned function shall be the limiting form for the frequency-locus 
of that combination when the number of the elements is increased without limit. For 
consider the frequency-locus of a statistical quantity, x\ which is some function of the 
sort of compound which we have hitherto been considering, viz. a sum of m independent 
elements; say af = <f>(x)f where a;= fi + fj-h ... +f^*. Then, if 0(x) denote the normal 
error-function, 

dsc 
we have for the frequency-locus of x\ d{x)-j-,, if for x is substituted its value in of de- 
rived from the equation x = <f>(x). The resulting expression in x* is to be identified with 

dx 
some assigned function, say i(x). We have thus ^(a?) , . = f (a?'). Whence S(x) + C = F(x% 

if capital letters are used to denote the respective indefinite integrals. Whence 

x'^F-'(C-\-S{x)). 

For example, let ({a^) be (for positive values of a?) (a — ic')/a^. Then 

F{x)^{aa/'-ix'^)la^; 

which is to be equated to C -h 8 (x). Thus 

x'^ - 2ax' + 2a* (0 + « (a?)) = 0, 

x'^a[l± Vl-2((7-he(a;))}. 

Remarking that is a quantity, which increases from zero to j^, as x increases from zero 
to infinity, let us arrange that x should increase from to a while x increases from zero 
to infinity. This is effected by taking the lower, the negative, sign in the expression for a/, 
and putting C == 0. The resulting frequency-locus for positive values of x' will therefore 
be of the prescribed form y = (a — a?')/a^ if ir'=a(l- Vl -20(a7))t. By a proper change of 
signs the result becomes applicable to negative values of x and x\ The larger the number 
of elements the more closely will the actual frequency-locus of x' approximate to the 
right line (corresponding to the assigned fiinction) as a limiting form. 

A fortiori there is no unique limiting form to be expected when the compound 
involves the elements, not implicitly as a function of their sum, but in any other way. 

Of course if the function can be expanded in ascending powers of the elements which 
after the first may be neglected, the case is reduced to that of a linear function. Between 
this simple case and the most general one — both of which have been now considered — 
occurs an intermediate, probably extensive, case: where the compound is expanded^ in 

* The writer has employed the form x'=aa? + bar3 + cx* by Dr Burgess in the Trans. Roy. Soe. of Edinburgh^ 

for the representation of abnormal groups (Journal of the vol. zxxix. 1900. 
Statistical Society, 1900). X Quantities of the order (l/^/m)< in relation to the first 

t Laplace has expressed 6 (x) in several forms ; discussed term of the compound magnitude being retained. 

Vol. XX. Part I. 16 
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ascending powers (and products) of the elements, which are not neglected, but retained 
down to a certain order of magnitude, say the tth. It may be enquired whether the 
regular law of error is applicable to such expansible functions of elements. 

The answer to this question may be found by showing that there is a generating 
function for the mean powers of such a combination of elements essentially resembling 
the generating ftinction which has been found for the mean powers of a compound formed 
by a sum of elements*. 

The following method of determining the law of frequency for expansible functions has 
the advantage of affording a fresh proof of the law of error for sums of elements. If x' 
is the given function of the elements, and 1/ its sought law of frequency, i/Aaf may be 
considered as a certain strip of the locus 

which (multiplied by AfiAfa ••• ^^m) represents the probability that any particular system 
of values for the m elements should concur {r)=^<f>r being the law of frequency for the 
rth element). The slice of this " solid " which contains all the " points," or systems of 
fit ^2*-- ^M* for which the given combination of these variables is betweenf x and x-\-Ax\ 
is equal to y'Aa?'. Change the system of independent variables from fi, fa, f, ... f^ to 
i^\ fsf fi---?m- The required strip may be written [//... A^'iwdfjdf, ... df^] ; where the 
integrations are to extend between the extreme limits of the variables; iW is what w 
becomes when for fi is substituted its value in a/, fa, f,..., and this form of w is multiplied 
by (the determinant proper to a change in the system of variables, here) the differential 

of that value of fi with respect to x\ ^. 

The handling of this integral is facilitated by two propositions which have been above 
established. (a) The equation for the locus of any element may be put, without loss of 
generality, in the form 

the form of the regular law of error J, where k, k^, k^, &c. are determined in the usual way 
by the mesm powers of the element under consideration. For the mean powers of the 
element as determined from the proposed locus are the same (up to any assigned power) 
as the given mean powers; and it has been postulated that when one locus has the 
same mean powers as another they may be considered as identical§. (^) The portion of 
any element which lies outside a limit equateable to k multiplied by a small numerical 

* See Appendix, Note 7. t ^ the form, bat not in general presenting the essential 

t Or rather at x', if the function designated by a;' varies character of the law of error, viz. a series of approximating 

with its variables ^j, fj, ... disoontinuously by very smaU terms. 

steps. § Part I. p. 40. 
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coeflScient (small with reference to ^Jm) is an inconsiderable fraction*. By these propo- 
sitions Wy the locus of concurrent elements, may be put in the form*!* 

where the portion within square brackets outside the exponential breaks up into groups 
forming a descending series (the variables, by proposition ()8), being restricted to the order 
of the corresponding power of tKoX)- 

These theorems are now to be employed in cases where x\ the given function of the 
elements, may be expanded in ascending powers thereof, say 

X = a,f , + o,f , + . . . Onf n, + PuV + 2A,f if 2 + 2y8„f ,f , + . . . , + 7,nf ,' + 37„ft»f , + Q^x^U^t + . . . , 

where the a's, )8's, and 7's are respectively of the order 1, Ijs/m, 1/m..., as in general (with 
respect to the typical case§) it will be found necessary to postulate. Let us begin with 
the simple case in which the ^'s, 7's, &c. vanish, and the as are all equal to unity, the case 
already treated by other methods, in which the compound of is equal to the simple sum 
of the elements. By the present method we have for the locus of x\ when in w (as 
above directed) there is substituted for fi its value — fa — fs--- — ?m + ^'> s^y — f2 + -Bi 

K ) being in this case unity], an expression which may be put in the form 



1 r r 



? 2i«o,ic. \*«"^(,ieo+»«o)/ 2(,Jco+«««) Vi 2o«4 



^L^ + (2,*,)l3!l V2,^ (2,..)> ; {2^.)\^\W^, ...j + ...Jdf,df,...d?« 

— to confine ourselves at first to a first correction. Change the variable f, by substituting 
for it f / H- -Bj^-o/d^o + a^o)> and integrate with respect to fa' between extreme limits — for f/, 
as for f J, + 00 and — 00 . There results an expression cleared of f, (as well as fi)> i^ 
which it will be observed that f,, ^4, ... fti»» ^'. enter the exponent only in (powers and 
products of) the second dimension; and enter the parenthesis on the right of the ex- 
ponential only in the first and third dimensions. Also the (inverse) coefficient on the 
left of the exponential, Q, which consisted originally of the continued product 



V2 liCpTT, V2a/iCo7r . . . >/2„»/iCo7r 

is now transformed by substituting for the first two factors V2 (,/Co -♦- j/Co) *"■ (one Vtf being 
ejected). Reairanging the index properly we may similarly get rid of fs, the parenthesis 
on the right still involving only terms of the first and third dimensions of the variables, 
while in the coefficient on the left instead of the first three original factors we have now 

V 2 (1^0 + 2^0 "J" 8^0) *T 

• Above, p. 116. ooeffioient. 

t The number of the element to which any k coefficient t (r/V^i^ being of the order unity, as we may say ; 

belongs is designated by a subscript on the left ; the place small compared with ^m, 
on the right being already devoted to the order of the § See note on p. 117. 

16—2 
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(another ^|lr having been ejected). Continuing the process we reach ultimately the form 

-^ iT^^ [I + B,ai + B^'\ 

We may be sure, in the present case for which the regular law of error has been otherwise 
demonstrated, that the constants JB, and JB, are identical with those pertaining to that law. 

Next, let there be retained in the expansion of x terms of the order \\slm involving 
second powers (and products) of fi, fa ••• • We have then 

fi=-fe- f»...-fm + ^'- /3n(- fa- ?,-...+<)*- 2A«(-f«-f,-...+^') f«-..- 

(with the degree of accuracy required for a second approximation) from which the expression 

for ~ can be derived. Substituting these values in the expression to be integrated we 

obtain an expression similar to that of the last paragraph; except that the exponent 
now contains, besides terms of the second dimension in fs, fs... fm> ^i terms of the third 
dimension : such as — 2Aia?''f^2iAfo or + 2*2)9ufaf ,f4/2i*:o. But as each of these terms is aflfected 
with a small coefficient, the variables also being (in effect) confined to a limit of the 
order l/V^, we are entitled to bring down these adventitious terms from the exponent 
to the external parenthesis; thus obtaining for the expression to be integrated a form 
similar to that which was dealt with in the last paragraph ; the form not being impaired 
by the factor 

g (= 1 - W^.X • 2y8,afa - 2y8„f, - ...). 

Proceeding therefore, as before, we obtain a final result of the form 

v27rA? 
But we have not now the same a priori assurance that this form is identical with the 
regular law of error. Indeed we may be sure that it lb not identical with the law of 
error in the form which we have mostly employed — referred to the centre of gravity. 
For the mean first power is not zero, but Aifi^** +i8af2<*' + ... a quantity of the order 
l/»Jm, say /8i (+ quantities of lower orders). Put d ^x" -\' /9, and, expanding in powers 
of ^ and neglecting small quantities, we shall obtain for the locus of oi' an expression 
of the form 

y = ^ ^-^"^ [1 + 5, V + Bix"-\ 

This expression must^satisfy the conditions that 



(1) the area 1 ydx(x"^^\ as we may say) = l, 

J -00 

(2) r a!"y(fo(-«"0!)=l, 

J -00 

(3) I a^'^«ir(=ar"w) = )t, 

(4) r x"*yda! (= a;""') = x'* - 3a:'«^ + 3ar'<»/3' - yS*. 

J —CO 
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(quantities of the order 1/m (/8*) being neglected). Equations (1) and (3) are already 
satisfied We thus obtain, on performing the integration, two simple equations for £/ 
and JB/, affording for the solution a unique system of values. But the same equations 
are satisfied by the corresponding coefficients in the form 



1 .?;' 



Therefore the compared loci are identical as to their constants, as well as in form. 



We have so far supposed that the a coefficients in the first term of the expansion 
of X are each = unity. But it is easy to pass from the simple case which has been 
treated to that in which the a coefficient of fr is aur by observing that wherever r^o occurs 
in the preceding paragraphs a^'H^o should now be written ; and (more generally) wherever 
rKt occurs a^^'^V* should now be written. 

By parity of reasoning we may obtain the frequency-locus of x when account is taken 
of those terms in the expansion of a?' which are affected with the 7's. Some difficulty 
in identifying the locus thus found with the regular law of eiTor may be caused by the 
incident that the denominator in the exponent, viz. — as in the preceding paragraphs — 2A7, 
is not now (as might perhaps be expected) identical with the mean square of deviation 
for of. That mean square 

= 2?<'-'> + 22 (37„,fcWf ,« + 37i«?i<''f,<« + 37«f,<^'f w + . . .) 

(up to the required degree of approximation) = A? + (say) 7. In order to compare the locus 
which has just been found with the law of error in the form that has been given, it is 
proper to substitute in the fornjer, for fc, A?' — 7 (where K is the mean square of error for x\ 
and also — quantities below the order 1/m being neglected — for a?"). Expanding in ascending 
powers of 7 we shall not introduce any new powers of a?"*, in addition to the first and 
third which come in by the first correction, and the second, fourth, and sixth powers 
which the second correction introduces. As before it may be proved that the frequency- 
locus of of' must be identical as to its constants as well as in its form with the third 
approximation of the regular law of error. 

By parity of reasoning we may proceed to another and another approximation, observing 
that the coefficient of any power of of' outside the exponential, e.g. a?, is now to be treated 
as made up of parts of different orders, e.g. ByX + D^x, B^ being of the order Ijs/m, D^ 
of the order l/m*t- 

When we go on to the case of several dimensions the question arises, how are we 
to understand an expansible frequency-function of several variables pertaining to a compound 
of numerous elements? The proper conception appears to be that the locus pertaining to 
each element, e.g. the rth, is of the form ?==^r(fi ^» •••)» assigning the frequency with 



Ab may be Been by obBerving that 5f=*S ^Trhe am 
e yo is the noimal law of error (Part I. Sect. 2), and 
80 the ezpaoBion in powers of 7 wiU involve only even 



t The small quantities /} and 7 defined in the last 
where y^ is the normal law of error (Part I. Sect. 2), and paragraphs wiU be made up of different orders. 
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which particular values of f and rj are concurrently enjoyed by the rth element. The 
values of f, 77, ... are assumed by the rth element independently of all other elements, 
but not in general independently of each other, the variables for each element being in 
general correlated. There is sought a locus of the form 

assigning the frequency with which particular values are concurrently enjoyed by the 
compound magnitudes o) and y' . . . , each a (diflFerent) function of the elements, say, 

^'' = '^(fi. fa,...; vu ^2,...; ...)» 



these functions admitting of being expanded in ascending powers of the ^s and 17*8. Pro- 
ceeding by analogy we obtain, by multiplying together the ^'s, an expression for the 
frequency with which m particular systems of values will be concurrently enjoyed by the 
m elements. Substituting for fi and rji their values in terms of the other elements and 
x\y\,,, , attending also to the determinant proper to the change of variables for fi, % to 
x\ y'*, ..., we obtain as before an expression, with terms of the second dimension in the 
exponent and a descending series of groups in the external parenthesis. The exponent 
being put in the proper form, fa and rj^ may be got rid of by integration, and finally 
a result obtained which may be shown to be identical with the regular law of error ix)th 
as to form and constants. 

Slight relaxation of the fourth condition. The modification of the fifth attribute which 
has just been obtained suggests an analogous modification of the fourth condition, that the 
variations of the elements contributing to a compound observation should be independent-f*. 
Consider the exponent in the expression for ^w in the preceding paragraphs, when first it 
was disturbed by our having put for fi, not as in the simplest case J a linear function of 
^2, fs, ...^'i but one involving ascending powers of those variables. Just the same effect 
will be produced if we suppose that ^w — or rather what it becomes when the x' therein is 
replaced by fi + fa + f s + • • • + fm — ^ow denotes the law of interdependence between the values 
of the elements, and the problem is to find the locus of x the sum of fi, fa, ••. fm elements 
no longer perfectly independent, but correlated in such wise that iW represents the probability 
that a particular system of values is enjoyed by the elements. As the compound need nofc 
be a perfectly linear function of the elements, so the elements need not be perfectly indeJ 
pendent of each other. The two kinds of imperfection may coexist.' But the divergence 
from the typical ideal must in both cases be small. The suggestion that there is a general! 
form of frequency-curve for a compound of elements interdependent in any way is met byl 

* Above, p. 122. other groups. For then the sum of the elements in each \ 

t It need hardly be said that the fourth condition is group may be regarded as a single element obeying a 

not infringed when the m elements are interdependent in definite frequenoy-law ; so that, n being sufficiently large, 

such wise that the set can be broken up into a large number the law of error will be fulfilled without further relaxation 

(n) of groups, the members of each group being correlated of the typical conditions. 

inter se but independent with respect to the members of all % Above, p. 124. 
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the same reasoning as that which has been applied to the supposition that the compound is 
any function of independent elements. We saw* that if we are free to take of as any 
function of the elements, we can enable the frequency-locus to take any assigned form. 
Suppose that the relation of x' to the elements has been properly determined for this 

purpose; and that (according to the last method) the values of ^, and -p> having been 
thence derived, we obtain y^w in the form 

then j ^j ^...iwdfjdf, ...df„» 

results in a function of x' which is of the assigned form, say i{x'). Now substitute in x> 
for a?', fiH- ^2 + ••• + ?m ; and let x (thus modified) represent the law of interdependence between 
the elements. If there is sought the frequency-locus of x the sum of such elements, it is 
found to be f(a?)! 

Considerable rekucation of the third condition. The divergence from the type which 
has been discussed in the last section is to be distinguished from the interdependence between 
values assumed by the same elements in different observations. Such interdependence, if 
complete, would of course be fatal to the fulfilment of the law of error. If each of the 
elements had exactly the same value for all the observations there would be only one obser- 
vation! But a less complete degree of such interdependence is not fatal. Other things 
being favourable, there will still be fulfilled the approximate equality between the mean 
powers of the actual and those of the representative locus. Only the long run by which the 
mean powers of the actual locus are to be ascertained will now be longer. The Pearsonian 
criterion applied incautiously to such a system would yield a too unfavourable answer to 
the enquiry whether a given set of observations should be regarded as having emanated from — 
being a sample of — a distribution which in the long run would present the law of error. For 
the number, n\ which forms one of the data for that test is not now the number (+1) of the 
observations in a proposed setf; as may be seen in the simple case where the observations 
are supposed to enter in pairs, the value of any element entering into the first, or any odd 
observation being the same as the value of that element which enters into the second, or 
generally the next, observation (^^ = ^^; rfp+i = rfp+a)- The observations forming each pair 
being thus identical we should regard j^m as the efTective number of independent observations. 

The interdependence between the observations is more serious when they are con- 
sidered, not as in this paper, with reference to the law of frequency according to which 
they are grouped, but as constituents of an average affording the measurement of an 
object under observation. In this case each observation — divided by the total number 
of observations — stands in the relation of what is here called an '* element " to the average. 
Accordingly a considerable interdependence between these observations will (by the last 
section) impair the law of error, and the rules which are based on it. 

♦ Above, p. 121. 

t Compare Mr Bowley's remarks on the application of the oriterion to statistics of wages, Joum. Stat. Soe. 1902, p. 33S. 
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RelaacUion of the second condition. So far it has been taken for granted that 
throughout the long run formed by a series of observations the firequency-loci of the 
elements remain unaltered. But the conclusions which have been reached would not be 
aflfected by the relaxation of this condition, provided that the functions of the mean 
powers which have been utilised, ko, fej, k^, ... kt, remain undisturbed, however the individual 
elements change their form and fc coefficients. For example, the first approximation for 
the frequency of an aggregate made up of nii elements, each formed by the number 
of pips on a domino taken at random, and m^ elements, each formed by the number 
of pips turned up by a die thrown at random — the constant k in the normal function 
which forms the first approximation to this law of frequency would be unaffected if in 
the course of a series of observations there were substituted for 198 dies, or any multiple 
thereof, the same multiple of 35 dominoes* 

The average, indeed, of the total number of pips, presented by the Wi + rn, elements, 
would be altered by the change; but even this disturbance would be avoided if there 
were substituted, for the 198 elements formed by the casting of dies, 35 elements, each 
consisting of the number of pips on a domino plus the constant l*8t. 

Laxity of the first condition. The condition that the var3dng values of the elements 
should be assumed at random limits the domain of our law less than might be supposed; 
first, because the condition is fulfilled far beyond the sphere of aleatory phenomena from 
which examples of randomness are usually selected, and secondly because the condition 
need not be fulfilled perfectly. 

(1) Randomness is here understood as an objectivej property of things, implying, 
inter cdia, (a) that there is a "genus" or " series "§ of instances such that the proportion 
of instances possessing a certain attribute — ^belonging to a certain species — tends, as the 
number of instances is increased, to approach a fixed limit; (j8) that a like series may 
be formed by taking as the genus each successive pair (or triplet, quartette...) of the 
original instances, the species being defined by the characters of the two (or more) 
constituent instances; (y) that like propositions hold good however a set of instances is 
arranged so as to form new series. As these properties do not depend on our "ignorance" 
or feeling of uncertainty, so they are presented by phenomena which admit of the most 
exact knowledge and power of prediction. Such is the sequence of decimals in mathematical: 
constants; the random character of which, in the case of tt, has been shown by Dr Venn. 
There are doubtless in the region of physics an infinite number of examples like the 
following : — The dates in minutes of high-water in the morning at London Bridge, given 
in the Nautical Almanack, have been taken for January 1st, April 1st, and July 1st, 
1903 ; and according as the number of minutes in the date fell in the first, second, 
third, or fourth quaiter of the hour, the number 1, 2, 3, or 4 has been put down. The 

* The mean eqaare of deviation is for the domino (the t Cp. Venn, Logic of Chance ; and Leslie Ellis, in 

sumof two digits) 16*5, for the die 2*916. Camb. Phil. Trans., vol. ix. p. 605, on the '"realistic" 

t The average number of pips turned up by 198 dies nature of Probabilities. 

= 3^x198=698; the average number of pips on 35 % loc. cit. 
dominoes=2x 4-5x35=315; 693-315=378; 378/35=1*8. 
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three numbers thus obtained have been added together. A like triplet has been obtained 
from January 2nd, April 2nd, and July 2nd; and so on (cases in which no morning tide 
is given for one of the dates belonging to the triplet being omitted). Other triplets 
are formed by similarly combining the dates of February, May, August, 1903. There 
are thus obtained fifty figures of which the ideal distribution is deduced from the respective 
probabilities that a single triplet should have the values 3, 4, 5 ... 11, 12 on the sup* 
position that high tide is as likely to occur at one part of an hour as another. The 
actual being compared with the ideal distribution by the Pearsonian criterion, the probability 
of random origin is found to be considerable, about '7. A not very different result is 
obtained from the like treatment of afternoon tidfes. 

(2) The illustration may be varied so as to illustrate imperfect randomness. If the 
triplets are selected — not from days separated by three months, but — from adjacent days, 
the periodicity of the tides impairs the random character of the result. But there are 
many methods of selecting triplets (or more composite elements) — from days that are neither 
very distant, not yet quite adjacent — of which it may be affirmed that they will probably 
result in an approximation to the ideal distribution. The character of periodicity — often 
consistent with, but sometimes fatal to, randomness — is illustrated by the digits of a 
recurring decimal with a long period. The writer has formed 180 decades out of the 
first 1800 figures in the period of the decimal which represents the fraction j^. These 
figures are given in the Messenger of Mathematics for 1864 (Vol, ii. p. 1) in eighteen 
rectangular blocks, each block having ten rows and ten columns. For the first half of 
the series, the sum of the ten figures forming each column of a block has been taken ; 
and for the second* half of the series the sum of the ten figures forming each row. 
If the figures dealt with obeyed a random law of frequency, the probability of any 
assigned digit occurring being -j^, it is to be expected that sums of ten digits would 
range according to an approximate law of error for which the mean square of deviation 
is 2^(0-5' + l*5»+ 2-5« + 3'5» + 4-5») = 8*25. To test this the observed sums have been 
tabulated in a form convenient for the purpose of verification. In the annexed table 
the first row presents limits demarcating the total possible range for a sum of ten digits^ 
between and 100, into seven compartments. The second row shows the number of 
observed decades in each compartment. The third row gives the corresponding calculated 
number, that is the mean of the numbers that would be given in the long run by 
batches of ideally random digits. The fourth, fifth, and sixth rows give the data for 
Professor KatI Pearson's criterion of the probability that the observed set of statistics 
forms a random deviation from the theoretical frequency distribution assigned by the normal 
law of error. Employing the test we obtain for P, the probability that the given set 
is a sample of observations obeying the law of error, about 0'9. It is interesting to 
compare this result with one obtained from a set of 180 decades in other respects similar 
to the above, except that the digits were taken "at random" in the ordinary usage 
of the term — from mathematical and statistical tablesf. The probability of this set having 

* The better to secure that the random distribution of half of the period, 
the digits should not be vitiated by the complementary f Part of the figures referred to in the Journal of the 

oharaoter {loc, cit., p. 39) of the digits forming the latter Statistical Society, 1885, Jubilee volume, p, 186. 

Vol. XX. Part L 17 
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Tdble showing the distrilmtion of decades formed by adding successive digits in the 
periods of the decimal which represents ^isj* 



Limits of 
oompartments 


35-5 40-5 43-5 46-5 49-5 54-5 100 


Observed 

number of 

decftdes 


26 


28 


22 


23 


22 


36 
29-223 


23 
26-604 

• 


Calculated 
number of 
decades (m) 


26-604 


29-223 


22-367 


23-611 


22-367 


e 


0-604 


1-223 


0-367 


0-611 


0-367 


6-777 


3-604 


«« 


0-365 


1-44 


0-135 


0-37 


0135 


45-928 


12-98 
0-48 


e^lm 


0-01 


0-05 


0006 


0-015 


0-006 


1-57 



X' = iSeVm = 21. P = 0-9. 

resulted from a random distribution proves to be about 0*2. The figures of a recurring 
decimal — the subject of exactest science — present the appearance of randomness in a higher 
degree than digits taken really at random! But if we vary the experiment by taking 
the first five digits of the decimal together with the five which occupy the 931st, 
932nd, ... 935th places to form the first decade, and likewise for the second decade the 
five digits in places 6 — 10 together with the five in places 936 — 940, and so on, then 
the law of error entirely breaks down : there will be obtained a series of 186 compound 
observations, every one of which =9*! Yet though the condition of randomness above 
designated {y)^ is thus imperfectly fulfilled, there are a great many ways of parcelling 
these digits which will probably result in a more or less perfect fulfilment of the law. 

The laxity of the conditions which give rise to the law of error may explain its 
prevalence over an immense range of phenomena — from the movements of molecules to 
the actions of men. 



* For a reason ably stated in tbe paper referred to (p. 39 et seq.). 



t p. 128. 

F. Y. EDGEWORTH. 
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1. Orders of magnitude. The reasoning about errors requires that several orders of 
magnitude should be distinguished. There is (1) the limit within which the "typical" 
(above, p. 38) element is in eflfect (as shown at p. 115) confined, the practical range, 
as it may be called, of the element, usually a small multiple of the mean deviation in 

1 
absolute quantity as given by the formula | f | = (S | f \^y, (2) Corresponding to this limit 

of the element is the practical range of the compound quantity, a small multiple of its 

1 
standard deviation ^/k (or of its mean deviation | a? | = (S | a? |*)'). (3) It is evident, the number 

of the elements being large, that the last named limit belongs to a different order from 
the limit to which the compound observation might possibly extend, if every element 
contributed to the observation a value at the extremity of the element's practical range, 
on one and the same side of the centre of gravity. (4) For the element too as well as 
for the compound there may be a possible as well as a practical range; as is evident 
in the case when the element is itself composite. (5) The admission of order (4) introduces 
a higher order of infinity to be enjoyed by the compound observation on the immensely 
improbable supposition that every element contributes to the observation a value at the 
(same) extremity of its possible range. (6) There is lastly to be considered the magnitude 
A^, or tix (above, pp. 39, 113); which cannot be larger than the range of the least 
dispersed element — for example is equal to the range in the case of identical binomial 
elements — ^and may be indefinitely small. It appears to the writer that there is a propriety 
in treating this difference, however small, as still finite. Accordingly not much seems 
to be gained when, in certain versions of the Laplace-Foisson method, instead of the 
obvious quaesitum, what is the probability that a certain value of x meaning a certain 
multiple of Air (+a constant) should occur, there is substituted the complicating enquiry, 
what is the probability that x should have a value between limits I ±ri> 

17—2 
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2. Degrees of approximation. How far the series presented by the law of error are 
available for purposes of approximation is an investigation which bifurcates according as 
the representative is compared ¥dth the actual locus, (a) with respect to mean powers, 
as above proposed (Part I. § 1), or (i) with respect to ordinates, as usually. In both cases 
the general rules as to the convergence and remainder of series are to be applied to 
the data. It will be found that in general ceteris paribus the series are less available, 
(a) the higher the mean powers compared, (6) the larger the abscissa of the ordinates 
compared. A consideration of the first term in the expansion of the law of error supplies 
the following tests, in the case of symmetry, (a) 2p, the highest power used for the 
purpose of comparing the actual and the representative locus, must be such that in 
the series 

^{l+^^^#^.k, + ...) (where k. = WW. 

the first term within the brackets shall be a small fraction. Whence, if k, is of the 

order — in the typical case of irregular elements for which the k coefficients do not vanish, 

p* ought to be small with respect to m. (b) x the abscissa of the outmost ordinate that 

is used for the purpose of comparison must be such that in the series yo + ^ai- ;!£?+ ••• 

(where y^ is the normal error-function with k as constant) the second term shall be 
small with respect to the first. Whence kj (^ - 2 x" + 1 x*) — where x = a?/\/2A — ought to be 
small with respect to unity. When the loci are not symmetrical the conditions become 
more stringent. 

Example, Let the locus of all the elements be the same, namely the simple one 
first considered by Laplace, the horizontal line extending from — a to + a, with equation 

f = — (Af being indefinitely small); and let the number of the elements be three*. We 

have then /to = i*'> '«8 = --A^^> ^4 = if ^> ••• ^^d accordingly, for the aggregate of three 
elements A?o = la'; ^^2= — fa*; A?4 = ^fa*; .... Whence for the representative locus we have 

If (a) we compare the mean powers of the actual and the representative locus; the 

second and fourth powers are, by construction, the same for both. The sixth power of 

the actual locus, viz. a*9if, differs from the value given by the representative locus, not 

continued beyond the first term of expansion, by a^^f, a considerable percentage. If we 

proceed to another power, the approximation breaks down, the first two terms of the 

series being 105a^, — 840*. (6) The formula for the comparison of ordinates breaks down 

2 1 /I 2 \ 

when — if not before — -z s^f^ — 2x* + hxn ceases to be small with respect to unity. 

* The example ia considered by the present writer in the normal is sufficient to afford some approximation to the 
Journal of the Statistical Society (1900, p. 73) as showing law of error. A larger number is required for a good 
that a very small number of elements which are far from approximation. 
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These propositions may be illustrated by considering the form of the actual locus: for 
which the equation is* y=^(3a" — a:") for values of the abscissa between +a; and beyond 

those limits, y = -r^(9a"T 6our + «*), the upper or the lower sign to be taken according 

as the positive or negative branch of the locus is designated. From these equations the 
mean sixth, eighth... powers can be found by integration. Also with the aid of proper 
tables f the ordinates for the actual and the representative locus can be compared at several 
points as in the annexed table. 

Table showing ordinates (as multiples of a) corresponding to certain abscissas. 



Length of abscisBa 
(in units of a) 





1 
^/2 


1 


V2 


First Approximation 


0-399 


0-3105 


0-2418 


0-H66 


Next Approximation 


0-379 


0-3092 1 






Actual value 


0-375 


0-3125 


0-25 


0-1572 



3. Verification of the first method. The fundamental formula expressing the mean of of, 
where x is the sum of numerous typical elements, this formula, proved above (Part L § 1) 
by Generating Functions, may be verified by the Multinomial Law. First this law must 
be extended to Mean powers by the principle (employed above, p. 41), that if a, 6, c 
are independently fluctuating statistical quantities, the Mean of (a x & x c ...) = Mean of 
a X Mean of 6 x Mean of c x ... . Therefore, if 



^=fi + ?a+...+fm, ^t«=e!2f,<^>f,0 



ff<^> 



tl 



r> 



+|lSf,wf,^>...f^-,f^_„+ 



Consider first the case in which the fs resemble typical elements in that any mean power, 
e.g. the tth, is approximately the same for one element as for another, but differ from 
the typical f*s in that negative values are not assigned to these items; they are such 
quantities as the deviations on one side only of the centre of gravity contemplated at 
p. 116, which might be designated |f |. Then a?<*> is broken up into groups defined by 
the number of combinations between |f |'s. Thus in the first group the number of com- 
binations is 7- - -. ; in the second OToup t — —* — ' . ■, , » that is smaller in the ratio 
tlm — t ° ^ <— llm — < + l! 

and so on. The groups will form a descending series, provided that rn is 



m-e + 1' 



• Joum. Stat. Soe.t loc. eit. Royal Society for 1900 (yoI. xxxix,). 

t For the caloolations on which the first two rows of t ^^ following approximation brings the valae baok 

the table are based there have been employed the tables again to the first ; showing that the series is not available 

given by Dr Burgess in the Tramactions of the Edinburgh farther. 
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sufficiently large* (account being taken of the number of types, e.g. two in the third 
group of the series, and also of their coefficients). 

An important case of this first theorem is where, for each of the positive quantities |fy|, 
we put the square of a typical element, viz. f^". We have thus, putting k for the mean 
of fi" + f2'+... + fm", that is the sum of the means fi<»> +fa** + ... +fm^, 

Whence Sfi^^fa^^ ••• ft**^ = rt^> ^ * first approximation. Also 

II 2f,«f,« . . . f «t^ (?«.-,)• = II 2f.«f,« . . . f «t_^ X S(fr«)« approximately, 

= (by the former approximation) 

t(t^l) 



2! 



X ](f~^'l (^r^^y approximately. 



ion. 



Therefore Sfi<*>f»<») . . . fe<« = [j ** - ^^^ A;*^ — fj^^ » to a second approximati 
Next, considering typical elements, since fl<*^ fj^*^ ... fm^^^ all vanish, 

^ 2! 2! 2! '^^^•*" 2! 2! 2! 4! 

^ 2! 2! 2! 3! 3! ' 

Substituting for the continued products of mean-squares the approximate values given in 
the last paragraph, we have 

* " p\2P p-2l2P-^2^ 2 "^p-2!2'^ 4! "^p-"3I2P-» 313! 

= jr2^^ p^2l2P-^ 4! ^(^^ - ^ ^f^^'> > +p - 3 !2^» 2 313! (approximately). 

Replacing Sf^w by /fci(=2iCi) and 2(fr<*^ - 3(fr<«)«) by k^(^^te^) we obtain the result 
already deduced (Part I. p. 43). 

The expansion of odd powers may be similarly verified. The principle may also be 
extended to the case of two (or more) dimensions ; verifying the expressions which have 
been found for (X, F) <*>»<*'> (above, p. 118). Some difficulty may be caused here by the 
incident that all the terms involving mean first powers do not now vanish; there survive, 
along with terms involving only second powers, terms of the type 

^ 2! 2! 2! ^ p+^'^^F 2! 2! '" ^^ ^ p+» 

* It must be large enough to cover any irregularities in the gradation which may be due to the absence of perfect 
equality between the mean powers of the different elements. 
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(supposing e.g. t and t' even) where the first powers do not vanish, as they form factors 
(Bp, Hp)^*^\ (Hp+i, -BTp+O^'^'^'^ (in the notations of p. 116), say Ap and Ap+i, which, the 
coordinates for the same element being in general correlcUedy do not vanish. As there 
may occur any even number of these A's as factors of constituent terms in the pre- 
dominant group of the multinomial expansion with which we are now concerned, it may 
seem at first sight that the character before ascribed to that group — a sum of products 
of mean squares — is no longer maintained. But it must be remembered that, as the 
axes X and Y are (with respect to the aggregate) principal axes, {X, Y)^^'^^\ that is 
(Ai + Aa+ ), vanishes. Accordingly SAiA^ has not the weight to which it seems 

entitled on account of the number of its terms. It has — ^-^ terms, any one of 

which may in absolute quantity be of the order H'JJ"; yet the algebraic sum of these 
terms is equal to half the sum of only m squares, viz. Ai" + Aj*+ ... + A„»" (since (2A)» = 0). 
If then we substitute in the last written expression for a portion of (X,. Ty*^*^*'\ when 
t = 2p, ^ = 2p', 

we see that this portion of the expansion does not rank with one which is made up 
of square factors only. The former is of the order 1/m as compared with the latter. 
Like reasoning is applicable to products of more than two A's. Thus SAiA^As ... A^g 
does not contribute to the terms of which it is a factor, a weight proportioned to the 

number of terms in the predominant group of (SA)« that is '— ^ but only to the 

2 Ar j which, m being very large with respect to q, is of an 

order — compared with the number of terms in the seemingly predominant group of that 

series. So the A's do not affect the predominant group in the expansion of (X, F)<*^'<*'^ 
with which alone the first approximation is concerned; they are taken account of in 
the third approximation by the coefficients of the form t,rK> and in subsequent approxi- 
mations. 

4. Variant of the second method. The general solution of the leading partial diflferential 
equation in Professor Crofton's method, viz. 

dy_l cPy 
dk''2d^' 



may be written de ^ ^ <f> (k}*, where (f> (k) is an arbitrary function involving the symbol 
kJ -TTy and d denotes the significamt part of the expression, the part not affected with 
that S3rmboL In the case before us we know by Professor Crofton's subsidiary condition 

* Cp. Forsyth's Differential Equatiom, Art. 256. 
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that (f>{k) is of the form -77: /(A?); and by theorems above given that y involves the 
coefficients ii, Aii, ,.. in such wise that 

These conditions will be satisfied by putting for (f>{k) 

where the condition that, when A?i, A?j ... vanish the integral of y between extreme limits 
should be 1, gives A^I/aJit*. It will be observed that the operator (in -^ j constituting 

^(A:) is the same operator used above in Part I. to express the law of error, say -^(j^)» 

when for -3- is substituted a/ 2 -^ . We have thus a variant form of the law of error 

This result may be verified by changing the order of the 1/wo operators on . ; 

substituting in F, thus transposed, for iJ^-tl^ j- V^ we are entitled to do by the 

equation jf = s 33) i a^^d moving d, as after this substitution is legitimate, so as to follow 
F. We have then 

the original form. 

5. Test of the third method. The airopLai of Leslie Ellis and Professor Czuber 
respecting Laplace's method f are not damaging to the version of it above given. They 
take as a test-case that in which the elements have each the locus, in our notation, 

where the upper sign is to be used for f positive, the lower for f negative. The parameter 7 
does not figure in the form given by the eminent authors ; they treat as unity a magnitude 

t—j II** ^ Artiolefl on ** Method of Leaat Squares," Camb. Phil. 

♦ SinoeD<*V*dfc-pr. =-==«"». Trans,, vol. ix. p. 605; Theorie der BeobachtungafehUr, 

v^* '^^*' pp.267rtwg. 
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which has been above treated as of the order 1/Vw (the standard deviation of the composite 
locus being treated as unity). 

Professor Czuber investigating, on the lines of Laplace, an expression for the probability 
that the aggregate of elements will lie between certain limits, questions (lac. cit, p. 267) 
whether the results obtained by the approximations employed are not mere formal but 
actual approximations (nicht blosse Naherungen der Form sondem auch Ndherungen dem 
Werte nach «nd), unless some additional assumption is made (loc. city p. 271). This doubt 
appears to be justified; but it does not touch the version above offered, in which it is 
proposed to supplement the reasoning as usually presented by additional — in general justifiable 
— assumptions : namely, (l) that the elements are such and so numerous that the coefficients 
ki, k^y... are each small in relation to the corresponding powers of k, the mean square of 
deviation for the aggregate; kg. k4, ... and likewise *k|, k„... forming series descending in 
order of magnitude (above, p. 42); (ii) that the abscissae of the ordinates for which an 
approximation is sought should not be large with respect to ijk (above, pp. 131 — 2) ; (ill) as 
a consequence of (i), that the elements may be treated as virtually confined to a range which 
is small with respect to y/k (above, p. 115). The third assumption removes any scruple which 
might be felt in expanding ;^(a) (above. Part I. § 3) in ascending powers of a and mean 
powers of an element. In the case before us let us employ the rule suggested above 
(p. 116), and take as the limit on either side to which the range of the element is practically 
confined, two or three times OP where OP = (lf p^*0^- We have for the mean tenth power 
of deviations on either side 10 ! 7^* ; and, for OP, y log^i 0*6559, which, multiplied by 3, > VSy. 
Let us be content with IO7 as the limit on either side of the centre; thus leaving out 
of account a proportion of area less than a twenty-thousandth (!) ; the operation of which 
cannot sensibly affect our results. Attending to the orders of magnitude involved in ;^(a) 
and (x (a)y* (loc. cit) we cannot doubt the legitimacy of the step which gives 



1 r e-*+«*ii*-+-cosaa?da 



for the required function. By assumption (i) we are entitled to differentiate with regard 
to ki under the sign of integration, and expand in powers of i^, in a parenthesis outside 
the exponential ; thus obtaining a series of definite integrals 

- I «-•* cos flUFcic + T-jfcl a*e^**cos axdx+ ... =y« + 4i*«"^* + — 

By assumption (ii) such values of a; are to be employed as (tested by the usual rules for 
series) make the above-written series convergent. 

Ellis first obtains a series in ascending powers of u (his equivalent for our x) and descending 
powers of n (his equivalent for our m) representing the probability in the case proposed that 
the sum of n elements should be u (between u and u-\-du). Comparing this actual locus 
with the normal law of error he expresses a doubt about their coincidence, except upon the 
supposition that n is (not merely large, but) infinite. He remarks (comparing the two 
Vol. XX. Part L 18 
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functions) "we retain — and neglect — —, although unless u be large, the former term is 

of the same or a lower order of magnitude than the latter." The explanation of this 
difficulty is that we are concerned only, in a first approximation, with the case in which u 
is of the order Vn [x of the order Vm y]. For u of this order it is quite proper to " retain 

— and neglect — — ." The next order of magnitude (in the case of even loci) is 

[our — , or -7— smaller in the proportion - , that is, of the order -7- . When u is 

thus small, both the compared terms are to be neglected in the first approximation formed 
by the normal error-function. The actual and the representative function give the same value 

for i^ [= a?] =0 when fractions of the order - = — are neglected. If greater accuracy 

is required the next approximation must be taken in ; furnishing the correction ^ki x y^ 

(where y© is the first approximation), for u zero or a quantity of the order - . 

ft 

6. Variants of the fourth method. In applying the condition that the sought function 
must be reproductive (Part I. § 4) it was at first taken for granted, as a result of the funda- 
mental theory (cp. p. 46), that in a first approximation we are concerned with only one 
constant {k). Other constants (fcj, ia, •••) were introduced later. Otherwise, we might at 
once introduce one or more additional constants, say j, and determine yft (loc. dt) so that 

"miria, j) = V^(pa, aj). 

A general solution of this' functional equation, found by an extension of Boole's theorem 
referred to above (p. 55), is Aa* + Ba^j^' -f- Gfy where p-¥q—\. This general solution is 
required for the application of the fourth method to two dimensions. But for the present 
purpose, if we may presume from the fundamental theorem that the constant is A?i, entering 
into the second approximation only in the first power, the general solution for -^ reduces to 

Aa^-¥BaP%, 

By the first approximation in the text we have ^ = 2, p = tjm. Bringing down BaP^ki from 
the exponential we have for the first correction, if yo is the first approximation*, 

(Real part of ± 1, or V^) Bk^ ^^ ; 

assuming that pt must be an integer. We may employ the condition that Ai enters the sought 
function over k^^ to determine that jp^ = 3 ; and accordingly a = 1/Vw. 

Again, the investigation of the first approximation in the text may be varied by taking 
as subsidiary to the condition of reprodixtivity the partial differential equation which was 
taken as primary in Prof. Crofton's method, viz. 

* See p. 58. t Above, p. 46 and op. Phil. Mag. Feb. 1896, pp. 96, 96. 
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Let the function, supposed to be reproductive, be 

-/(■"). where c^q»Jk (above, p. 56). 
We have then, beginning with the case of symmetrical elements, 

^ (a) = j ^^ - / Q cos nxdx. 

OS 

Put - = x; and it is seen that xi^) ^^ ^^ *h® f*^"^ ^(ca), say ^<^>. By the first step 
c 

taken in the text we find that '^ (ca) must be of the form a {caf ; and accordingly 

y = — / 6»(9^*«>* cos aada. 

Now introduce the equation -jj^'^a jK* ^^^ ^^ have ^ SLq*a*I^ = — ^o* ; which can only be 

satisfied by making t = 2, aj' = — ^. (Substituting this value of ^ in the expression for y, we 
see that a must be negative in order to secure a finite result.) Integrate with respect to a and 
we obtain the normal function, A (and ag*) being determined by the conditions that the mean 
zero power = 1 (and the mean second power = k). The case of asymmetry may be analogously 
treated by the use of e^"^"^** for the first cos our, and g-v^** for the second cosaa?, in the 
preceding investigation (see the text, p. 56). 

Once more, the last written partial differential might be treated as the leading one, and 
the condition of reproductivity as subsidiary. One of the general solutions of the equation 

djl _\d^ 
tk~2~ds^ 
is of the form 



i da I e-*'-'*cosa(a:-\)V^(X)dX*, 



•where V^(X) is an arbitrary function. This may be regarded as the result of superposingf 
a statistical quantity having the frequency-locus y^{x) upon another quantity having the 

1 r* 
frequency-locus - e"^*»* cos ourda, that is, the normal law of error. Li order that this form 

should be preserved when another form is superposed, that other must be also normal (one 
constant only being admitted as is proper in a first approximation, above, p. 138). Kg. if 

'^(jc) were of the form I 6*^* cos our, where t is other than 2, it would not (though itself 

Jo 

of the reproductive family), when superposed on the normal curve, produce a reproductive 
function of the simple species proper to the first approximation. Therefore '^(o;), as well as 
the other component, is normal; and therefore the compound is normal. 

7. Substitute for the fifth proof The extension of the law of error to functions capable 
of being expanded in ascending powers of the elements was, in the text (above, p. 122), based 

♦ Forayth, DiffereTUidl EqtMtioTU^ Art. 268, t Above, p. 46. 

18—2 
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on a postulate which seems particularly appropriate to such a function; that the range of 
any element is (in effect) small. The proof may also be effected independently of that 
premiss, on the lines of the first method (Part I. § 1). 

Let d (as above, p. 123) be an expansible function of the elements; the first term of 
the expansion being, as we may put without loss of generality*, 

fi + ?a+...+f„i(=a;). 

Consider any subsequent term of the expansion, e.g. Atfifaf« (when /Lt is small), making 
abstraction of other terms after the first. The mean powers of a/, each divided by the 
corresponding factorial, are generated by a function of which the expansion in ascending 
powers of 6 is 



l+^^'^i) +^^a?'w +^^a:'w + ... , 



where 



fl/w=rc(*)+^a(2f,f,f,)w 

= i + /.•2f,(«)f/)f,w = A + /.« ij A;» 
(terms which vanish being omitted). 

Likewise ay'w = A^ + . . . , 

(terms of an order lower than /l(, as well as those which vanish, being omitted). And so on. 
Consider, as the generating function of mean powers, 

Exp. log 1^1 + ^1 (A+i /*«*•) +^ij(A;0 + ^Jl(A^ + 4M')+...]. 

The character of the law of error will be preserved if the coefficients of ^, ^, ^, ..., say 
&/, ^a', . . . continue, when referred to the corresponding powers of fco', to form a descending 
series. This may be verified by expanding the above-written logarithm in powers of 6. It 
will be found that no power of Q after ^ is affected with a coefficient of so high an order 

as /x if //. is of the order — f. The generating function up to the third degree of approxi- 
mation is 



as may be verified by comparing the value of ^—f ^'^^^ as given by the coefficient of Q^ 
in the expansion of this ftinction with the value obtained from the equation 

81 21 21 2! 



* If the first term is 

«i& + «rfj + &CM pat fi=li7«i» Ia=^s7«u- 
(Cp. above, p. 126). 



t No exoeption to this statement is made by a term of 
the form ^Cfi/c'2|^W (c a small numerical constant) since 
Z^,.W is of the order l//fi=Ai. 
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^here c is the number of different arrangements that may be made with the same (p + 1) 
elements so as to form the same product of squares, viz. (p + l)p{p — l)/S\, 

= a? <«»> + 2p I fikP^y2P^ 3 ! j5 - 2 !, 
as it ought. 

Analogously, verification may be obtained with respect to any other terms in the expansion 
of a/, e.g. X2^/ or i^Sfif 2? A; where X should be of the order 1/Vm, v of the order 1/m* ; and 
it is to be observed that x'^^\ in the first instance, does not vanish, but = \k. 

Corresponding verifications are to be obtained in the cognate case of elements not perfectly 
independent*; when in that expression for the mean value of e*^ from which the generating 
function is derived (above, p. 41) the means of products such as fifj, fifa*, fifaf*, ?i*fa*> &c. 
(in the notation above used (f^, ^^Y'^^^K (fi, f^^^^'^, (fi, f„ ^,y'^'^^*^\ (fi, fa)**^'^) diflfer by 
small quantities fi'om what they would be if the elements were perfectly independent, viz. 
respectively, 

0, 0, 0, f,«|.(«. 

In both cases the propositions admit of generalization. 

* Bee p. 126 above on the analogy between conrilinear functions of independent elements and a linear Amotion of 
interdependent elements. 
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VI. Memoir on the Orthogonal and other Special Systems of Invariants. 
By Major P. A. MacMahon, ScD., F.R.S., Hon. Mem. Camb. Phil. Soc. 

[Received 6 January 1905.] 



PART I. 

Professor Elliott has constructed a complete syzygetic theory of the absolute 
orthogonal concomitants of binary quantics; his method is not s3rmbolic, but it is quite 
convenient for obtaining the fundamental covariants of a quantic whose order is small 
or of a system of such quantics. In general the process leads to a Diophantine Equation 
which is difficult to handle for an order which is not small. 

I propose, in the present research, to obtain results of a general character by the 
emplo3rment of a symbolical calculus involving imaginary umbrae. I obtain an inferior 
limit to the maximum degree of an irreducible covariant of given order, appertaining 
to a quantic of given order, and in certain cases I shew that there are also superior 
limits, but I have not succeeded in establishing this for the general case. For the first 
three degrees I obtain the actual numbers of irreducible absolute concomitants of the 
quantic of general degrees, and also some results in respect of the fourth degree. These 
results enable me to obtain the fundamental syzygies of the third degree. 



§1- 



Let the binary quantic be 



and the transformed quantic, due to the orthogonal substitution, 

and I take new complex umbrae, linear combinations of the old umbrae, viz.: I write 

ai + iaa=a„ ai-iaa=aj. 



then it is easy to shew that 



I write 
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The general expression of a non-absolute orthogonal concomitant of degree and 
order e is 

where there are different symbols a, i8> .... 

For the form to denote an absolute concomitant the second of the exponents of 
symbols with suffix unity must be equal to the sum of exponents of symbols with 
suffix two. 

Hence tfi+«a +...+.«•+ e— p = ^n — «i — ««... — *^ + p, 

or t8^\(0n-e)-\-p. 

Since fift = ^i' + ^i', i^ a covariant, 

and we are concerned with irreducible forms, we may put p^e and take the form to be 

where 2« = ^ (^n + e). 

The weight w may be taken to be 

\{0n-e\ 

so that dn--€ = 2ti;. 

The form ai'iO,«-'»iSi«« A*"'« • • • fi% 

for different values of «i, «„ ..., satisfying the condition 

denotes the asyzygetic invariantive forms of the degree and order €. When e > we have 
the associated form 

obtained by interchange of suffixes; hence in this case the invariantive form connotes two 
concomitants. 

When €»0 there is a one-to-one correspondence between the inyariantive forms and 
the invariants. 

For example the linear quantic has the invariantive form of degree 2 

which is unchanged by interchange of suffixes, and therefore yields one and not two in- 
variants; in fact 

t «! A = (Oi + wtj) (&i - *«) = ttft - i (oft), 

wherein {ab) is a vanishing form. 

The covariantive form may be written 

P + iQ, 



] 
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and denotes the two covariants 

P.Q; 

the reducibility of P and Q depends upon the reducibility of P + iQ and conversely. 

The symbolic identities in the umbrae, a, 6, c, ... can be very simply obtained ^-(vn 
the complex umbrae a, fi, y, .... Ex. gr. from the identity 

we derive ajbt = {«& — i (ab)} {a^ + i (ab)} = a^' + (oft)* ; 

and from ajo, . )8i)8, . 717, = fliA . ffij^ • 7i«a» 

we derive aJbiCe = at^cCa — a^ (6c) (ca) — &<. (ca) (ah) — Ca (06) (6c), 

aifie (ca) + icCa (06) + Cattft (6c) = (06) (be) (ca), 
by equation of real and imaginary parts. 

It will be convenient at this point to have before us the irreducible invariantive 
forms for quantics of the first six orders for comparison with Elliott's list and for easy 
verification of general results to be presently established 

For brevity I will denote the form 

by («i«2-«. *•; «)• 

Linear Qtiantic. 

The irreducible forms are 

(10; 0), (1; 1), ff,; 

where observe that the covariantive forms other than fif, connote two covariants; in fiwt 

(1 ; 1) = Oif, = ttfl, - i (ax), 

and we have 1 + 2 + 1 = 4 invariants, viz. 

aft. Ox, (ax), x^* + x^\ 

The table is 

Order 

1 2 







1 




2 




1 







The irreducible forms are 



Qyadratic, 
(1;0), (20; 0), (2; 2). f,f.; 
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yielding five forms which in the umbraB a, b, c, ... are 

tta, ^6*, a»^ a»(aja), «?«. 
I give these in the most suitable forms, not restricting myself to those which are 
in mediately obtained from the complex umbrae. 

The table is 

Order 

1 2 







1 


1 




2 


1 







Cubic. 
The irreducible forms are 

(30; 0), (21; 0), (3111; 0), (2220; 0), 

(2; 1), (311; 1), (31 ; 2). (3; 3), ftf., 

viz. 4 invariants and 9 covariants. 

The table is 

Order 








1 


2 


3 









1 




1 




2 




2 


2 


2 




2 




3 




2 






4 


2 









^ Quartic. 
The irredocible forms are 

^ (2;0), (40; 0), (31 ; 0), (411; 0), (330; 0), 

(3; 2), (41; 2), (4; 4). ftf., 

\nz. 5 invariants and 7 covariants. 

Vol. XX. Part I. 
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The table is 

Order 

12 3 4 







1 






1 




2 




2 


2 




2 






2 











Quintic. 
The irreducible forms are 

(60; 0), (41 ;0), (32; 0), 

(5311; 0), (4420; 0), (5221; 0), (4330; 0), (4222; 0), (3331 ; 0), 
(552111; 0), (444300; 0), (522222; 0), (333330; 0), 
(55511111 ; 0), (44444000; 0), 
(3;1), (521; 1), (440; 1), (422; 1), 
(55111; 1), (52222; 1), 
(51; 2), (42; 2), (5222; 2), ftf„ 
(4; 3), (522; 3). 
(52; 4). 
(5; 5), 
viz. 15 invariants and 27 co variants. 

The table is 

Order 

12 3 4 5 



1 










1 










2 




2 




2 


3 




4 




2 






6 




2 






6 




2 










4 










4 
























2 
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The irreducible forms are 

(3;0). (60; 0), (51 ;0), (42; 0), 
(621; 0), (540; 0), (522; 0), (441 ; 0). 
(6222; 0), (4440; 0), (6411 ; 0), (5620; 0), 
(66111; 0), (55500; 0), 

(4; 2). (61; 2). (62; 2), (622; 2), (550; 2). f.?„ 
(5; 4). (62; 4), (6; 6), 
viz. 14 invariants and 17 covariants. 

The table is 
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1 



Order 
2 3 4 



6 







1 










1 




2 




2 




2 


3. 




4 




2 






4 




4 










4 














2 















§2. 

It has been shewn that the asyzygetic forms of given degree and order € for a 
quantic of order n are given by 

where the number of symbols a, j8, ... is equal to the degree 0, and 

«i + «» + ... + *« = J (^'i + «). 
; Hence the number of these asyzygetic forms is equal to the number of partitions of 

i(^n + €) 
into 0, or fewer, parts, none of which exceed n; the number is, in fact, the coefficient of 

the ascending expansion of 



(l-a)(l-flur)...(l-aa^)' 



19—2 
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or, denoting 1 — a^ by (s) for brevity, this is the coefficient of a?* <••*+** in 

(n-f !)(?» + 2)... (w + g) 
(1)(2)...W 
The form a^'^ a,«-^« A*- ^2*^*" . . . f 2* 

is reducible only if it be factorizable into other forms. This fact enables us to specify 
the conditions which lead to irreducibility and thus to specify those partitions of 

into or fewer parts, which give irreducible forms. If the form can be exhibited in two 
ways as the product of irreducible forms of lower degree and order, we have evidence 
of one or two syzygies according as € = or > 0. These observations will be verified as 
the work proceeds. The first of them enables us to find forthwith an inferior limit to the 
maximum order of covariants of given degree to a quantic of given order. A preliminary 
observation is that, if the form 

of degree 0, has a factor 

of degree 0i (< 0) and order €i (< e), the partitions of J {0n + e) into 0, or fewer, parts 
must include some partition of 

into 01, or fewer, parts. 

Inferior Limit to the maximum degree of an invariant to a quantic of even order 2n. 
Consider the invariant 

of degree 27i— 1, to the quantic of order 2n; there being n-1 symbolic factors with 
exponent 2n and n with the exponent unity. 

Denote it briefly by 

(2n)«-^ 1« 

This is a partition of 

i (2n - 1) 2n 

into 2/1 — 1 parts none greater than 2n. 

Assuming this partition to contain a partition of tn into t parts where ^ < 2n — 1 we ^ 

must have / 

ti.2n + (t-ti)l^tn, I 

where ti^t j 

Hence t = =- t ; i 

n— 1 I 

but this condition cannot be satisfied, for on the one hand ^ < 27i — 1, and on the other\ 



ti must contain m — 1 as a factor, circumstances which are incompatible. { 

Hence the form is irreducible and so also is its conjugate obtained by interchange of. 
suffixes. , 

Theorem. Two irreducihle orthogonal invariants, of degree 27i — 1, appertain to tk ^ 
binary quantic of order 2n. 
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Inferior Limit to the maximum degree of an invariant to a quantic of tmeven order 2n -f- 1. 
Consider the invariant 

of degree 4n, to the quantic of order 2n + 1 ; there being 2n — 1 symbolic factors with 
exponent 2n + 1 and 2n + 1 with exponent unity. 

Denote it briefly by 

(2n + 1^-' l*"'^^ 

This is a partition of 

i.4n(2n + l) 

into 4n parts none greater than 2n + 1. 

Assuming this partition to contain a partitiou of ^(2n + l) into 2t parts, where 

t < 2n, we must have 

ei(2n+l) + (2«-01 = <(2n+l), 

* = 2;r:i^' 

which, as in the case of even order, is absurd Hence the form and its conjugate are 
irreducible. 

Theorem. Two irreducible orthogonal invariants of degree 4n appertain to the binary 
quantic of order 2n + 1. 

Inferior Limit to the maaimum degree of an irreducible covariant of given order 2€ to the 

quantic of even order 2n, e being > 0. 

Consider the form 

there being n — e symbolic factors with exponent n — 1. It is of degree n — € + 1 and 
order 26. 

Denote it by 

2n.n-l'»-•f,^ or (2n . n - !»-* ; 26); 

and suppose a factor of the form to be 

(«!«»...««; 2e'), 

where ^<n — e + 1, and e^e. 

We have «i + «» + ... + «* = n^ + e'; 

since the numbers 8i, 8^, ... Se must be drawn from the numbers 



this necessitates either 


2n, n-1, n-1, ...n-1, 




(i) 2n + (^-l)(n-l) = n^ + e', 


or 


(ii) ^(n-l) = n^ + €'; 


(i) leads to 


^ = n-€'+l, 


or 


n-€'+l<n-e + l, 




€<e\ 
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which is inconsistent with the assumption 





e'^e; 


(ii) leads to 


5+e' = 0, 


or 


^ = e' = 0. 


Hence the form is irreducible. 





Theorem. Two irreducible orthogonal covariants of degree n — e + 1 cmd even order 2€ 
appertain to the binary quamtic of even order 2n, e being >0. 

Inferi(yr Limit to the maximum degree of an irreducible covariami of given order e 
to the quaniic of wneven order 2n + 1, € being > 0. 

Consider the form 

there being 2n + 1 — € symbolic factors with exponent n. This form is of degree 2n + 2 — e 
and order e; denote it by 

2n + 1 . n*'*+^- f/, or (2n + 1 . w»«+i- ; e). 

Suppose a factor of the form to be 

of degree and order e', where 

^ < 2n + 2 - €, €' < € ; 

then S« = ^ + i(^ + €'). 

Since the numbers «i, e^, ... 8$ must be drawn from the numbers 

2n + 1, n, n, ... n, 



we have either 




(i) 


2n + H-(d-l)n = ^n + i(^ + €0, 


or (u) 


en^0n-^\{e + e)\ 


(i) leads to 


^ = 2n+2-€'. 




.'. 2n + 2-e'<2?i + 2-€, 


or 


e< e, 


which is inconsistent with 






e'<6; 


(ii) leads to 


^=€'=0. 



Hence the form is irreducible. 

Theorem. Two irreducible orthogonal covariants of degree 2w + 2 — e and order e 
appertain to the binary quantic of uneven order 2n+ 1, e being >0. 
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§ 8. Irreducible Invariants and Covariants. 

Degree in coefficients 1 ; order of quantic 2n + 1. 
The form of symbolic product is 

where 8 = n-\-€ + l; 

leading to ai**+'-^*aa«-«f,««+i. 

There is thus one irreducible symbolic product yielding two irreducible covariants in respect 
of each uneven order. The order of the covariant evidently cannot exceed the order of the 
quantic. 

Degree in coefficients 1 ; order of quantic 2n. 

The form of symbolic product is 

where « = n + e ; 

leading to oli^olJ^^^, 

giving one irreducible invariant and two irreducible covariants in respect of each even 
order. The order of the covariant cannot exceed that of the quantic. 

Degree in coeffi^cients 2 ; order of quantic 2n + 1. 
The form of symbolic product is 

where «i + «a = 2n + 1 + €. 

The number of asyzygetic products is equal to the number of binary partitions of 

2w + l + €, 
zero being admissible as a part, and no part exceeding 2n + l. 

The product may contain a factor 

and then «i = n + e' + 1, «, = w + e — e'. 

Hence, for irreducibility, it suffices to have no part of the binary partition equal to 

n + €' + 1, 
for all values of ^ from to € — 1; that is, no part must be taken from the series 

w+1, n-f 2, ... n + e. 
The binary partitions satisfying these conditions are 

2n + l, €; 2n, € + 1; ... n + € + l, n; 
» — € + 1 in number. 
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Hence there are w — € + 1 

irreducible symbolic products and for 

€ = 0, 1, 2, 3, ... 
the number of irreducible covariants is 

n + 1, 2n, 2 (w - 1), 2 (n - 2), ... 
respectively. 

Generally for the order 2e, (e>0), there are 

2(7l-€+l) 

irreducible covariants. 

The theorem given above in regard to the inferior limit to the maximum order shews 
that, for degree 2, the order of an irreducible covariant is at least equal to n; hence 
the results are consistent and in this case the inferior limit is also the superior limit. 

Degree in coefficients 2 ; order of qiuinUo 2n. 
The form of symbolic product is 

where «i + ^a = 2n + €. 

The number of asyzygetic products is equal to the number of binary partitions of 

2?l + €, 

zero being admissible as a part, but no part exceeding 2n. 
The product may contain a factor 

and then «i = n + €', «9 = n-i-€ — e'. 

Hence, for irreducibility, it suflBces to have no part of the binary partition equal to 

n + €', 

for all values of e' from to e; that is, no part must be drawn from the series 

n, n + 1, ... n + €. 

The binary partitions satisfying these conditions are 

2n, e; 2n— 1, € + 1; ... n + e + 1, n — 1; 

/I — e in number. 

Hence there are n — e 

irreducible symbolic products and for 

6 = 0, 1, 2, 3,... 

the number of irreducible covariants is 

n, 2(71-1), 2(n-2), 2(n-3), ... 
respectively. n 



Digitized by vnOOQ IC 



OTHER SPECIAL SYSTEMS OF INVARIANTS. 153 

Generally for the order 2€, (oO), there are 

2(n-€) 
irreducible covariants. 

No irreducible covariants exist when 

Moreover we have established above that 2 is an inferior limit to the maximum degree 
of a covariant of order 2n — 2 to a quantic of order 2n, or, the same thing, that if the 
degree be 2 the order of an irreducible covariant is at least equal to 2n — 2. Hence 
the results are consistent and the inferior limit to the maximum order of an irreducible 
covariant of degree 2 to a quantic of order 2n is also a superior limit. 

Degree in coefficients 3; order of quarvbic 2n4-l. 
The form of symbolic product is 

where Si + «j + «, = 3/1 + € + 2. 

We know that there is one irreducible product of this degree when € is equal to n— 1 
and it will be shewn subsequently that e cannot exceed n — 1. 

Put therefore n = i/ + e, 

so that 2v is the excess of the order of the quantic over the order of the covariant. 

The symbolic product is then 

where «i + «j + «g = 3i/ + 4e + 2. 

We are concerned with the partitions of 

3i/ + 4€+2 
into 3 parts, zero parts being admissible but no part being greater than 

2i/ + 2€ + 1. 
If the product be reducible there must be a factor 

where « = v + € + €' + l. 

and e' < e. 

Hence the condition of irreducibility is that no part of the ternary partition of 

3i/ + 4€ + 2 
must be drawn from the series 

v+e + 1, i/ + € + 2, ... 1/ + 26 + 1. 
I ^hall shew that the number of these partitions is a function of v only. 

• The parts which may compose 

3i/ + 4€ + 2 

> '■ Vol. XX. Part I. 20 
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are separable into two series: 

first series 0, 1, 2, ... p + e; 

second series v+2e + 2, i;-|-2€ + 3, ... 2v + 2€+l. 

Since the sum of three parts of the first series is at most equal to 

3i; + 3e, 

and that of three pai*ts of the second series at least equal to 

3i; + 66 + 6, 

it is seen that the partitions must consist either of one part from the first series and 
two from the second, or of two parts from the first series and one from the second. 

Taking the first alternative the parts may be v — » — ^ — 2 from the first, i; + 2€ + 2+5, 

v + 2€ + 2 + ^ from the second; where s, t assume all values from to v — 2 subject to the 

conditions 

« + <<i'-2, 8^t 

We have therefore a partition of the required form corresponding to every partition of 

„-2 

and lower numbers into 2 or fewer parts. 

This number is the coefficient of 

in the expansion of the algebraic fraction 

1 

(l-a?)(l-a)(l-aa?)(l-cur«)* 

On the second alternative the parts may be v + e — «, i^ + e — ^ from the first series, 

i/ + 2€ + » + * + 2 from the second, where 8, t assume all integer values subject to the 

conditions 

s + t^vl, 8tt 

We have, therefore, a partition of the required form corresponding to every partition of 

and lower numbers into 2 or fewer parts. 

This number is 

Co a^ar-^ in ,^ r-^j ;-t^ r-r -— ; 

(1 -«)(!- a) (1 - cw?) (1 - aa^) ' 

so that taking both alternatives the number is 

Co a V^ m 



(l-a?)(l-a)(l-aa?)(l-aaj») 



= Co,^i T^ TT-TTj -rr = COy_i 



(1 -«?)«(! -^) ""'(l-a?)' 
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Hence the number of irreducible symbolic products is 

and the number of irreducible co variants of degree 3 and order 2€ + l to the quantic of 
order 2n + l is 

2C+^)or(n-6)(K-e + l> 

As a verification it is not difficult to prove that the coefficient of 

in the expansion of the fraction 

(1 >- ax^^) (1 - aa;"+«) ... (1 - aaf^+^) 
(1 « a) (1 - ru:) . . . (1 - cwj»»+i) 

is equal to ^ (n — e) (n — € + 1), and this supplies us with a proof that the order of an 
irreducible co variant of degree 8 cannot exceed 

2n-2. 

Degree in coefficients 3 ; order of quantic 2n. 
The form of symbolic product is 

where «i + «9 + «8 = 3w + c. 

For irreducibility the ternary partition of 

3n + € 
must have no part drawn from the series 

n, n+ 1, ... n + e. 

Putting n = i; + €, 

consider the ternary partitions of 

3i/4-4€ 

no part > 2i/ + 2€ and no part drawn from the series 

!/ + €, !/ + €+!, ... I' + 2€. 

The possible parts are in two series: 

first series 0, 1, 2, ... i/ + € — 1; 

second series i/ + 2€ + l, i;4-2e+ 2, ... 2i/ + 2e ; 

and, clearly, we must take one part from the first series and two from the second or 
two from the first and one from the second. 

On the first alternative the parts may be i; — » — ^ — 2 from the first and i'-i-2€ + l+«, 
i' + 2€ + l + ^ from the second; and on the second alternative, v + e — 8 — 1, i/ + € — ^ — 1 from 
the first and i/+2€ + « + * + 2 from the second. 

20—2 
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In both cases a partition corresponds to every partition of 

and lower numbers into 2 or fewer parts. 

Hence the enumeration is given by 

2 Co a*ar-* in t^ -jz ^7= r-rz —. 

(1 -«?)(! -a)(l -aa?)(l -CUB*) 



If V be even this is 



If V be uneven it is 



-20o^^^__^^^^_^^^-2Co^-^^y . 

2x 



2Coj 



(K-I) 



(1-^)' 



= 4(^ 



.A/iC^+l)] 



Hence the number of irreducible symbolic products is ^i/" or J^(i/* — 1) according as v is 
even or uneven. Thence the number of irreducible invariants of degree 3 to the quantic 
of order 2n is 

in» or i(^'-l)> 
according as n is even or uneven; and the number of irreducible covariants, of degree 3 
and order 2€ (e > 0), is equal to 

(n— €)• or (n — €)* — 1, 

according as n — € is even or uneven. 

This result is clearly consistent with the previously established theorem which states 
that for the degree 3 the inferior limit to the order of an irreducible covariant is n — 2. 
The facts that have been discovered in regard to the quantic of general order are complete 
as far as the third degree in the coeflScients inclusive and we may now enumerate the 
syzygies of the second and third degrees in the coefficients. 

The syzygies, between symbolic products, are of two kinds, (i) those which involve 
the covariant fif,; (ii) those which are free from this covariant. To obtain a syzygy of the 
first kind it is merely necessary to multiply a covariantive symbolic product by its conjugate 
to obtain a form which is divisible by some power of fifj. I propose to avoid these by 
restricting myself to symbolic products of the form 

ai»«a,~-*» ... fa*; 
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and I proceed to the study of the syzygies of the second kind appertaining to such forms. 
The syzygies of the first kind might be made the basis of the study of the whole question. 
By the method of the present paper they are not necessary. 

The table of fundamental symbolic products is, for a quantic of order 2n + l, 



Order 
4 5 



4) 







1 


















1 




1 




1 




1 




1 


n+1 




n 




n-1 




n-2 




«-3 






ir) 




® 




(";') 




("iO 




C^') 



The corresponding table of invariants is obtained by multipljdng all numbers except those 
in the first row and first column by two. 

Of any degree-order we have the known theorem which states that the number of syzygies 
is equal to the excess over the asyzygetic forms of the sum of the number of compounds and 
the number of irreducible forma 

There are clearly no syzygies of degree 1. 

Syzygies of Degree 2. 

Order of Qtiantic 2n+ 1. 

The number of asyzygetic symbolic products of type 

is equal to the number of binary partitions of 

2n + € + 1, 
no part being greater than 2n+l. 

This number, when e is of the form 2€i or 2€i + l, is equal to 

n - ei + 1. 

Moreover there is one irreducible symbolic product of 4egree one, for each uneven order, and, 
compounded of these, we have for the degree 2, and order 2e, €i or €i + 1 compounds ; also 
of degree 2 and order 2€ we have n — € + 1 irreducible symbolic products. Hence 
n — €i + 1 + number of syzygies = €i + n — € + 1, 

or =€i + l + n — € + 1, 
according as € is of the form 2€i or 2€i + 1. 

In either case we find the number of syzygies equal to zero. 
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Syzygies of Degree 2. 
Order of Quantic 2n. 
For a quantic of even order 2n the table of fundamental symbolic products is 



1 



3 



Order 
4 



8 



1 

^2 







1 














1 




1 




1 




1 




1 


n 




n-1 




n-2 




n-3 




n-4 


in' 




H«-i)' 




i(«-2)' 




i(«-3)' 




i(«-4)* 



where, in the fourth row, we take 

j{(„_,)._i} 

if n — € be uneven. 

Here, for degree 2, the number of asyzygetic symbolic products of type 

is equal to the number of binary partitions of 

2n+€, 

no part being greater than 2n. This number is equal to n — €i+l or n — ei according as e 

is equal to 2€i or 2e, + 1. Moreover there is one irreducible product of degree 1 for each 

even order, and, compounded of these, we have for the degree 2 and order 2e, e, + 1 compounds ; 

also of degree 2 and order 26 there are 

n — € 
irreducible symbolic products. 

Hence, for € = 2€i , 

number of syzygies = (ci + 1) + (w — 2ei) — (n — ej + 1) = 0, 
and for € = 2€i + 1, 

number of syzygies = (ci + 1) + (w — 2€i - 1) — (n — €i) = 0. 

In both cases the number of syzygies is zero. 

Hence for no quantic is there a syzygy of degree 2. 

Syzygies of Degree 3. 
Order of Quantic 2n + I. 

I proceed to prove that the number of fundamental syzygies of order 26 4- 1 is the 

nearest integer to 

i(€ + 1)', where n ^ e. 
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The number of asyzygetic symbolic products of degree and order 3, 26 + 1 is, by 

previous work, 

p (2n -h 2)(2n -h 3)(2n + 4) 

^^««+«+« (1)(2)(3) • 

Compounds are obtained by multiplying products of degree 1 and order 2^+1 by products 
of degree 2 and order 26 — 2t for all values of t from to e ; the number of these is 

(n-6 + l) + (n-€)+...+(w + l) = n(e+l)-(2Wl. 

Compounds are also obtained by taking the products of degree 1, three together; the number 
of these by a well-known theorem is equal to 

^^•-(1)(2)(3V 

Moreover the number of irreducible products is 

i(n-€)(n-e+l). 
Hence the number of syzygies is 

/ . IX /'«^ . 1 . 1/ \i ^i\ . n 1 n (2n + 2)(2n + 3)(2rH-4) 

It is somewhat remarkable that the number, denoted by this expression, is independent 
of n and probably there is some easy way of establishing this a priori. I found this to 
be the case by actually working out the value of the number. The result is easily verified, 
so that I do not intend to reproduce the investigation here. 

Assuming the value to be independent of n it follows that n may be assigned any 
suitable integer value for the purpose of arriving at the number of the syzygies. 

I find it most convenient to put n equal to e + l, viz., to assign to n the least value 
which yields an irreducible product of degree 3 and order 26. 

The expression to be evaluated theu becomes 

. -.X. 1 / ix . 1 . 1 . n 1 n (2€ + 4)(26 + 5)(26 + 6) 



^(1)(2)(3) ^^^^•(1)(2)(3)^^^+\1)»(2)' 

When e=26i the last three terms may be written 

x(l + x)(l + a^) w(l+x)(l+a^) xjl+xf 

^*^' (2)^(6) ^•"■" WW) '■" (2)» ' 



or 



or 



^'^WW)~ '*'WW) \ 2 )' 

■(1^3) ^••■'^ {im) 



„ x + a? „ 5a; +lla*+lla;' + 5a!* /2e,+ 2\ 
^" (lW3) " ^••+^ (IWS) "^ V 2 )' 
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-^^- (1)«(3) -^H 2 j' 

-5Co..i^-5Co.._,i-^ + 2(2Y'). 

-C'2VK%"^)-KV')- 

Hence, for 6 = 26,, the whole expression is 

2e,« + 6€i + 3 - 1 (e,' + 3e, + 2) - f (e,* + e,) + 4«i' + 6e, + 2, 

which is e,* + e, or JCe + l)* — J. 

On the other hand, when 

e = 2e, + 1, 

the three terms may be written 



'(1)(2)(3) — •-^•(1)(2)(3) — '■^•(1)^(2) • 
^""^ ^-- (1)(2)(3)"^*'"(I?(3)' 

p« ^ -n^ ^±^-ro (i + ^)'a + ^) 

^**^+* (1)(2)(3) ~ *•'■'' (1)*(3) ~ ^ ^'+* (2)«(6) 

- ^*.+. ^i^^gj - ^^0*,+. (2)«(6) 

„ l+lOx+lOaf + lOaf + w* 
= Co„+i 



(1)'(3) 



Therefore 



^°«•.7TT79^7a^~^°<^+» 



(1)(2)(3) -">-^'(l)(2)(3) 

1 + 9a! + 10a!« + 9a!» + aj« 



= -Co, 



'.,+1 ■ 



(1)(2)(3) 



Hence for € = 2ei + l the whole expression is 

+ 2Coa,j+i ^Y^ , 

which is 

- 3€x« - 86, - 5 + 4€i« + 1 Oei + 6 = €i» + 2ci + 1 = (ci + 1)«, 

and this is H^+l)*. 
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Hence the number of syzygies of degree 3 and order 26 to the quantic or order 2n + 1 
is in every case the nearest integer to 

where, firom previous work, e does not exceed n. 

As an illustration we have one syzygy deg-order 3, 3 for the cubic, viz. : — 

one syzygy deg-order 3, 3 for the quintic, viz. : — 

and generally one syzygy deg-order 3, 3 for the 2n + 1-ic, viz,: — 

Similarly for the quintic we have two syzygies of deg-order 3, 5, viz. : — 

a,%fi,%' . 7iV^.' = <^i%' . 7iVw8i A*. 

and generally, for the 2n + 1-ic, n > 2, 

the syzygies for the 2n + 3-ic being obtained from these by multiplication throughout by 

Syzygies of Degree 3. 

Order of Quantic 2n. 

It will be shewn that the number of fundamental syzygies of order 2e is the nearest 
integer to 

The number of asyzygetic symbolic products of degree and order 3, 26 is, by previous work, 

(27H-l)(2n + 2)(2n + 3) 



Co,i»+. 



(1)(2)(3) 



Compounds are obtained by multiplying products of degree 1 and order 2t by products 
of degree 2 and order 2€ — 2t where t has all values from to e. The number of these is 



(n-€)+(n-€ + l) + ... -hn or n(€+l)-r ^ ) 



Compounds are also obtained by taking the products of degree 1 three together. The 
number of these is 

r 1 

''^•(l)(2)(3)- 
Vol. XX. Part L 21 



/ 
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Moreover the number of irreducible products of degree 3 and order 2e is 

h{n-ey or ^(n-e)*-^ 

according as n — e is even or uneven. Hence when » — e is even the number of syzygies is 

/ ,N 1 / . IX 1/ \, . r. 1 r> (2n + l)(2n + 2)(2n + 3) 
«(e + l)-i6(€ + l) + K'^-6)' + Co.^-jy^2^-Co«.+.^ (1)(2)(3) "• 

It may be verified that this number is independent of n ; we may therefore give n any 
value such that n — € is even; it is convenient to put m = € and then the number has the 
expression 



^€(6 + 1) + Co. TTw^ - C04. TTw^x + Co^-i ^ 



which is 



Now 



'(1)(2)(3) 



'(1)(2)(3) 



(1)'(2)' 



^e(e + 1) + e(e + 1) + Co. ,, , ,],^ ,^, - Co^ ^ 



(1)(2)(3)- 



(1)(2)(3) 
(2)>(6) 



^°<' /iW9!wa^ - '^^'^ (2)>(6) ~ ^ (fSTa^ 
(l+^)0-Hr)'(l+a?) 



(1)(2)(3)- 
(1)'(3) 



= 00,.' 



(2)^(6) 



_ p (1 + x)(l + x + 2a^ ) 



Hence 



Co. 



(1)(2)(:3) 



o\-Co< 



■'•(1)(2)(3)-'^^' (1)(2)(3) 



(1)(2)(3) 



= - 3Co._, 



(1)'(2) 



- 2Co.. 



If e = 2^ this is 



'(1)'(2)- 



or 






-6('.J')-<W<;')--V-3..; 

giving a number of syzygies equal to 



which is 

If e=2ei+l, 



J26,(2€,+l)-56.'-3e., 
fi* or Je'. 



Co. 



1 r. 1 

-C04.- 



(1)(2)(3) ^"^(1)(2)(3) 



— 3Co^, -p^ - 2C0,.. -(2)r- 
= -3Co,^-4Co.._.J^; 
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or — 5ei' — 8ei — 3 ; 

giving a number of syzygies equal to 

f(2€i + l)(2€i + 2) - .5€,« - 8ei - 3, 

or €i* + €i, 

or i€»-i. 

Hence when n — € is even, the number of syzygies is the nearest integer to Jc*. 
Next consider the case when n — e is uneven; the number of syzygies is then 
/ ,x 1 / -.N . 1/ X. 1 . r. 1 n (2n + l)(2n + 2)(2n + 3) 

n(€+l)-i€(€+l)+i(n-6y~i+C0,^-jy^2y^-C()^+,^ ^'^^ ^g^ ^3^^ ^. 

Putting n = € + l, we find 

or, after some simplification, 

K* + l)(3e + n) + Co.^-j^^-Co,.,^-j^^. 

Now U>u^ (1)(2)(3) ° ^°-+^ WW) 

_ p« 'g + '^ _ p„ fl;(H-a;)'( l + a;») 
- 00^+. (i^,^3^ - 00^ p^j^g^ 

_ „ Sa? + 2a.-' + 3a;* _ „ 3 + 2a;+ Sa:' 

~ ^•+' am) • (i)'(3) • 

Hence C!o, . . — Co4,+, 



(1)(2)(3) - "^' (1)(2)(3) 

_p l-(l+a;)(3 + 2a; + 3a;') 
-^' (1)(2)(3) . 

__p 2(l+a; + a') + 3a!(l+a! + a;') 
(1)(2)(3) 

= -2Co.7r47o-x-3Co,_, -^ 



If e = 2ei this is 



(in2) ^'(i)'(2)' 



or - 2Co^ ^;, ^- - 6Co,,_i y^^ , 



or 



(l),--6Co.._,^-j^, 

or -5€i»-7€i-2 or -f€"-^e-2. 

Hence the number of syzygies is 

i(6+l)(3€+4)-f€»-|6-2, 

or Jc*. 
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If e = 2e, + 1, Co. .^..^wq., - Co^, 



or 



(1)(2)(3) ^\^^» (1)(2)(3) 
- - 2O0»,+, —^ dCo^. -p^ 

= -'*Go.,^-3Co.,-^. 



Hence the namber of syzygies is 

i(6 + 1)136 + 4) - J(e - 1)« - 6 (e - 1) - 7. 
or i^-\. 

Hence when n — e is uneven the number of syzygies is always the nearest integer to Jc*. 

To resume these results we have the theorem: — 

The number of syzygies between symbolic products of order 3 and order 2e + 1 or 2e 
to the quantic of order 2n + 1 or 2n, the products being free from fi, is the nearest integer to 

^(e + l)^ or Je" respectively. 

Doubling these numbers we obtain the number of syzygies, free from fifj, amongst the co- 
variants. 

Illustrations are: one syzygy, degree 3 order 4 for the quartic, viz.: — 

one syzygy, degree 3 order 4 for the sextic, viz. : — 

two syzygies, degree 3 order 6 for the sextic, viz.: — 

The corresponding syzygies for the quantic of order 2w are : — 

Degree 3 order 4, 

a,^'a,^'%^ . A^A^-^i**- V^^l.' = a,»+^a,^ V"'72*+^ . A'*^A'»-«f »^ 

Degree 3 order 6, 

So far the results are complete in regard to the third degree in the coefficients for all quantics. 

I have obtained incomplete results in regard to the fourth degree in the coefficients which 
I reserve for a future communication. 



Digitized by vnOOQ IC 



TRANSACTIONS 



OF THE 



CAMBRIDGE 



PHILOSOPHICAL SOCIETY. 



VOLUME XX. No. VIL 



CAMBRIDGE: 
AT THE UNIVERSITY PRESS. 



M.DCCCC.VI. 



Digitized by VjOOQ IC 



ADVERTISEMENT. 



The Society ds a body is not to he considered responsible for any 
fobcts and opinions advanced in the several Papers^ which must rest 
entirely on the credit of their respective Authors. 



The Socibty takes this opportunity of expressing its grateful 
acknowledgments to the Syndics of the Universitj" Press for their 
liberality in taking upon themselves the expense of printing this 
Number of the Transactions. 



Digitized by 



Google 



VII. A comparison of the results from the Falmouth Declination and 
Horizontal Force Magnetographs on quiet days in years of Sun-spot 
mxxximum and minimum. (From the National Physical Laboratory.) By 
C. Chree, ScD., F.II.S. 
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§ 1. In a recent paper, described for sbortness as (B)*, I have discussed the mean 
results from the Falmouth magnetic records for 1891 to 1902 on the "quiet" days selected 
annually by the Astronomer Royal. A previous paper described as (A)f contained a 
similar discussion of the Kew results for 1890 to 1900, and in addition investigated the 
diflFerences at Kew between a sun-spot maximum period 1892 to 1895 and a sun-spot 
minimum period consisting of 1890, 1899, and 1900. The present paper aims at investi- 
gating the diiference between a sun-spot maximum and a sun-spot minimum period at 
Falmouth. For the former period I have taken the same years as for Kew, viz. 1892 
to 1895, but for the sun-spot minimum period the four consecutive years 1899 to 1902. 

It was shown in (B) that in the average year there is a remarkable agreement between 
a number of phenomena at Kew and Falmouth, especially the times of occurrence of maxima 
and minima In (A) it was shown that a considerable difference exists between sun-spot maximum 
and minimum years at Kew, not merely in the amplitude but in other features of the diurnal 
inequalities, and it was obviously desirable to make sure that this was no purely local 
phenomenon. It is not of course safe to assume that the difference between two sub-groups of 
years from a single sun-spot cycle is an absolutely exact arid undhanging measure of sun-spot 
influence. One 11 -year period differs from another in its average sun-spot frequency. There is 

♦ Phil. Trans, Roy, Soe., Vol. 204, A, p. 373. t Ibid. Vol. 202, A, p. 335. 
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also some direct evidence* that the relation between sun-spot frequency and magnetic diurnal 
variation varies somewhat from one epoch to another. Still it would appear that no great 
change in this relation has taken place since regular magnetic observations were commenced, 
and the sun-spot cycle now dealt with is a fairly average one, thus the results to which the 
investigation leads may be accepted with considerable confidence as fairly representative. Even 
if less representative than I believe them to be, they will serve a useful purpose in bringing out 
the notable differences that exist in magnetic phenomena within a short series of years. 

§ 2. In (A), § 2 gave particulars of Prof. Wolfer's sun-spot frequency from 1890 to 1900. 
The following Table I supplies the additional details necessary for dealing with the period 1891 
to 1902. Wolfer 8 great Table f of revised frequencies ended with 1901. The data in Table I 
for 1902 are from his quarterly lists in the Met, Zeitschrift which are liable to revision. It is 
unusual, however, for revision to introduce more than minute changes in Prof. Wolfer's figures, 
and as 1902 was a year of very small sun-spot frequency, revision could hardly modify the mean 
results to an appreciable extent. The differences in the last line of Table I are employed in 
calculating the coneftants of Wolfer's sun-spot magnetic relation formula by the method of 
groups of years described in (A) § 52. 

Table I. 
Sun-Spot Frequency (after Wolfer). 





























Mean 




Jan. 


Feb. 


Maroh 


April 


May 


June 


July 


August 


Sept. 


Oct. 


Nov. 


Dec 


for 
whole 
Year 


1901 


0-2 


2-4 


4-5 


0-0 


10-2 


5-8 


0-7 


10 


0-6 


3-7 


3-8 


0-0 


2-7 


1902 


6-7 


00 


14-8 


0-0 


3-5 


1-1 


0-9 


1-8 


8-0 


12-7 


6-3 


0-8 


4-7 


Means for 




























1891 to 1902 


36-64 


39-25 


33-73 


38-02 


40-35 


42-11 


40-27 


41-12 


40-63 


38-71 


32-16 


36-28 


38-27 


1892 „ 1895 


72-65 


75-10 


57-22 


79-05 


83-25 


83-72 


79-85 


9245 


66-07 


73-40 


61-07 


75-77 


74-97 


1899 „ 1902 


8-95 


6-30 


11-50 


7-55 
71-50 


915 


9-87 


5-85 


2-50 


6-32 


10-57 


5-60 


2-90 


7-25 


Difference 
SmAX.— Smia. 


63-70 


68-80 


45-72 


74-10 


73-85 


74-00 


89-95 


59-75 


62-83 


55-47 


72-87 


67-72 

1 



As has been remarked by Mr EUisJ, when we consider the whole series of years for which 
Wolfs and Wolfer's figures exist, the mean value is so nearly alike for each season of the year 
as to discourage the idea of an appreciable annual variation in sun-spot frequency. But if 
we confine ourselves to 11, 22, or even 33 years, very considerable differences do exist between 
the means for different months of the year. In the present case it happens that certain months 



• PfUL Tram. Roy. Soc, Vol. 208, A, pp. 164, 15S, Ac. 

X Monthly Notiees, Royal Aitronomieal Society, Vol. 60, p. 153. 



t Met. Zeitsckrift, 1902, p. 193. 
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show relatively low frequencies in years of sun-spot maximum and relatively high frequencies in 
years of sun-spot minimum, whilst other months have high relative frequencies in years of 
maximum and low frequencies in years of minimum. Thus the differences in the last line of 
Table I do vary somewhat conspicuously, the value for August being nearly double that for 
March. The uncertainties thus introduced are discussed in a recent paper*. 

§ 3. The present paper makes use to a minor extent of data for areas of faculae, umbrae 
and whole sun-spots as recorded photographically at Greenwich, Mauritius, and Dehra Dilln, 
and communicated by the Astronomer Royal to the Royal Astronomical Society. The figures 
employed here are taken from the Society's Monthly Notices, Vol. LXiii, Table 11, p. 465. This 
Table gives two sets of data for the mean daily areas of the year, described here for brevity as 
" Projected" and "Corrected," or "P" and "C." The former are the areas as seen and measured 
on photographs, expressed as millionths of the sun s apparent disc ; the latter are the areas as 
corrected for foreshortening, expressed as millionths of the sun's visible hemisphere. For the 
present purpose the size of the unit employed in any measurement of solar activity is im- 
material, but it is desirable to compare the modes of variation of the several quantities 
throughout the 12 years. This object is secured in Table II by expressing the faculae, umbrae 
or whole spots, as the case may be, in terms of their mean value throughout the 12-year period 
taken as unity. The absolute values of the several 12-year means, in the units employed by 
the Astronomer Royal, are given at the foot of the Table. Comparative data are also given for 
Wolfer's frequencies. 

Table II shows that whilst the mean absolute P and C values differ by from 10 to 40 per 
cent, according to the element, their variation proceeds in each case in a very similar way 
throughout the twelve years. We thus see at once that so far as concerns the existence of 
a general connection between magnetic elements and the Greenwich faculae, umbrae, or whole 
spots, the conclusion come to is sure to be pretty much the same whether use is made of the 
projected or corrected areas. It is also evident that the mode of variation in the areas of whole 
spots and umbrae is so closely alike that it is sure to be pretty nearly indifferent whether 
we employ whole spots or umbrae in Wolf's formula in place of his sun-spot frequency. 

It will be noticed that the means of the corrected areas for whole spots and umbrae are as 
nearly as possible in the ratio of 6 to 1. If this somewhat curious fact be borne in mind, 
the parallelism in the variation of whole spots and umbrae is readily recognised even in the 
Astronomer Royal's absolute values. 

The mode of variation of the faculae is conspicuously different fcovn that of whole spots or 
umbrae in the years of sun-spot maximum, there being an enormous excess in the figures for 
1892 as compared to subsequent years, especially 1894, which is not seen in the case of the 
other elements. 

* Phil. Tram. Roy, Soc., Vol. 208, A, p. 151 (especiaUy § 18, p. 166). 
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Table II. 

Mean annual valties of Fa^culas^ UmbraSy and Sun-spots, expressed as decimals of their arithmetic 

mean from 1891—1902. 



Tear 


OBBBNWICH 


Wolfer-s 
Son-spots 


Faonlae 


Umbrae 


Whole Sun-spots 


Projected 


Corrected 


Projected 


Corrected 


Projected 


Corrected 


1891 


1-120 


1-100 


0-860 


0-861 


0-918 


0-947 


0-930 


1892 


2-735 


2-546 


1-827 


1-857 


1-966 


2-020 


1-907 


1893 


1-937 


1-872 


2-343 


2-336 


2-443 


2-436 


2-218 


1894 


1-411 


1-462 


2-271 


2-306 


2-129 


2-133 


2-038 


1895 


1-744 


1-774 


1-698 


1-687 


1-639 


1-621 


1-672 


1896 


1053 


1-098 


0-910 


0-898 


0-918 


0-903 


1-092 


1897 


0-827 


0-895 


0-874 


0-879 


0-856 


0-855 


0-685 


1898 


0-650 


0-694 


0-666 


0-639 


0-655 


0-624 


0-698 


1899 


0-252 


0-262 


0-193 


0180 ■ 


0-196 


0-185 


0-316 


1900 


0-127 


0-140 


0-158 


0170 


0125 


0-125 


0-248 


1901 


0-019 


0-023 


0-100 


0-086 1 


0-051 


0-048 


0-071 


1902 


0-127 


0-134 


0-100 


0-100 ' 


0-106 


0-103 


0-123 


Mean 

absolute 

value 


1180-9 


1284-1 


139-58 


100-15 


811-75 


601-00 


38-27 



Diurnal Inequalities. Ranges, &c. 

§ 4. Table III gives for both Declination and Horizontal Force — referred to generally 
as D and H for brevity — the ranges and the sum of the 24 hourly differences from the mean 
of the day in the diurnal inequalities for each month of the year and the year as a whole. 
" Range " here means the difference between the gi-eatest and least mean hourly values. There 
is a considerable "non-cyclic" or aperiodic element in the annually published Falmouth Tables, 
especially in H (see (B), p. 376), which has been eliminated in forming the diurnal inequalities. 

The quiet days numbered five a month, so that an hourly mean for a particular month 
from a four-year period is based on 20 curve measurements. Individual measurements aim 
at O'l in D and ly in H, so that the degree of accuracy in the hourly values should be of 
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the order 0'*01 in D, and 0*1 7 in fl". For convenience in eliminating the non -cyclic element 
the hourly values were really taken out to 0*01 7, but the last 6gure has been discarded in 
Table III in all the H columns, as well as in the D columns devoted to the sum of the 24 
differences. The discarded figures were used, however, in calculating the results dealt with 
later in Table XV. 

Table III. 



Month 


Declination (nnit 1') 


Horizontal Foioe (unit 0-1 y) 


Banges 


Sam 24 difierenoea 


Banges 


Sam 24 difleienoes 


5 max. 


S min. 


1 
S max. S min. 


Smax. 


8 min. 




Smin. 


January 

February 

March 

April 

May 

June 


506 

6-71 

10-74 

12-27 

11-99 

12-42 

12-18 

12-79 

11-48 

8-70 

601 

4-26 


3-37 
3-77 
7-26 
9-20 
8-32 
8-59 
8-80 
8-93 
7-90 
6-47 
3-85 
2-24 


31-2 
43-0 
61-7 
56-8 
59-8 
65-2 
60-2 
62-7 
67-1 
46-3 
31-3 
28-0 


15-9 
18-9 
33-0 
39-9 
36-3 
43-2 
41-0 
42-5 
37-2 
29-4 
16-8 
12-7 


231 
296 
368 
491 
509 
513 
505 
495 
423 
345 
278 
191 


128 
116 
207 
316 
274 
328 
312 
309 
284 
248 
155 
71 


1270 
1620 
' 2289 
3017 
3340 
3279 
3286 
3146 
2453 
2195 
1738 
1071 


561 

702 

1087 

1752 

1755 

1989 

1806 

1750 

1635 

1540 

881 

416 


July 

August 

September ... 

October 

November ... 
December ... 


Year 


9-47 


6-25 


49-6 


30-2 


373 


219 


2258 


1236 



The range as deiSned here is necessarily an underestimate unless both maximum and 
minimum should happen to coincide with exact hours G.M.T. The sum of the 24 differences 
is less dependent on the choice of the origin of time, and is probably the better measure of 
the activity of the forces to which the diurnal inequality is due. 

It will be noticed that whilst December is unquestionably the month when the diurnal 
inequality is least, the difference between December and January is less marked in the case 
of the 24< differences than in the case of the ranges. It is also less marked in the sun-spot 
maximum than in the sun-spot minimum period. . 

§ 5. The relative variability of the diurnal inequality throughout the year is, as at Kew, 
decidedly less in years of many than in years of few sun-spots. This will be readily seen on 
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comparing the two curves of Fig. 1. The full line curve answers to the sun-spot maximum, 
the broken line curve to the sun-spot minimum group of years. The ordinates represent 
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0-8 




/ 


f $ 

1 
/ 
/ 
/ 
















V 


\ 






0"6 
0-4 
























\ 

V 


^ 

^ 
^ 


























K 







1-4 
1-2 
1-0 
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Jan. Feb. Mar. April May June July Aug. Ser Oct. Nov. Dec. Jan. 

Fio. 1. 

the ratios borne by the sum of the 24 hourly differences for individual months, as given in 
Table III, to their arithmetic mean. The ratios shown are the means of those calculated 
for I) and H. 

§ 6. A complete record of the mean hourly values in the diurnal inequalities for 
each month of the year in sun-spot maximum and sun-spot minimum years would occupy 
too much space. A good general idea of .the phenomena can be derived from the 
accompanying vector diagrams for December, March, June, and the year as a whole 
(Figs. 2 to 5). The dotted curves are for the sun-spot maximum, the full line for the 
sun-spot minimum period. 

As already mentioned, December represents the minimum of diurnal movement. 
March is fairly representative of the equinoctial months (March, April, September, 
October), and June represents the four summer months (May to August). N& and EW 
represent astronomical north-south and east-west directions. Their intersection serves as 
origin, and the line MM' represents the mean position of the magnetic meridian during 
the 12-year period, viz. 18*" 47' '4 west of north. The numerals indicate the hours of 
the day, counted from midnight Q.m.t. The line drawn from the origin to any numeral 
represents in direction and magnitude the value at the hour specified of the horizontal 
component of the disturbing force to which the diurnal inequality may be ascribed. 
The scales on which the curves are drawn are indicated on the diagrams 

(10 7 = -0001 CG.s.). 

The sun-spot maximum and sun-spot minimum curves are drawn from a common 
origin except in the case of December. 

The difference between the size of the vectors in years of S max. and 8 min. is 
too obvious to require detailed comment. 
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§ 7. The mean decimation for the S max. period really exceeded that for the 
8 min. period by 36' '5, but so small an angle could not have been shown clearly in 
the diagrams. It is ob\dous to the eye that the vector for the 8 min. curve is in 
advance of that for the 8 max. curve at noon and in the early afternoon, but this is 
not generally the case throughout the whole 24 hours. Owing however to the slowness 
of the angular change throughout the night, vector diagrams would require to be drawn 
on an excessively large scale to facilitate a study of this phenomenon. I have accordingly 
calculated the exact hourly values of the vectorial angles in both the 8 max. and 8 min. 
periods. The approach of the 8 min. period to an ideal definite condition, viz. a total 
absence of sun-spots, would naturally lead one to pay it chief attention; but owing to 
the smallness of the diurnal changes, the calculated vectorial angles for this group of 
years are exposed to considerably larger probable errors than those for the S max. group 
of yeara The latter have thus been selected for exhibition in Table IV. The angles, 
though recorded only to whole degrees, were calculated to the nearest 0°*1. They are 



Table IV. 



Vectorial Angles for 8 max. period. 



Forenoon 



Hour 


1 


2 


3 


4 


5 

15 
43 
23 
35 
57 
60 
55 
50 
44 
17 
10 
22 


6 


7 


8 


9 


10 


11 


12 


January... 
February. . 

March 

April 

May 

June 

July 

August ... 
September 
October... 
November 
December 


48 

52 

23 

6 

4 

10 
2 
8 
18 
26 
25 
77 


38 
58 
19 
15 
18 
18 
18 
15 
17 
22 
12 
76 


27 
62 
20 
26 
32 
31 
23 
25 
29 
18 
12 
55 


20 
51 
23 
32 
47 
47 
32 
35 
33 
15 
6 
29 


o 

4 

40 
27 
42 
71 
77 
74 
65 
59 
24 
15 
20 


16 
35 
49 
62 
86 
91 
84 
84 
79 
37 
24 
23 


37 

45 

75 

78 

103 

103 

96 

101 

98 

72 

51 

41 


77 

84 

99 

99 

118 

116 

114 

120 

121 

101 

97 

77 


134 
132 
126 
125 
142 
137 
137 
147 
150 
129 
131 
129 


172 
173 
164 
167 
172 
164 
166 
180 
183 
165 
165 
176 


262 
203 
201 
194 
203 
206 
198 
212 
221 
203 
197 
205 


Year... 


21 


25 


29 


33 


41 


52 


68 


86 


108 


136 


170 


205 
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Table IV continued. 
Afternoon 



Hoar 


1 


3 


8 


4 


5 


6 


7 


8 


9 


10 


11 


12 


January... 


221 


240 


233 


22°8 


229 


274 


334 


378 


399 


409 


410 


413 


February.. 


221 


233 


239 


244 


255 


305 


321 


344 


364 


385 


397 


402 


March 


223 


237 


249 


261 


276 


323 


352 


35§ 


368 


373 


372 


378 


April 


215 


231 


246 


263 


289 


327 


340 


339 


343 


341 


351 


361 


May 


225 


239 


255 


280 


308 


328 


340 


340 


345 


342 


348 


356 


June 


227 


241 


258 


275 


294 


313 


332 


337 


341 


337 


350 


355 


July 


219 


236 


254 


270 


300 


324 


337 


340 


342 


340 


345 


354 


August ... 


232 


244 


255 


275 


314 


346 


347 


348 


351 


354 


357 


363 


September 


239 


248 


252 


253 


293 


349 


352 


358 


359 


361 


365 


374 


October... 


223 


233 


242 


240 


263 


315 


340 


349 


369 


376 


384 


386 


November 


213 


227 


235 


247 


286 


310 


.328 


353 


375 


390 


401 


401 


December 


220 


228 


234 


241 


271 


309 


336 


366 


387 


408 


413 


430 


Year... 


224 


237 


248 


261 


290 


323 


340 


347 


355 


360 


369 


377 



measured from an initial line drawn towards astronomical north, the positive direction 
of rotation being supposed clock- wise (N., E., S., W.). To avoid the appearance of 
discontinuity, angles in excess of 360° usually appear in the late afternoon hours, but 
the meaning attaching to, say, 400^* is of course the same as that attaching to 40°. 

The Table will, it is hoped, afford a useful check on speculations as to the 
immediate cause of the diurnal inequality. In any comparisons it is important to 
remember that the hours being g.m.t. differ considerably — especially in months when 
the equation of time is large and positive — from local solar time* 

The variation in the vectorial angle with the season will be seen to be com- 
paratively small from 10 a,m. to 4 p.m. ; it is large from 10 p.m. to 2 a,m., and also 
at 6, 7 and 8 a.m. and at 5 and 6 p.m. 

§ 8. To give full details of the differences between the S max. and S min. vectorial 
angles for every hour of every month would have entailed another long Table; accordingly 
in Table V I give only mean results for the four months comprising Winter, Equinox and 
Summer, and results for the year. The last, it should be noticed, are derived directly from 
the mean annual diurnal inequality, and so, unlike those for the three seasons, are not 
arithmetic means of differences for individual months. The sign has been taken as plus 

* Falmouth local time is 20*3 minntes later than Greenwich. 
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Table V. 
Excess of Vectorial Angle in S min. as compared to S max, period. 

Forenoon 



Hoar ... 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


Winter 


+ 21 


+§ 


-65? 


-40? 


-27 


-12 


~2 


e 

+ 1 


+ 9 


+ 13 


+ 15 


+ 14 


Equinox 


- 4 


+ 2 





+ 2 


+ 2 


+ 3 


-1 


-2 


-2 


- 2 


+ 4 


+ 5 


Summer 


- 4 


-3 


- 4 


+ 1 


+ 2 


+ 3 





-3 


-4 


- 3 


+ 2 


+ 10 


Year 


- 5 


-5 


- 9 


- 5 


- 1 


+ 3 


+ 2' 


-1 


-1 





+ 4 


+ 8 



Afternoon 



Hour . 



Winter 

Equinox 

Summer 

Year 



+ 14 
+ 8 
+ 9 
+ 10 



+ 11 

+ 8 
+ 6 
+ 8 



3 



+ 9 
+ 7 
+ 1 
+ 6 



+ 8 
+ 12 
- 5 
+ 5 



+ 24 

+ 40 
- 1 
+ 14 



6 



+ 59 
+ 22 
+ 11 
+ 21 



+ 58 
+ 12 
+ 6 
+ 16 



+ 30 
+ 9 
+ 3 
+ 10 



9 



+ 22 
+ 7 
+ 3 
+ 9 



10 



+ 11 
+ 6 
+ 3 
+ 6 



11 



12 



+ 16 

+ 8 



+ 5 



+ 15 

- 1 

- 2 

- 2 



when the vectorial angle is larger for the S min. than the S max. group of years. A 
query is attached to the 3 and 4 a.m. data in Winter. At these hours the February 
S min. vectorial angle presented outstanding values, and owing to the minute size of 
the vector it.self much might have been due to an element of chance. It will at once 
be seen that the differences between the 8 max. and S min. vectorial angles are 
systematic and have a well marked diurnal variation. 

On the average of the 24 hours the 8 min. angle is the larger, by 8°*75 in Winter, 
e'^O in Equinox, V'3 in Summer, and by 4°1 in the mean diurnal inequality for the 
year. The excess of the S min. angle is most marked about 6 p.m. and 1 p.m. ; from 
midnight to 4 or 5 a.m. the S max. angle is usually in advance. 

§ 9. The times during which the 8 min. and 8 max. angles are respectively the 
larger are shown graphically in Fig. 6 for the twelve months individually and for the 
year as a whole. The line is existent or non-existent according as the 8 min. or the 
8 max. vectorial angle is the larger. The transition time is calculated in each case by 
supposing the change from plus to minus or from minus to plus to take place uniformly 
throughout the hour during which it occurs. In one month, August, the 8 min. angle 
was the larger throughout the whole 24 hours, but at one hour the excess was only 
V so the phenomenon is probably in part accidental. 

23—2 



Digitized by vnOOQ IC 



176 



dr chree, a comparison of the results from the 



On the average of the 12 months the S min. angle was the larger during 16, 
and the S max. during 8 hours of the day. This is practically the same proportion as 
in the mean diurnal inequality for the year. 



January 

February 

March 

























April 
May 

.Tiinp 


























July 
August 
September 
October 

































^o VAm Hpr 
















Year 





















10 NOON 
Fio. 6. 



10 



12 



§ 10. From some points of view the rates of change of the vectorial angle are of 
more interest than its absolute values. In the case of the S max. group of years the 
hourly increments in individual months are immediately derivable from Table IV. As 
a comparison with S min. years appeared however desirable, I show side by side in 
Table VI, for the two groups of years, mean hourly increments of the vectorial angles 
for the three seasons and for the year. 

The values for the seasons are arithmetic means of the values for the individual 
months; those for the year are derived from the mean diurnal inequality for the year. 

The S min. increment from 8 to 4 a.m. in winter is queried for reasons already 
explained. 

As one would have anticipated from the remarks in § 7, the hourly increments 
are markedly less regular in the S min. than the S max. period; but in addition to 
irregularities ascribable to observational uncertainties, there is in the S min. period an 
unmistakable tendency to a greater difference between the fastest and slowest (or most 
retrogressive) hourly increments than in the S max. period. The phenomenon, I may 
add, is even more distinctly shown when one considers the individual months. If the 
diflference between the algebraically greatest and least hourly increments be defined as 
the range, then the mean value of the ratios borne by the S min. to the 8 max. ranges 
from the 12 months of the year exceeded 1*8, the 8 min. range being the smaller in 
only one month, June. 
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Table VL 

Hourly increments in Vectorial Angles, 

Forenoon 



Hour 


0—1 


1— a 


a— 8 


»-4 


4—6 


6-6 


6—7 


7-8 


8—9 


9—10 


10-11 


11— 

noon 


xwT. X f^ max. 
Winter « ^. 
l^o min. 


-i 

+ 6 


o 

- 4 
-19 


o 

- 7 
-81? 


-13 
+ 15 




- 4 

+ 9 


- 3 
+ 13 


+ 5 
+ 15 


+ 19 
+ 22 


+ 40 
+ 48 


+ 48 
+ 52 


+ 40 

+ 41 


+ 36 

+ 28 


^ (S max. 


+ 3 





+ 7 


+ 5 
+ 2 


+ 3 

+ 5 


+ 4 
+ 4 


+ 8 
+ 9 


+ 19 
+ 15 


+ 24 
+ 22 


+ 24 
+ 24 


+ 27 
+ 28 


+ 35 
+ 41 


+ 37 
+ 39 


Summer fX' 
l^o min. 


+ 9 

+ 7 


+ 11 
+ 13 


+ 11 
+ 10 


+ 13 

+ 17 


+ 15 
+ 16 


+ 16 
+ 17 


+ 15 
+ 12 


+ 15 
+ 11 


+ 16 
+ 16 


+ 24 
+ 25 


+ 30 
+ 35 


+ 34 

+ 42 


Year {^ ™**- 


+ 4 
+ 1 


+ 4 
+ 4 


+ 4 



+ 4 
+ 8 


+ 8 
+ 12 


+ 11 
+ 15 


+ 16 
+ 15 


+ 18 
+ 15 


+ 22 

+ 22 


+ 28 
+ 29 


+ 34 
+ 38 


+ 35 
+ 39 



Afternoon 



Hour 


Noon 
—1 


1— a 


3—3 


8—4 


4-6 


6—6 


6—7 


7—8 


8-9 


9—10 


10—11 


11—13 


Winter { J "«• 
l^o mm. 


+ 17 


+ l°3 


+ % 


+ 5 


+ 2b 


+ 39 


+ 30 


+ 3i 


+ 2i 


+ 17 


+ 7 


+ 6 


+ 18 


+ 11 


+ 1 


+ 4 


+ 36 


+ 75 


+ 29 


+ 3 


+ 13 


+ 6 


+ 13 


+ 4 


Equinoxff"?*- 
* \o mm. 


+ 20 


+ 12 


+ 10 


+ 7 


+ 26 


+ 48 


+ 18 


+ 5 


+ 9 


+ 3 


+ 5 


+ 7 


+ 23 


+ 12 


+ 9 


+ 12 


+ 54 


+ 30 


+ 7 


+ 3 


+ 6 


+ 2 


+ 7 


-2 


o {S max. 
Summer ««,;.. 
o mm. 


+ 21 


+ 14 


+ 15 


+ 17 


+ 29 


+ 24 


+ 11 


+ 2 


+ 3 


- 2 


+ 7 


+ 7 


+ 20 


+ 11 


+ 11 


+ 13 


+ 33 


+ 36 


+ 5 


- 1 


+ 4 


- 1 


+ 4 


+ 4 


Year ^^ °^- 


+ 19 


+ 13 


+ 11 


+ 13 


+ 29 


+ 33 


+ 17 


+ 7 


+ 8 


+ 5 


+ 9 


+ 8 


+ 21 


+ 11 


+ 9 


+ 12 


+ 38 


+ 40 


+ 12 


+ 1 


+ 7 


+ 2 


+ 8 


+ 1 



Diurnal Inequality. Fourier Coefficients. 

§ 11. The diurnal inequality in D or JST can be expressed with high accuracy by 
four terms of a Fourier series whose periods are respectively 24, 12, 8 and 6 hours. 
We may suppose the result expressed in the form 

Ci sin (e + aO + Casin (2^ + Oj) + Cj sin (3^ + a,) + c^ sin (4^ + 04), 

the c's and a's representing the amplitudes and phase angles, and t being time counted 
from midnight (Q.M.T.), an hour being taken as equivalent to 15°. The suffix 1 answers to 
the longest period, 24 hours. The values of the c's and as for each month of the year are 
given in Tables VII and VIII for the S max. and 8 min. periods already indicated. The 
calculations were carried further than appears in the Tables, the phase angles being worked 
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Table VII. 
Declination. Fourier Coefficients, Amplitudes and Phase Angles. 



Month 


Cl 


c. 


"» 


t 


'•t 





'I 


Max. 


Min. 


Max. 

l'l2 


Min. 


Max. 


Min. 


Max. 


Min. 


Max. 


Min. 


January... 


1-75 


0'76 


0-82 


0'56 


0-40 


0-36 


0-21 


234 


243 


February. . 


2-54 


1-04 


1-28 


0-85 


0-81 


0-46 


0-40 


0-22 


227 


245 


March 


2-63 


1-70 


2-49 


1-58 


1-41 


110 


0-56 


0-53 


216 


222 


April 


3-22 


205 


2-71 


2-18 


1-58 


1-21 


0-43 


0-40 


204 


210 


May 


3-51 


2-03 


2-85 


2-08 


113 


0-90 


0-13 


0-20 


206 


203 


June 


3-95 


2-53 


2-92 


2-15 


0-96 


0-81 


0-03 


012 


201 


204 


July 


3-62 


2-42 


2-82 


2-07 


105 


0-92 


0-01 


0-23 


203 


203 


August.... 


3-50 


2-29 


305 


2-16 


1-41 


1-07 


0-32 


0-17 


217 


222 


September 


311 


1-91 


2-66 


1-82 


1-37 


105 


0-39 


0-35 


224 


226 


October... 


2-51 


1-47 


1-98 


1-46 


M9 


0-94 


0-53 


0-48 


221 


225 


November 


1-62 


0-74 


1-37 


0-91 


0-60 


0-57 


0-44 


0-31 


223 


248 


December 


1-55 


0-64 


1-06 


0-64 


0-43 


0-30 


0-25 


012 


234 


266 



Max. Min. 



16 
23 
25 
27 
39 
34 
34 
46 
44 
22 
17 
17 



24 
33 
33 
27 
39 
35 
35 
50 
45 
30 
33 
31 



<h 


a« 


Max. 


Min. 


Max. 


Min 


225 


232 


37 


45 


214 


228 


21 


21 


209 


211 


34 


33 


207 


210 


38 


37 


230 


230 


66 


61 


231 


223 


102 


22 


219 


215 


261? 


-8 


230 


234 


44 


34 


230 


231 


55 


55 


213 


220 


30 


41 


226 


241 


38 


59 


230 


235 


30 


44 



out to minutes of arc, and use is made of the more complete values later in the paper. If 
Falmouth solar time were used the phase angles would require the corrections given in (A) 
Table XIX, with the constant addition of +4° 45'"6 in the case of ai, +9° 31' in the case 
of ttg, and so on, Falmouth local time being 19 minutes 3 seconds after Kew (20 minutes 
18 seconds after Greenwich). 

All the c's, both for D and H, ghow a well marked winter minimum, nearly always in 
December. In c, and c^ there is also a well marked summer minimum, in some cases the 
principal minimum of the year. 

The excess of the sun-spot maximum over the sun-spot minimum value is always large 
in Ci and c,, especially the former. It is less marked though generally apparent in c,. In 
C4 it is not clearly shown except in winter. 

In the case of i) the phase angles Si, Oa, a, are almost invariably smaller in 8 max. 
than in S min. years. This indicates a later hour for the daily maximum in the former 
than in the latter epoch. The difference is most distinct in winter. In the case of o^ in D, 
and all the phase angles in iT, the difference between 8 max. and 8 min. years is not 



Digitized by vnOOQ IC 



FALMOUTH DECLINATION AND HORIZONTAL FORCE MAGNETOGRAPHS. 179 

suflSciently promiDent to make its presence certain in individual months, when data from 
only one sun-spot cycle are available. 

Table VIII. 
Horizontal Force. Amplitvdes and Phase Angles (Unit for c's 1 7). 



Month 


Cl 


e 


t 


«i 


c« 


<ii 


Ol 


<h 


a* 


Max. 


Min. 


Max. 


Min. 


Max. 


Min. 


Max. 
1-9 


Min. 


Max. 


Min. 


Max. 


Min. 


Max. 


Min. 


Max. 


Min. 


January... 


6-8 


2-4 


51 


30 


2-4 


1-8 


1-2 


7°1 


7°2 


264 


269 


137 


155 


-2°3 


- h 


February. . 


90 


3-4 


6-7 


2-8 


2-8 


1-3 


21 


10 


95 


75 


252 


251 


125 


145 


-25 


- 9 


March 13-6 

1 


61 


8-0 


4-3 


4-2 


2-9 


1-6 


1-5 


98 


103 


281 


284 


141 


138 


-25 


-20 


April 


18-3 


10-3 


100 


6-7 


4-4 


3-7 


1-6 


2-1 


105 


108 


278 


291 


124 


126 


-26 


-33 


May 


211 


11-4 


9-6 


40 


2-6 


■ 1-4 


1-0 


0-8 


125 


124 


298 


305 


155 


194 


+ 70 


+ 33 


June 


20-7 


12-7 


8-4 


5-4 


2-4 


1-9 


0-2 


0-8 


128 


119 


303 


288 


187 


173 


+ 85 


- 8 


July 


20-5 


11-6 


9-4 


4-7 


20 


2-8 


0-6 


11 


120 


121 


295 


302 


139 


171 


+ 17 


-30 


August.... 


19-5 


11-3 


9-1 


4-4 


3-6 


3-3 


1-4 


1-5 


118 


126 


307 


334 


175 


200 


+ 4 


+ 16 


September 


160 


10-4 


6-3 


4-9 


4-7 


3-2 


2-3 


1-7 


113 


117 


313 


320 


188 


180 


+ 21 


+ 19 


October ...j 130 


9 1 


7-3 


5-5 


3-4 


30 


1-9 


1-5 


92 


95 


280 


284 


161 


146 


- 4,- 3 

1 


November 9 3 


4-7 


7-3 


4-2 


2-7 


1-9 


1-5 


0-9 


90 


105 


270 ' 284 


131 


154 


-14 


., 


December 


50 


1-2 


5-9 


2-5 


1-4 


0-7 


1-0 


0-3 


87 97 


253 271 


132 


165 


-17 -21 



§ 12. Table IX gives the values of the c coefficients in the mean diurnal inequalities 
for winter, equinox and summer in D and H, and also in the mean diurnal inequality for 
the whole year in these elements and in W and N (the westerly and northerly components 
of the horizontal force). The differences between 8 max. and S min. years are similar to 
those at Kew described in (A). The general nature of the difference is perhaps more 
readily recognised from Table X, showing the ratios borne by c^, c, and Ci to Ci in the case 
of the mean diurnal inequality for the year. The shorter period terms diminish in importance 
as compared to the 24-hour term as sun-spots increase. This is shown more prominently 
in B and W than in H and N. Similar phenomena are shown in Table XXXVII of (A) 
at Kew. 

§ 13. Table XI records the phase angles for the seasons and the year corresponding to 
the amplitudes appearing in Table IX ; it also gives the algebraical excess of the angles for 
the 8 min. years over those for the 8 max. years. The tendency for this difference to be 
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positive, i.e. for the daily maxima to occur earlier in iSmin. than in Smax. years, is much 
more marked in winter than in summer* 



Table IX. 
Amplitudes (Unit for c's in H, W, and N, I7). 





D 


H 


W 


Jf 


Winter 


Equinox 


Summer 


Year 


Winter 


Equinox 


Summer 


Year 


Year 


Year 


/Max. ... 
*> \Min 


1-86 
0-78 


2-84 
1-77 


3-62 
2-30 


2-74 
1-57 


7-4 
2-8 


151 
8-9 


20-4 
11-7 


13-9 
7-6 


13-6 

7-7 


151 

8-4 


/Max. ... 
"'iMin 


1-21 
0-80 


2-43 
1-75 


2-90 
2-10 


216 
1-55 


6-2 
31 


7-7 
5-2 


91 
4-4 


7-3 
41 


10-6 

7-7 


8-8 
5-2 


^ /Max. ... 
*'\Min 


0-61 
0-43 


1-37 
106 


113 
0-92 


103 
0-80 


2-3 
1-4 


3-8 
30 


2-6 
2-3 


2-8 
21 


5-7 
4-4 


2-7 
1-9 


^ /Max. ... 
"'tMin 


0-36 
0-21 


0-47 
0-43 


0-11 
016 


0-31 
0-27 


1-6 
0-9 


1-8 
1-6 


0-7 
10 


1-3 
11 


1-9 
1-6 


0-9 
0-8 



Table X. 
Ratios of Amplitudes in m^cm diurnal inequality for the year. 





D 


H 


W 


N 


5 max. 


iS) min. 


Smax. 


5min. 


5 max. 


Smin. 


Smax. 


5min. 


Cj/Cj... 


•79 
•38 
•11 


•99 

•51 
•17 


•53 
•20 
•09 


•54 

•28 
•15 


•78 
•42 
•14 


1^00 
•58 
•21 


•58 
•18 
•06 


•62 
•22 
•10 



Comparing Table XI with Table XXXIX of (A) it will be seen that the diflFerences 
shown in the case of a^ for the mean diurnal inequality for the year are closely alike at 
Falmouth and Kew in all the elements. In the case of a, and a, the Eew differences are 
decidedly the larger; whilst in the case of a^ the results are somewhat indecisive at both 
stations. 
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Table XI. 
Phase Angles, 





D 


H 


W 


N 


Winter 


Eqainoz 


Snmmer 


Year 


Winter 


Eqainoz | Snmmer 


Tear 


1 

Year 1 Year 


/Max. ... 
"ilMin 


229 14 
249 23 


216 6 
220 


206° 37 
207 54 


214*52 
218 49 


86° 36 
88 40 


102° 42 
106 33 


122° 53 
122 36 


109° 34' 
112 29 


196^20 1 91° 5l' 
200 56 ' 94 23 


Min.— Max. 


20 9 


3 54 


1 17 


3 57 


2 4 


3 51 


-0 17 


2 55 


4 36 ' 2 32 


/Max 

"«tMin..... 


18 8 
30 15 


29 62 
33 41 


38 27 
40 5 


3131 
35 59 


260 
270 39 


285 67 
294 27 


300 35 
306 7 


284 52 
292 52 


19 12 i 260 43 
26 22 262 40 


Min. - Max. 


12 7 


3 49 


1 38 


4 28 


10 39 


8 30 


5 32 


8 


7 10 1 57 


***(Min 


222 23 
234 28 


214 27 
217 24 


227 28 
226 3 


220 46 
223 42 


131 
153 52 


15131 
146 37 


165 59 
185 2 


150 19 
161 6 


212 4 I 110 56 
215 48' 119 24 


Min. — Max. 


12 5 


2 57 


-1 25 


2 56 


22 52 


-4 54 


19 3 


10 47 


3 44 ! 8 28 


/Max. ... 
^nMin 


3131 
43 27 


38 16 
40 24 


53 8 
23 50 


37 25 
37 54 


-20 36 
-56 


-5 33 

-10 48 


+30 26 
+ 2 10 


-5 51 

-5 42 


28 56 

29 5 


-30 14 
-28 59 


Min. -Max. 


11 56 


2 8 


- 29 18 


29 


15 30 


- 5 15 


-28 16 


9 


9 


1 15 



Taking means for the year from D, H, N and TT, and converting diflferences of angle 
into time, we find for the retardation in minutes in the S max. as compared with the S min. 
period the following values: 





24-hour wave 


12-hoiir wave 


8-hour wave 


6-hour wave 


At Falmouth 
At Kew 


14-0 
15-5 


10-8 
18-5 


8-5 
14-0 


0-5 
-01 



The retardation though apparently less at Falmouth than at Eew is well marked in 
the 24, 12 and 8-hour waves. In the 6-hour wave it is doubtful whether the phase angle 
is affected in the mean diurnal inequality for the year; there is a decided retardation 
during sun-spot maximum in winter, but an acceleration apparently in summer. 

§ 14. Supposing the diurnal inequality in years of sun-spot maximum to be composed of 
a fundamental pait representing the inequality in the total absence of sun spots, and of a 
second part associated with sun spots, it Is important to know whether the two parts are or 
are not essentially dififerent in type. A conspicuous difiFerence in type would naturally suggest 
a difference in source, while close agreement in type would suggest a mere intensification of 
action in years of sun-spot maximum. 
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Subtracting the hourly values for the sun-spot minimum period from the corresponding 
values for the sun-spot maximum period, we obtain a diurnal inequality which should be 
wholly free from what was called above the fundamental part of the real diurnal inequality. 
Fourier coefficients were calculated for this difference inequality for the three seasons and 
the year, and a summary is given in Table XII. 

Table XII. 

inference Ineqimlity {Diurnal) S max. — 8 min, (Units for c's I' in Declination, 

1 7 in Horizontal Force.) 





Declination Horizontal Force 


Winter 


Equinox 


Snmmer 


Tear 


Winter 


Eqainoz 


Sammer 


Year 


<h 

1 

' Cj 

Ca 

Ci 


1-28 
0-45 
0-21 
016 


108 
0-70 
0-31 
0-04 


1-33 

0-80 
0-22 
009 


MS 
0-63 
0-24 
005 


4-6 
3-2 
1-2 
0-8 


6-3 
2-6 
0-8 
0-2 


9-0 
4-7 
0-8 
0-5 


6-3 
3-3 
0-8 
01 


tti 

«a 

^8 


223 

-4 

197 

17 


2io 

20 

204 

15 


204 

34 

233 

164 


210 
20 

211 
35 


85 

250 

103 

-38 


97 
269 
169 

36 


122 
295 
103 
141 


106 
275 
121 

-7 



§ 15. In the S min. period the mean sun-spot frequency was only 7*25. Thus if the 
diurnal inequality really consists of a fundamental part and a sun-spot contribution, the 
phase angles for the 8 min. years in Table XI cannot differ very much from those of the 
fundamental part. Consequently if the sources of the fundamental part and the sun-spot 
contribution were wholly different we should expect notable differences between the angl^ 
in Table XII and the corresponding angles for the 8 min. years in Table XI. 

In two cases — the summer values of a^ in D and H — there is a conspicuous difference, 
but in all other cases the differences are hardly such as to suggest a radically different 



source. 



Even the fifmin. angles in Table XI are slightly modified by sun-spot frequency. In 
the case of ai and a,, by assuming the difference in phase angle proportional to difference 
in sun-spot frequency, we can calculate angles for the fundamental pai't alone. The assumption 
is probably not exactly true, but the results can hardly be much in error. The phase angles 
thus calculated exceed those for the pure sun-spot element, whose approximate values are 
given in Table XII, by the following amounts: 
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«! 


«« 


Winter 


Equinox 


Summer 


Year 


Winter 


Equinox Summer 

1 


Tear 


D 

U 

Mean.. 


28-2 

3-5 

15-9 


12*9 

9-9 

11-4 


3*7 
0-5 

2-1 


9-6 
6-8 
8-2 


35^0 
21-6 
28-3 


140 
26-8 
20-4 


6-1 

11-2 

8-6 


16*-0 
18-8 
17-4 



The mean differences represent a retardation in the sun-spot contribution as compared 
to the fundamental part, which in the case of the mean diurnal inequality for the year 
represents fully half an hour in both the 24 and 12 hour waves. 

The summer values of 04 in D and H in Table XII already alluded, to differ from the 
corresponding S min. angles by about 140'', so that there is here an approach to a reversal 
of phase. 

The phenomenon appearing remarkable, I calculated the values of «< at Kew corresponding 
to those in Table XII. They exceeded the Kew S min. angles by 226*^ in D and 144° in H. 
The amplitudes corresponding to the phase angles 04 in Table XII are so small that accident 
may play a considerable part in the result ; but the coincidence certainly points to something 
more than mere accident. 

Annual Variation, Fourier Coefficients. 

§ 16. In (A) and (B) the annual variations of the range and the sum of the 24 differences 
fix)m the mean, in the diurnal inequality, and likewise of the amplitudes of the 24-hour and 
other contributory waves, were shown by means of Fourier series with annual and semi- 
annual terms. 

In (B), § 16, attention was called to the remarkable resemblance between results for the 
average year at Kew and Falmouth. It was thus important to ascertain whether the results 
varied at all with sun-spot frequency. Accordingly Fourier series of the type 

if + Pisin (« + ^1) + Pa8in (2^ + ^,) 
were calculated for the S max. and & min. periods separately, and the results appear in 
Table XIII. 

if denotes the mean value of the element throughout the year; Pi and Pa are the 
amplitudes, 0^ and 0^ the phase angles of the annual and semi-annual terms. 

The time t is counted from the beginning of the year, a month representing 30° in the 
annual term. 

B, denotes the range, and 2 the sum of the 24 differences in the diurnal inequality. 

24—2 
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Table XIII. 
Annttal Variation. 





Decimation (Unit 1') 


Horizontal Force (Unit ly) 


M 


Pi 


»! 


P» 


»a 


PJM 


Pj/Jtf 


PJPi 


M 


Pi 


»l 


P, 


», 


Pi/3f 


PJM 


PJPi 


D (Max. 
^\Min. 


9-55 
6-56 


4-10 
319 


277 
275 


1-40 
114 


286 

277 


•43 

•49 


•15 

•17 


•34 
•36 


38^7 
229 


157 
11-4 


277 
266 


2-1 
31 


268 
263 


•40 
•50 


•07 
•14 


•17 
•28 


^ /Max. 
^ IMin. 


49-4 
30-6 


17-1 
14-7 


277 
273 


4-8 
4-2 


304 
291 


•35 

•48 


•10 
•14 


•28 
•28 


239 
132 


110 
72 


276 
265 


17 
20 


243 
245 


•46 
•54 


•07 
•15 


•15 

•28 


/Max. 
"■ iMin. 


2-79 
1-63 


1-09 
0-91 


279 
274 


0-17 
0-15 


328 
311 


•39 
•56 


•06 
•09 


•15 

•17 


144 

7^9 


7^7 
53 


275 
264 


\-2 


•254 
231 


•54 
•67 


•08 
•16 


•15 
•24 


^ /Max. 
*'» tMin. 


2-19 
1-56 


1-00 
0-78 


273 
275 


0-28 
0-20 


280 
267 


•45 
•50 


•13 
•13 


•28 
•25 


7^8 
44 


1-8 
\-0 


290 
265 


06 
1^0 


223 

242 


•23 
•22 


•07 
•22 


•31 

•97 


/Max. 
*» iMin. 


1-05 
6-81 


0-31 
0-29 


280 
273 


0-38 
0-27 


283 
275 


•30 
•36 


•36 
•34 





31 
23 


0-3 
0^6 


278 
249 


1-2 
0^9 


284 
292 


•08 
•27 


•41 
•37 


— 


** \Min. 


0-32 
0-28 


0-1.5 
003 


94 
71 


0-18 
0-15 


279 
268 


•46 
•11 


•67 
•55 


— 


14 
1^2 


05 
0-1 


104 
278 


0-6 
0^5 


301 
293 


•33 
•11 


•45 
•43 


— 



In both D and J7 as we pass from sun-spot minimum to maximum PijM and 
P2IM diminish alike for the ranges, the sum of the differences, and Cj. Thus, relatively 
considered, these elements are less variable throughout the year when sun-spots are many 
than when they are few. In H the semi-annual term is of reduced importance relatively to 
the annual term as sun-spots increase ; but in D the dependence of Pj/Pj on sun-spot frequency 
seems small. In the case of Cg and C4 the absolute size of the element was so small that the 
values of Pa/Pi seemed too uncertain to record. 

Before discussing the phase angles in Table XIII as a whole it is convenient to consider 
an exceptional case presented by the annual term in C4 for H, In the sun-spot maximum 
period the angle is 104°, which is comparatively near the value 119° for the 12-year period 
At Falmouth, and the corresponding value 126° for the 11-year period at Kew. But in the 
sun-spot minimum period the angle becomes 278°, or the phase is very nearly reversed. 
Suspecting some error, I calculated the corresponding angle for the sun-spot minimum period 
at Kew and obtained 290°, thus showing a close approach to the phenomena at Falmouth. 
In the case of a forced vibration, a change of this kind might arise from a change in the natural 
period either of the vibrator or of the disturbing force, that which was the shorter period of 
the two becoming the longer. 

Omitting C4 in J7, Table XIII shows in ten cases out of eleven a larger phase angle in 
the annual term in years of sun-spot maximum than in years of sun-spot minimum, and the 
same phenomenon is exhibited in the semi-annual term by all the six D quantities. This 
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means an earlier occurrence of maximum when sun-spots are numerous than when they are 
few. As a check on the accuracy and generality of this result — corresponding data not having 
been given in (A)— I calculated the amplitudes and phase angles at Eew for the ranges, the 
sums of the differences, and Cj, corresponding to those in Table XIIL 

In ten cases out of twelve — ^both exceptions occurring in H in the semi-annual term — 
there appeared as at Falmouth a larger phase angle in the maximum than in the minimum 
sun-spot period. 

§ 17. As the difference between phase angles is less suggestive than that in the times 
of occurrence of the maximum, I give the latter in Table XIY, giving only the means found 
in the case of Kew. Except in the case of the semi-annual term in H — where there are con- 
siderable differences between the ranges, the 24 differences and Ci — corresponding Kew and 
Falmouth means approach closely to one another. The phase differences in D from the ranges, 
24 differences and Cj are, it may be added, in closer agreement at Eew than at Falmouth. 
Thus the acceleration of the epoch of maximum in the years of sun-spot maximum seems 
fairly established. The fact that an acceleration of the annual maximum should be combined 
with a retardation of the diurnal maximum seems a little curious. 



Table XIV. 

Annual Variation, Difference of times of occurrence of Maxima in years of Sun-spot Maximum 
(1892 to 1895) and Sun-spot Minimum (1899 to 1902), in days (+ denotes earlier occurrence 
in years of Sun-spot Maaimum), 





Annual term 


Semi-annual term 


X> 


H 


D 


H 


Banges 

Sum of 24 Differences 

«i 

c. 

c. 

c* 

Means from first three of above quantities 
Ciorresponding means at Kew 


+ 1-6 
+ 4-4 
+ 4-4 
- 1-5 
+ 6-8 
+ 230 


+ 11-0 
+ 11-4 
+ 110 
+ 25-6 
+ 29-4 
f 


+ 4-4 
+ 6-6 
+ 8-2 
+ 6-7 
+ 4-2 
+ 5-7 


+ 2-4 

- 0-8 
+ 11-3 

- 9-9 

- 3-9 
+ 4-1 


+ 3-6 
+ 3-4 


+ 1115 
+ 10-3 


+ 6-4 
+ 7-0 


+ 4-3 
- 31 



Digitized by VjOOQ IC 



186 



Dr chree, a comparison of the results prom the 



Application of Wolf's Formula. 

§ 18. The nature of Wolfs formula 

R^a + bS (1), 

where S is sun-spot frequency, a and b constants, and R the value of a magnetic element, 
and the methods of determining a and b have been discussed in (A) and a subsequent paper*. 

Table XV gives the values of a, b and b/a in the case of the ranges and 24 differences 
for D and H for the several months of the year, also the arithmetic means of a and b from 

Table XV. 

Values of Constanta in Sun-spot Formula, calculated from Groups of Years 
(Units r for D, and 1 y for H). 





Declination 


Horizontal Force 


Ranges 


Sum of 34 differences 


Banges 


1 
Sam of 24 differences 


a 


6x10* 


(bja) X 10< 


a 


6xl0» 


(bja) X 10* 


a 


6xlO» 


(6/a) X 10< 


a 


6xl0> 


(6/o)xlO» 


January... 


319 


265 


83 


13-76 


240 


174 


12-1 


161 


133 


44-1 


111 


252 


February. . 


3-32 


427 


129 


15-63 


351 


224 


8-8 


261 


296 


53-8 


133 


248 


March 


619 


761 


123 


27-07 


409 


151 


14-8 


351 


237 


67-3 


263 


390 


April 


8-70 


429 


49 


37-73 


236 


63 


29-2 


244 


84 


160-6 


177 


110 


May 


8-25 


495 


60 


35-71 


316 


89 


26-2 


317 


121 


165-8 


214 


129 


June 


7-89 


519 


66 


3905 


297 


76 


29-2 


251 


86 


175-1 


175 


100 


July 


8-32 


457 


55 


38-97 


259 


66 


28-2 


261 


93 


167-6 


200 


119 


August.... 


8-74 


429 


49 


43-34 


224 


52 


31-0 


206 


66 


173-4 


155 


90 


September 


7-15 


599 


84 


33-50 


333 


99 


26-4 


234 


88 


149-9 


137 


91 


October . . . 


6-24 


355 


57 


27-47 


269 


98 


24-2 


154 


64 


146-0 


104 


72 


November 


3-66 


389 


106 


16-52 


263 


159 


14-6 


222 


153 


77-6 


155 


199 


December 

Mean of 
monthly 
values for 
Year 


2-25 


277 


123 


10-75 


211 


196 


5-9 


165 


279 


34-0 


90 


264 


616 


450 


73 


28-29 


284 


100 


20-9 


236 


113 


117-9 


159 


135 


Winter.... 


310 


340 


109 


14-17 


266 


188 


10-3 


202 


196 


52-4 


122 


233 


Equinox... 


7-07 


536 


76 


31-44 


312 


99 


23-7 


246 


104 


130-9 


170 


130 


Summer . . . 


8-30 


475 


57 


39-27 


274 


70 


28-7 


259 


90 


170-5 


186 


109 



• Pm. Traiu. Roy. Soe., Vol. 208, A, p. 161, 
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the months forming the three seasons and the year, with the seasonal and yearly values 
calculated for bja from these arithmetic means. The results were obtained by grouping the 
years (cf. (A) § 62) and are immediately comparable with the Kew results in (A) Table XLI. 

It will be seen that h and bja in both D and H tend to be larger at Falmouth than 
at Kew — i,e, sun-spot influence is greater at the former station than the latter — but the 
mode of variation throughout the year is remarkably similar at the two places. In the case 
of the H ranges the mean values of .6 and hja for the year at Falmouth are in excess of 
those at Kew by only 18 and 13 per cent, respectively, and yet taking individual months 
of the year the Falmouth value of b is the greater in 11 months and the Falmouth value 
of bja in 10 months. Again in the case of the 24 differences in D the mean values of b 
and bja at Falmouth exceed those at Kew by only 8 and 18 per cent, respectively, but 
there is only one month in the year in which the Kew values of b and bja are the larger. 
This is feu: from what one would expect if chance were the dominant factor in individual 
montha 

The mean values of bja for the year and the equinox are closely alike in all cases, as 
at Kew ; also the winter value of bja is notably the largest and the summer value the least. 

It will be seen that the value of bja for the 24 difl^erences is in excess of that for the 
ranges in every instance in D and in all but two instances in H, The ratios of the seasonal 
values of bja for the 24 differences to those for the ranges vary in H only between 1*19 
and 1*25 ; but in D the ratio is 1*23 in summer as against 1*72 in winter. The corresponding 
ratios for the year are 1*19 for H and 1*37 for D. 

§ 19. Table XYI gives the values obtained by the method of groups for a, b and bja 
in the case of Ci, Cs, c^ and C4 for the mean diurnal inequalities for the year in JD, J?, N and 
TT, and for the three seasons as well in D and H, The data correspond to those for Kew 
in (A) Table XLII, and closely resemble them. The sun-spot influence as measured by the 
size of bja diminishes when we pass from the 24- to the 12-hour term, and from the 12- 
to the 8-hour term. The same tendency is generally visible in passing fi-om the 8- to the 
6-hour term, but to this the winter values appear an exception especially in D. 

§ 20. The values of a and b assigned to the year in Table XV are arithmetic means 
from the monthly values. Table XVII gives values of a, b and bja obtained by the method 
of groups from the mean diurnal inequality for the year; they answer to the Kew values in 
Table XUII of (A). 

Taking bja as the best measure of sun-spot influence, it is according to Table XYII fairly 
alike in D and TT, and again in H and N\ but it is considerably greater in the second pair 
of elements than in the first. 

The values of bja for the 24 differences bear to the corresponding values for the ranges 
the following ratios: 

D W H N mean 

1-24 1-51 1-21 111 1-27 
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Table XVI. 

Values of Constants in Sun-spot Formula^ caJcuiated from groups of years. Fourier 
Coejfficients in Expressions for Diurnal Inequality, 









c, 






«> 






Ct 






C4 




Element 


Season 


























a 


6x10* 


(6/a)xlO« 


a 


6xl0« 


(hla)xW 


a 


ftxKH 


(6/0) x 10* 


a 


6xl0< 


(6/a)xlO« 




Winter. 


0-69 


165 


239 


0-76 


62 


82 


0-41 


28 


68 


019 


23 


123 


D 


Equinox 


1-61 


179 


111 


1-60 


114 


71 


0-94 


52 


65 


0-42 


6 


16 


Umt=l' 


Summer 


2-22 


170 


76 


2-01 


102 


51 


0-89 


28 


31 


016 


-7 


-42 




Year ... 


1-46 


174 


119 


1-46 


91 


62 


0-76 


35 


45 


0-26 


7 


26 




Winter. 


2-11 


705 


334 


2-98 


481 


162 


108 


140 


129 


0-85 


111 


130 


H 


Equinox 


7-84 


1036 


132 


4-64 


410 


88 


2-84 


132 


46 


1-67 


26 


16 


Unit=ly 


Summer 


1114 


1115 


100 


3-99 


598 


150 


2-06 


33 


16 


0-71 


-36 


-51 




Year ... 


6-89 


922 


134 


3-74 


477 


128 


2-03 


100 


49 


M7 


21 


18 


N 
Unit =17 


Year... 


7-64 


990 


130 


4-81 


530 


110 


1-71 


121 


70 


0-81 


13 


17 


W 
Umt=ly 


Year... 


716 


865 


121 


7-26 


427 


59 


4-27 


179 


42 


1-62 


39 


24 



Table XVII. 

Values of Constants in Sun-spot Formula, from mean Diurnal Inequalities for the year 

{years grouped). 



Element 


Ranges 


24 Differences 


a 


6xlO« 


(6/a) X 10* 


a 


6xlO» 


(6/a)xlO* 


D 

W 

U 

N 


5-72 
31-5 
20-2 
20-6 


476 
2318 
2274 
2377 


83 

74 

113 

115 


27-8 
132-0 
110-0 
130-3 


287 
1484 
1509 
1673 


103 
112 
137 

128 
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The corresponding ratios for Kew — obtainable from Table XLIII of (A) — are somewhat 
larger except in W, their mean being ISl. 

The considerable excess in these ratios over unity shows that the diflference between 
years of many and years of few sun spots may be materially under-estimated when attention 
is directed solely to the ranges, at least when these are based on hourly readings. 

Comparing Table XVII with Table XLIII of (A), we find for the mean values of the 
ratios of b/a at Falmouth to b/a at Kew, from ranges and 24 diflferences combined, 

D w H N 

1-23 1-33 107 108 

This points again to the sun-spot relation being more important at Falmouth than 
at Kew. 

§ 21. In order to ascertain whether the connection betweeo terrestrial magnetism and 
solar activity became closer when Wolfer*s sun-spot frequency was replaced by the area of 
faculae, umbrae or whole spots, I have calculated values for the a and b of (1) — applied 
to the ranges from the mean diurnal inequalities of D and H in individual years — making 
S represent in turn the Greenwich solar data described in § 3 and Wolfer's frequencies. 
The method of least squares was used. From the values of a and b thus found ranges 
were then calculated for individual years. 

Tables XVIII and XIX show the excess of the observed ranges in D and H respectively 
over those thus calculated, with corresponding results at Kew for Wolfer's frequencies. The 
tables also give the arithmetic mean of the differences irrespective of sign between observed 
and calculated values, and the ''probable error" of a single calculated value. At the foot 
are shown the values of a and b in the formulae reached, and the value of B, where B is 
what b transforms into when the mean value of the variable S during the twelve years is 
taken as unity. The values obtained for a and b in the case of Wolfer*s frequencies answer 
to those for Kew in (A) Table XLIV. 

It is immaterial to the fit of a formula of the type (1) — i.e, to our estimate of the closeness 
of the connection between magnetic ranges and the particular measure of solar activity — what 
unit is actually employed. If, for instance, we multiplied all Wolfer's frequencies by any 
constant n, the only result would be that every b would have to be divided by n. The 
amount of agreement between the several formulae is most clearly seen by comparing the 
values of B. 

It was certain a priori for the reasons stated in § 3 that results obtained by the 
intermediary of the Greenwich projected and corrected areas would be closely similai*. I 
thus thought it unnecessary to take more than one series of projected areas, selecting the 
umbrae. The agreement between the results from the P and G umbrae will be seen to 
be remarkably close. The ranges calculated for the same year differ in no instance by more 
than 0'*04 in D, or 0'27 in H. In the case of H the formula from the corrected umbrae 
agrees slightly better with observation than that from the projected umbrae, but in the 
case of D they agree equally well. 

Vol. XX. No. VII. 25 
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Table XVIII. 
Observed less calculated Ranges in mean Diurnal Inequality of Declination for the year. 



Year 


Greenwich Solar Data 


117a1«a.>» 


CJ i 


Facolae 


Umbrae 


Son-spots 


Wolrers oun-spois 


Oorreoted 


Projected 


Corrected 


Corrected 


Falmouth 


Eew 


1891 

1892 

1893 

1894 

1895 

1896 

1897 

1898 

1899 

1900 

1901 

1902 


+ 0-26 
-0-69 
+ 1-08 
+ 0-95 
-0-41 
-013 
-0-89 
-0-47 
+ 0-12 
+ 017 
+ 016 
-0-16 


+ 0-63 
+ 0-42 
+ 0-32 
-0-33 
-0-30 
+ 0-16 
-0-86 
-0-42 
+ 0-24 
+ 0-16 
+ 0-05 
-009 


+ 0-63 
+ 0-38 
+ 0-36 
-0-37 
-0-27 
+ 018 
-0-87 
-0-38 
+ 0-25 
+ 0-13 
+ 0-06 
-0-10 


+ 0'-50 
+ 0-13 
+ 0-20 
-0-10 
-017 
+ 0-17 
-0-83 
-0-36 
+ 0-25 
+ 0-20 
+ 0-12 
-010 


+ 0-53 
+ 0-15 
+ 0-34 
-0-12 
-0-36 
-0-14 
-0-51 
-0-43 
+ 0-15 
+ 0-13 
+ 0-24 
+ 0-01 


-hd-40 
+ 0-24 
+ 0-32 
-0-16 
-0-28 
-0-14 
-0-53 
-0-41 
+ 0-07 
+ 0-01 


Mean difference I 
observed ~ calculated J 

Probable Error 


0-457 
0-402 


0-332 
0-281 


0-332 
0-281 


0-261 
0-234 


0-259 
0-216 




Value of a 

1. II * 

„ „ 10* xB ... 


6-068 

-001216 

1560 


6 051 

-01130 

1577 


6-066 

•01559 

1561 


6'-062 

•002604 

1565 


5-901 
-0451 
1727 





As was aDticipated in § 3, the ranges calculated from the faculae differ considerably 
from those calculated from the other Greenwich data, especially near sun-spot maximum; 
their accordance with observation is also conspicuously inferior. 

In the case of D the ranges calculated from Greenwich whole spot areas accord better 
with observation than those calculated from the umbrae, but not quite so well as the ranges 
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Table XIX. 

Observed less ccUculated Ranges in mean Diurnal Inequality of Horizontal Force for the 

year {unit = 1 7). 







Greenwich Solar Data 




Wolfer-B 


Sun-spots 




1 




Year 


FaonlM 
Correeted 


Umbrse 


Run-spots 






1 
Projected Correeted 


Cometed 


Falmouth 


Kew 


1891 


+ 3-4 


+ 6-4 


+ 5-3 


+ 4-6 


+ 4-8 


+ 3-0 


' 1892 


-4-8 


+ 0-6 


+ 0-4 


-0-8 


-0-7 


-1-4 


1893 


+ 2-8 


-1-3 


-1-2 


-1-8 


-1-1 


+ 0-9 


1894 


+ 8-1 


+ 1-2 


+ 11 


+ 2-6 


+ 2-5 


+ 0-8 


1895 


-11 


-0-7 


-0-6 


0-0 


-1-0 


-0-4 


1896 


-1-2 


+ 0-4 


+ 0-4 


+ 0-4 


-1-2 


-1-4 


1897 


-4-2 


-4-0 


-40 


-3-8 


-2-2 


-11 


1898 


-21 


-1-7 


-1-6 


-1-5 


-1-8 


-1-9 


1899 


+ 0-3 


+ 11 


+ 1-2 


+ 1-1 


+ 0-6 


+ 0-3 


1900 


-0-6 


-0-6 


-0-6 


-0-3 


-0-7 


+ 0-6 


1901 


+ 1-7 


+ 1-4 i +1-5 

1 


+ 1-7 


+ 2-3 




1902 


-2-6 


-1-9 


-1-9 


-2-1 


-1-5 




Mean difference ) 
observed ~ calculated j 


2-73 


1-68 


1-65 


1-725 


1-70 




Probable Error 


2-43 


1-57 


1-64 


1-54 


1-44 




Value of a 


2111 


20-77 


20-84 


20-94 


20-09 




n n * 


■00614 


•0589 


-0814 


-01339 


•2326 




„ „ IdCxB ... 


788 


823 815 


805 


890 





calculated from Wolfer's frequencies. In the case of H there is little to choose between the 
results frt>m umbrae, whole spot areas, and Wolfer's frequencies; the last however still give 
the smallest probable error. 
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192 Dr CHREE, a comparison OF THE RESULTS, etc. 

§ 22. Excluding the faculae, the several calculated ranges at Falmouth for the same 
year agree on the whole decidedly better amongst themselves than they do with the observed 
ranges. The mean numerical diflference, for instance, between the ranges calculated from the 
whole spot areas and from Wolfer's frequencies is only 0''12 in D and 0*647 i^ ^^ ^^^ 
latter quantity being less than 40 per cent, of the mean diflference between either set of 
calculated ranges and the observed ranges. 

Whenever the calculated ranges, excluding those from faculae, diflfer substantially from 
the observed — as in 1891, 1897 and 1898 — ^all the calculated values are too large, or else all 
are too small. Further when the values calculated from Wolfer's frequencies for Falmouth 
diflFer notably from observation, so also do those at Kew. There are two years when the 
calculated range for H is in excess at Falmouth whilst the observed is in excess at Kew, 
but in D the diflFerences between observed and calculated values have invariably the same 
sign at the two stations. It would thus appear that the diflFerences between the observed and 
calculated values, though comparatively small, cannot be ascribed in any large measure to 
accident, or to observational or local peculiarities. If the variation of magnetic range is due 
to direct solar action, then its intensity at a single station cannot be exactly expressed as a 
linear function of any one of the measures of solar disturbance considered above. 

§ 23. In comparing the goodness of fit of Wolfs formula at diflFerent stations one has 
to take into account the extent of the variation of the element dealt with and the size of 
its mean value. During the 12 years considered the diflFerence between the greatest and least 
of the mean annual ranges in D amounted to 3''95, the mean value being 7''63. The 
corresponding quantities in H were respectively 21*07 *^d 29*07. Thus the mean diflFerences 
in Tables XVIII and XIX between observed values and those calculated from Wolfer's sun- 
spot frequencies represent 3*4 per cent, of the mean range in D, and 5*9 per cent, in H\ 
whilst the probable error represents 55 per cent, of the excursion of the range in i), and 
69 per cent, in H, The above agreement is about the same for D, but not quite so close 
for jy, as the agreements found in a previous paper* at Kew, Pawlowsk and Katharinenburg. 

§ 24. Looking at the values of a and B in Tables XVIII and XIX one cannot fail to 
notice the remarkable accordance between the results from the several Greenwich series of 
data. The agreement in the values of the constants derived from the faculae and sun-spot 
areas, for instance, is much closer than that between the constants derived from the spot 
areas fi|,nd Wolfer's frequencies, notwithstanding the much closer agreement between the ranges 
calculated from the two latter sets of data. 

* Phil, Tram. Boy. Soc, Vol. 203, A, p. 151. 
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VIII. The influence of very strong electromagnetic fields on the spark spectra 
of (1) vanadium and (2) platinum and iridium. By J. E. Purvis, M.A., 
St John 8 College, Cambridge. 

[Received 27 February 1906.] 

In developing Zeeman's important discovery various experimenters* have measured the 
separation of many spectral lines of elements when vibrating in very strong electromagnetic 
fields, and they have shown, amongst other fSeusts, that the lines of various elements 
which correspond to the laws of series are affected similarly, and that on the scale of 
vibration numbers the components of corresponding lines have the same distances in the 
same strength of field, and that the separations of the same type agree to the smallest 
detail for different elementsf. 

The following paper is to describe the general effect upon a large number of the 
spectral lines of vanadium and of the stronger lines of platinum and iridium, and also to 
give the value of dkj^ for the constituents of the separated lines. 

The 21-foot concave grating spectroscope and the apparatus used in these experiments 
have already been described in a preliminary paper in the Proc. Camb, Phil. Soc, Vol. xiii. 
Pt. II. p. 82. It will be sufficient to state now that the strength of the field used in 
these experiments was 39,980 CG.s. units. The maximum time of exposure was 30 minutes, 
and only those lines are noted which appear on the photographic plate after this period of 
exposure. The polarised condition of the constituents was determined by a calcite prism 
placed between the source of light and the quartz lens used to focus the spark on the 
slit of the spectroscope. The spectrum of the second order was used for wave lengths 
fix)m about X3480 and extending into the ultra-violet, and that of the first order for lines 
whose wave lengths are below X3480. The column \ gives the wave length of the 
undisturbed line; dX gives the distances of the constituents from the undisturbed line, 
a + sign meaning lines of greater wave length, and a — sign, lines of shorter wave 
length; dK/X* is multiplied by 10*; the letter s signifies that the line vibrates so that 
its electric vector is perpendicular to the lines of force, and p that it is parallel to the 
lines of force. The remark "the middle constituent removed by calcite" means that 
the constituents of the divided line were so close, or so intense, or so broad, that they 
could only be seen separated when those vibrating parallel to the lines of force were 
blotted out by introducing a calcite prism between the source of light and the quartz 
condensing lens. The constituents of the divided lines are usually difiiise, and they 
vary in their relative diffiiseness; some constituents are much more diffuse than others. 
This varying diffuseness renders the measurements very difficult; but for all lines whose 
constituents are more than three, there were eight or nine separate measurements; whilst 
for those lines which give triplets there were at least three separate measurements. 

* Preston: Royal Dublin Soc. Tram. Vol. ▼!• p. 886, 18^8; and Vol. vn. p. 7, 1899. Phil. Mag, Vol. xlv. 
p. 825, 1898; and Vol. ZLvn. p. 186, 1899. Royal Soc. Proc, Vol. Lxnz. p. 28, 1898. Beese: Attrophys. Joum, 
Vol. zn. p. 120, 1900. Kent: Astrophy$. Jowm. Vol. xm. p. 289, 1901. 

t Bunge and Pasehen, Aitrophys. Joum. Vol. xy. pp. 236, 388; and Vol. xti. p. 128. 

Vol. XX. No. VIII. 26 
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194 Mr PURVIS, ON THE INFLUENCE OF VERY STRONG ELECTROMAGNETIC FIELDS 

Vanadium. 

The. lines were ideDtified by comparison with the numbers and descriptions of Exner and 
Haschek* for wave lengths above 4670*45. They describe over 2000 lines, and about 1000 of these 
are sufficiently strong to leave their images on the photographic plate in the time exposure of 
these observations. 

The two following lines are divided into six constituents. The general appearance is that of 
two strong inside constituents which are more diflfiise on the inner edges than on the outer edges, 
and two weak constituents, one on each of the outer sides of these. On analysis by the calcite 
the two stronger inner constituents further subdivide. 



X 


d\ 


dX/X* 




\ 


dK 


dX/X« 






+ 0-610 


+ 8-60 s 






+ 0-616. 


+ S'65s 






+ 0-214 


+ 1-25 s 




' +0-211 


+ 1-25* 






+ 0-175 


+ 1 -OS p 




+ 0-174 


+ 1-03;? 




412370 





i 


4109-98 












-0175 


-1-03;. I 




-0-174 


-103p 






-0-214 


-1-25 J ! 




-0-211 


- 1-25 s 






- 0-636 


- 3-74 8 






-0-626 


- 3-70 s 





The following lines are divided into five constituents; and each constituent is measured from the 
centre of the middle one. 



+ 0-550 
I +0-302 



4400-80 



4116-70 



+ 2-84 J |\ 
+ l-56p 
»| - 

-0-808 -l-59;t? 

-0-564 -2-91 » 



+ 0-845 
+ 0-370 


- 0-431 

} 



The middle constitaent is the 
strongeBt, and the two out- 
side ones are very weak. 



I 



+ 4*99 8 ' \ ^^^ middle oonstitnent is 
' much stronger than the 
others. The most refran- 
gible one, marked ?, widens 
into the constituents of the 
triplet of X 4115*88, and 
could not be isolated. The 
least refrangible constitu- 
ent is very weak. 



+ 2-18 8\ 

P, 
-2-51 *i 

} s 



2934-48 



290S-20 



+ S-21 8 \\ 

1 .fi« 1 "^^^^ *'® *^'^ ^^T narrow 
+ 1 -03 p I an^i gjjj^jp constituents. 




harp constituents, 
and two broader and more 
diffuse ones, one on each 
side of these. 



do. 



The following lines are divided into four constituents. The separation of the two middle con- 
stituents of XX 4488-08 and 3692-38 is not very wide, and it is not easy to say if there is a real 
separation or if it is an ordinary reversal. 



4444*42 



4^141-90 



+ 0-617 


+ 3-12* 


+ 0-224 


+ l-13p 








- 0-224 


-l-13p 


-0-614 


-3-13* 


+ 0-468 


+ 2-37* 


+ 0-124 


+ 0-62p 








-0-124 


-0-62p 


- 0-483 


- 2-44 8 



The two middle constituents 
\. are much sharper and i| 4433*08 
stronger than the two out- L 
side ones. 



do. 



4436^34 



+ 0-454 


+ 2-30 8 


+ 0-078 


+ 0-39 p 








-0-078 


- 0-39 p 


-0-463 


- 2-35 * 


+ 0'5SS 


+ 2-71 * 


+ 0-118 


+ 0-59p 








-0-118 


-0-59P 


-0-541 


- 2-74 8 



The two middle oonstitnents 
are much sharper and 
stronger than the two out- 
side ones. 



do. 



8itz, d, k, Akad, men, 1898, Vol. cvn. IIa Abth. p. 184. 



Digitized by 



Google 



ON THE SPARK SPECTRA OF (1) VANADIUM, AND (2) PLATINUM AND IRIDIUM. 195 



4421-82 



d\ 



I +0-657 
t +0-1S0 


I -0-180 
I -0-6SS 



4416-63 



4406-96 



I 



0*820 
0-Sll 


0-311 
0-831 



d\/X* 



+ 3-S3 $ , 
+ 0'66p\ 
' 
-0-66pi 
- 3-24 s 

+ 4-20 s 
+ V59p 


-V59p 
-4-26» 



The GonstituentB widen into 
those of 4407*89 and it was 
impossible to isolate them. 



I 



3696-00 



3692*38 



I 



,1 3013-12! 



d\ 

+ 0*421 
+ 0-167 


-0*167 
-0-415 

+ 0-316 

+ 0-093 



- 0*093 

- 0-324 

+ 0*321 
+ 0*135 


-0*135 

- 0*328 



dX/\» 



+ 3*08 * 
+ l*22/> 


-l*22p 

- 3-05 s 

+ 2-32 s 
+ 0*68p 
I 

- 0-68 p I 

- 2*38 * I 

+ 3-56 s 
+ 1-49P 
' 
-l-49pi 

- 3-62 * I 



The inside constituents are 
mnoh stronger than the . 
outside ones. 



There is no difference in the 
intensities of the four con- 
stituents. 



Lines divided into four constituents by means of calcite. These lines have the general 
appearance of doublets, with the inner edge of each constituent sharp and strong, whilst the outer 
edges are weak and diffuse. On analysis by the calcite they are divided again, so that the lines 
are quadruplets with two inner strong and sharp constituents impinging upon two outer weaker 
and more diffuse constituents. 



4395-49 



? 
+ 0-205 


-0-205 

? 



1 .nfi I ^^^ outer constituents are 

+ l*Oop'| toQ diffuse and weak to 

measure; only the two 




-l*06p 





? 


? * 


1 +0-295 


+ 1-66D 


4210-02 





-0-295 


-l-66p 


1 ? 


? s 




+ 0-323 


+ 1-99* 




+ 0-174 


+ l-07p 


4036*95 








1 -0174 


-l-07p 




-0-323 
+ 0*2»4 


-1*99* 

+ 1 -70 * 



3977-88 



3890-35 



+ 0*166 


-0-166 
-0-284 

+ 0-262 
+ 0-178 


-0-178 
- 0-262 



+ l-05p 

-l-05jpi 
-179*1 

+ 1*73 .9 I 

+ I'l7p\ 

I 

-1-73*' 



inside stronger members 
were measured. 



do. 



3813*63 



3298-89 



3290*40 



3289-52 



3263*45 



I 



+ 0*116 


-0*116 

? 



I 



+ 0*250 ] +1-71 * 

+ 0166 I + ri4p 



-0166 -l-14p 

-0*250 -1-71# 

+ 0-159 +1-46* 

+ 0-114 +l'04p 



-0-114 -l-04pl 

-0-159 -1-4^*1 

+ 0150 +1-38*1 

+ 0-119 +l-10p 



-0119 -MOp 

-0*150 -1*38* 

+ 0*146 +1*34* 

+ 0*138 +1*27 pi 



-0*138 I - l*27p 

-0*146 1 -1*34*' 



? * 
+ l*08p 


-l-08p 

? * 



The outer constituents are 
too diffuse and weak to 
measure. 



26—2 
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196 Mr PURVIS, ON THE INFLUENCE OF VERY STRONG ELECTROMAGNETIC FIELDS 



X 


d\ 


rfX/xa 




X 


dX 


dX/X« 






+ 0-158 


+ 1-49 s 






+ 0-142 


+ 1-45 J 






+ 0-094 


+ 0-88 p 






+ 0-110 


+ Vl3p 




3249-71 










3126-31 












-0094 


- 0-88 p 






-0-110 


-113p 






-0-158 


-1-49* 






-0-142 


-1-45* 






+ 0-134 


+ 1-29* 






+ 0-188 


+ 1-93* 




3207-52 


+ 0103 



+ 0-99;> 





3121-27 


+ 0-073 



+ 0-74jj 







-0-103 
-0-134 


-OWp 
-1-29* 


1 




-0-073 
-0-188 


-0-74p 
- 1-93 s 






+ 0-149 


+ 1-4.5 s 






} 


? * 


\ 


3202-50 


+ 0108 



+ 1 -05 /) 





3062-80 


+ 0-093 



+ 0-98 p 



The outer constituents are 
- too weak and too diffuse to 




- 0-108 
-0-149 


-1-05/? 
-1-45 J 






- 0-093 

? 


-0-98p 


measure. 


3193-29 


? 
+ 0-141 


-0-141 

? 


? s 
+ l-38p 


-VS8p 

? * 


\ The outer constituents are 
too weak and too diffuse to 
measure. The less refran- 
gible constituent of the two 
outside ones is stronger than 

/ the more refrangible one. 


2975-70 


+ 0-312 
+ 0-139 


-0-139 
-0-312 


+ 3-52 s 
+ l-57p 


-l-57p 
- 3-52 s 


Of the two middle stronger 
constituents the less re- 
V frangible one is sh'ghtly 
stronger than the more re- 
frangible one. 


3146-95 


? 
+ 0-062 


- 0062 


? s 
+ 0-62 p 


-0-62p 

? * 


The least refrangible oonsti- 

1 most refrangible one. The 
outside constituents are too 
weak and too diffuse to 
meafiure. 


2882-60 


+ 0-128 
+ 0103 


-0-103 
-0128 


+ 1 -54 * 
+ l-23p 


- 1-23 p 
-1-54* 






+ 0-143 


+ 1-46* 






+ 0-144 


+ 1-73 J 






+ 0-128 


+ l-30p 






+ 0-057 


+ 0-68 p 




3130-40 










2880-40 












- 0-128 


-l-30p 






- 0-057 


- 0-68 p 






- 0-143 


-1-46* 






-0-144 


-I'lSs 





Lines whose general appearance is that of doublets with the inner edge of each constituent 
sharp and strong, whilst the outer edges are weak and diffuse. They are probably quadruplets like 
the last but they are too weak to measure when analysed by the calcite in the time exposures of 
these experiments. The separations have been measured between the centres of the separated lines. 



4606-84 


+ 0-139 


-0-139 


+ 1-30 


-1-30 


3807-69 


+ 0189 


-0-189 


+ 1-30 


-1-30 


3480-01 


+ 0-261 


- 0-261 


+ 2-14 


-2-14 



3315-35 



3076-12 



3023-99 



+ 0-101 ' +0-92 



-0-101 I -0-92 



+ 0-117 


-0-117 


+ 1-24 


-1-24 


+ 0-116 


-0-116 


+ 1-26 


-1-26 



It is very near to line 3315*00 
which is slightly widened, 
and the closeness of the 
two lines makes the analy- 
sis very difficult. 
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dX 



dX/X» 



+ 0-084 
2996-05 I 

-0-084 



2890-69 



+ 0134 


-0-134 



+ 0-93 


-0-93 

+ 1-61 


-1-61 



I The diyiflion ib a very narrow 
^ one, and the two oonstita- 
enta are very diffuse. 



1 X 


d\ 


dX/X» 


8708-00 


+ 0127 


- 0-127 


+ 1-73 


-1-73 




+ 0-093 


+ 1-26 



2706-87 





-0-093 i -1-26 



The following lines have almost the appearance of doublets; the difference is that in these 
cases the ovtside edges of the constituents are sharper and stronger than the inside edges, which 
are diffuse and blur into each other. On analysis by the calcite, they appear to be triplets, the 
two outer members of each being stronger and narrower than the inner one and it appears as 
if the latter impinged upon and overlapped the former. The distance between the two outside 
strong constituents has been measured because the middle constituent is weak and diffuse and it 
is as broad as the distance between the two outside constituents. It will be noticed that the 
constituents of these triplets do not vibrate in the normal directions. 



4003-12 



3808-70 



+ 0-265 


-0-265 

+ 0-220 




+ 1 -65 p 

s 
-l-65p 

+ l-51/> 

• s 



-0-220 -V5lp 



+ 0-142 +l-40p 

319809 0* 

-0-142 -l-40p 

I 

; +0-179 ' +l-83p 

3133-48' I # 

-0-179 - 1-83 p 



The following lines are divided into triplets. The middle member of each is usually the 
strongest; and variations from this are noted. The constituents of weak lines are usually separated 
further apart than those of strong lines. The two outside constituents vibrate perpendicular, and 
the inner one parallel, to the lines of force, except where specially mentioned. The measurements 
were taken from the centre of the middle constituent. 



4881-75 

4875-66 

4864-94 

4851-69 
4670-65 
4619^3 



+ 0-402 


+ 1-68 








-0-402 


-1-68 


+ 0-344 


+ 1-45 








- 0-378 


-1-59 


+ 0-278 


+ 1-31 








-0-270 


-1-27 


+ 0-151 


+ 0-64 








-0-151 


-0-64 


+ 0-265 


+ 1-24 








- 0-265 


-1-24 



The middle oonstitaent re- 
moved hy calcite. 

Too weak and diffuse to 
measure. 

The middle constituent is 
slightly nearer to the more 
re&angibleoonBtituent than 
the less refrangible one. 
The middle constituent re- 
moved by caldte, as the 
middle and the more re- 
frangible constituents were 
too close to measure. 



! 4600-40 
4594-31 
4591*41 
4586-55 

4580-60 
4578-90 
4577-36 



+ 0-322 


- 0-328 



+ 0-312 


- 0-308 

+ 0-292 


-0-274 



+ 0-190 


-0-190 



I +0-251 
4572-00 ' 

I -0*251 



+ 1-52 


-1-55 



+ 1-48 


-1-46 

+ 1-39 


-1-30 



+ 0-90 


-0-90 

+ 1-20 


- 1-20 



Too weak and diffuse to 



do. 



do. 



The middle eonstituent re- 
moved by calcite. 



do. 
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X 


d\ 


rfX/X« 




X 


dX 

+ 0-265 


-0-265 

+ 0-317 


-0-317 

+ 0-321 


-0-321 

+ 0-342 


- 0-356 

+ 0-328 


-0-306 

+ 0-274 


-0-262 


dX/Xa 




4564-80 

4560-90 
4553-22 


+ 0-293 


-0-293 

+ 0-255 


- 0-255 


+ 1-40 


-1-40 

+ 1-22 


-1-22 


LThe middle constituent re- 
1 moved by calcite. 

I 

[Too weak and diffuse to 
r measure. 

The middle constituent re- 
moved by calcite. 

Too weak and diffuse to 
measure. 

The middle constituent re- 
moved by calcite. 

Too weak and diffuse to 
measure. 

/This widens into 4469-98, so 
that it was not easy to 
isolate the constituents, 
and the measurement of the 
most refrangible constitu- 

, ent is probably too high. , 

Widens into 4460-52, and 
impossible to isolate its 
constituents. 

The most refrangible con- 
stituent is stronger and 
more diffuse than the least 
refrangible. The middle con- 
stituent also seems to shew 
signs of a division, but it 
is not very dear, and may ' 


4390-23 
4384-88 
4379-40 
4353-10 
4341-21 

4333-05 

4298-23 
4297-87 

4296-31 
4292-01 
4284-25 
4277-14 
4271-68 

4268-83 

4235-47 
4234-71 
4233*12 


+ 1-37 


-1-37 

+ 1-65 


-1-65 

+ 1-67 


-1-67 

+ 1-80 


-1-87 

+ 1-74 


-1-62 

+ 1-45 


-1-39 


The middle constituent re- 
[ moved by calcite. 


4549*88 
4545-60 

4528-69 
4524-41 








+ 0-242 


-0-258 

+ 0-316 


-0-316 


+ 1-17 


-1-24 

+ 1-54 


-1-54 




4489-11 


+ 0-228 


- 0-250 

+ 0-310 


-0-310 

+ 0-296 


- 0-274 


+ 113 


-1-24 

+ 1-54 


-1-54 

+ 1-48 


-1-37 


] Too weak and diffuse, and also 




+ 0-282 


-0-290 

+ 0-282 


- 0-290 

+ 0-135 


-0-135 

+ 0-278 


- 0-286 

+ 0-286 


-0-290 

+ 0-317 


-0-317 




the constituents widen into 

one another so that it was 

j impossible to measure them. 


4474-93 

4469-92 
4464-49 
4462-60 

4460-52 
4459-98 
4452-23 

4428-71 


+ 1-52 


-1-57 

+ 1-53 


-1-57 

+ 073 


-0-73 

+ 1-51 


-1-55 

+ 1-56 


-1-58 

+ 1-74 


-1-74 


+ 0-286 


-0-292 

+ 0-286 


- 0*334 


+ 1-4.S 


-1-46 

+ 1-43 


-1-67 


1 The middle constituent re- 
j" moved by calcite. 


+ 0-308 


- 0-292 

+ 518 


-0-492 

+ 0-534 


-0-523 


+ 1 '55 


-1-47 

+ 2-64 


-2-50 

+ 2-72 


-2-66 








These lines all widen and blur 
into each other; so that it 






4426-23 


4232-66 1 

4232-20 ! 

1 






was impossible to measure 
the respective constituents. 
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X 


d\ 


dX/X« 
+ 112 




X 


d\ 


dX/xa 






+ 0-200 






+ 0-254 


+ 1-53 




4225-40 








1 4065-21 








The middle constituent re- 




-0-186 


-1-04 


i, 


- 0-254 


-1-53 


moved by calcite. 




+ 0-240 


+ 1-35 


,1 
1 


+ 0-213 


+ 1-29 




4205-30 








, 4053-76 








do. 




-0-258 


-1-45 




-0-213 


-1-29 






+ 0-285 


+ 1-61 


1 


+ 0-238 


+ 1-45 




4202-52 








4051-52 








do. 




-0-286 


-1-61 


, 


- 0-238 


-1-45 






+ 0-275 


+ 1-57 


1 


+ 0-213 


+ 1-29 




4183-67 








4051-13 








do. 




- 0-275 


-1-57 




-0-213 


-1-29 






+ 0-364 


+ 2-12 


I 


+ 0-255 


+ 1-55 


) 


4134-62 








. 4046-50 








I do. 




-0-364 


-212 


[ 


- 0-255 


-1-55 


) 




+ 0-364 


+ 2-13 


4039-76 






Too weak and diffaae to 


4132-15 














measure. 




-0-364 


-213 




+ 0-170 


+ 1-04 






+ 0-346 


+ 2-03 


1 4035-82 



-0-170 



-1-04 


The middle constitaent re- 
moved by calcite. 


4128-25 








1 




1 






-0-364 


-2-13 


1 
4023-53 


+ 0-256 



+ 1-58 







+ 0-380 


+ 2-24 




- 0-242 


-1-50 




41 1 5-38 








II 




1 






-0-382 


-2-25 




1 

i 4005-90 


+ 0-257 



+ 1-60 
' 






+ 0-382 


+ 2-25 






- 0-258 


-1-60 1 




4112-50 














1 






-0-374 


-2-21 




3999-40 




1 


Too weak to measore and 
widens into 8998-9. 




+ 0-352 


+ 2-08 


' 


+ 0-262 


+ 1-64 




4105-38 



-0-364 



-215 




3998-90 



-0-262 



-1-64 


The middle consMtoent re- 
moved by calcite. 


410231 


+ 0-189 


-0-189 


+ 112 


-112 


The middle oonstitaent re- 
moTed by ealoite. 


3997-28 


+ 0-232 


-0-232 


+ 1-44 


-1-44 ' 


do. 

) 




+ 0-352 


+ 209 






+ 0-268 


+ 1-68 ' 




4100-00 










899i-96 








do. 




-0-344 


-2-04 






- 0-268 


-1-68 






+ 0-259 


+ 1-54 






+ 0-200 


+ 1-26 




4095-66 










3990-72 








do. 




- 0-258 


-1-54 






-0-200 


-1-26 






+ 0-344 


+ 2-06 






+ 0-200 


+ 1-26 


" 


4092-86 










3973-80 








do. 




- 0-352 


-211 






-0-200 


-1-26 






+ 0-262 


+ 1-56 






+ 0-250 


+ 1-60 




4090-79 










3952-1 1 








do. 




-0-262 


-1-56 






-0-250 


-1-60 
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X 


d\ 


dX/X« 


3934-20 


+ 0-350 


- 0-350 


+ 2-26 


-2-26 


3930-21 


+ 0-230 


- 0-230 


+ 1-48 


-1-48 


3926-68 


+ 0-236 


- 0-236 


+ 1-52 


-1-52 


3926-45 


+ 0-192 


-0-192 


+ 1-24 

' 

-1-24 


3925-40 






3924-86 


+ 0-214 


-0-214 


+ 1-38 


-1-38 


3922-61 


+ 0-294 


-0-294 


+ 1-90 


-1-90 


3916-59 


+ 0-208 


-0-208 


+ 1-34 


-1-34 


3914-51 


+ 0-214 


-0-214 


+ 1-38 


-1-38 


3912-37 






3910-05 


+ 0"294 


- 0-294 


+ 1-92 


-1-92 


3903-50 


+ 0-308 


- 308 


+ 2-02 


-2-02 


3902-70 


+ 0-284 


- 0-284 


+ 1-86 


-1-86 


3899-32 


+ 0-240 


-0-240 


+ 1-57 


-1-57 


3893-03 


+ 0-344 


- 0-308 


+ 2-26 


-2-03 


3878-85 


+ 0-230 


- 0-230 


+ 1-53 


-1-53 



The middle constituent re- 
moved by calcite. 



do. 



do. 



do. 



Too weak to measure and 
widens into 3924-86. 

.The middle constitnent re- 
moved by caloite. 



do. 



do. 



do. 



Too weak to measure. 



The middle constituent re- 
moved by calcite. 



do. 



do. 



do. 



do. 



X 


dX 


dX/X* 


3876-03 


+ 0-244 


-0-236 


+ 1-62 


-1-57 


3871-21 






3867-75 


+ 0-308 


- 0-306 


+ 2-05 


-2-04 


3866-90 


+ 0-308 


-0-318 


+ 2-06 


-2-12 


3865-02 


+ 0-203 


- 0-203 


+ 1-35 


-1-35 


3856-00 


+ 0-251 


-0-251 


+ 1-68 


-1-68 


3855-49 








3847-50 


+ 0-225 


- 0-225 


+ 1-51 


-1-51 


3844-60 


+ 0-327 


- 0-327 


+ 2-21 


-2-21 


3840-92 


+ 0-220 


- 0-220 


+ 1-49 


-1-49 


3828-72 


+ 0-184 


-0-184 


+ 1-25 


-1-25 , 


3827-13 


+ 0-294 


- 0-294 


+ 200 


-2-00 


3823-37 






3823-50 






3822-21 






3820-14 






3818*10 


+ 0-104 


-0-104 


+ 0-71 


-0-71 


3815-50 


+ 0-213 


-0-213 


+ 1-46 


-1-46 



Too weak to measure. 



The middle constituent re- 
moved by calcite. 



do. 



Too near 385600 to measure 
exactly. 

The middle constituent re> 
moved by calcite. 



do. 



do. 



do. 



do. 



Widens into 38-23-50 and 
difficult to measure. 

Widens into 3823*37. 



Too weak and diffuse to 
measure. 



The middle constituent re- 
moved by calcite. 



do. 
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X 


dK 


dX/X« 




1 X 

1 


d\ 


d\fK^ 




3809*80 






Too weak and diffuse to 




+ 0-277 


^ 1-98 


1 Middle component removed 
|- by oalcite as the three con- 
stituents overlapped. 








measure. 


3736-16 










+ 0-314 


+ 2-17 




, 


-0-277 


-1-98 


S80S-64 










i 










-0-314 
+ 0-286 


-2-17 
+ 1-98 




1 

37S2-98 


+ 0-178 


-0-178 


+ 1-28 


-1-28 


Middle component removed 
by oalcite. 


880007 










1 

1 










-0-282 


-1-95 




3732-15 


+ 0-256 



+ 1-83 







+ 0-312 


+ 2-20 






- 0-256 


-1-83 




3795-08 




















-0-322 


-2-23 






+ 0120 


+ 0-86 


1 










3728-51 








I do. 


3794-49 






Too weak and widens into 
3796-08. 




-0120 


-0-86 






+ 0-318 


+ 2-21 






+ 0-238 


+ 1-71 


1 


3790-64 










3727-53 








do. 




- 0-322 


-2-24 






- 0-238 


-1-71 






+ 0-302 


+ 2-12 




3722-18 






Widens into a weak line at 


3787-39 



-0-274 



-2-00 






+ 0-318 


+ 2-29 


3722-39 and too weak to 
measure. 


3778-82 






Widen into eaoh other and 
difficult to measure. 


1 3718-35 

1 



- 0-302 



-2-18 




3778-50 






' 




+ 0-211 


+ 1-53 












3715-70 






-1-53 


Middle component removed 


3773-14 


4- 0-292 



+ 205 





-0-211 


by oalcite. 




-0-270 


-2-00 




1 


+ 0-262 


+ 2-00 




3771-13 


+ 0122 



+ 0-85 



Middle constituent remoTed 
by oalcite. 


3711-28 



-0-292 



-2-12 






-0-122 


-0-85 




3708-86 






Too weak and diffuse to 
measure. 


3767-84 






Too weak to measure. 












+ 0-318 


+ 2-24 




1 3704-90 


+ 0-196 



+ 1-42 



[Middle component removed 
r by caldte. 


3760-40 










1 


-0-196 


-1-42 




- 0-298 


-2-10 




1 


+ 0-252 


+ 1-83 


1 




+ 0-242 


+ 1-71 


Middle constituent removed 


3703-80 








do. 


3759-41 



- 0-242 



-1-71 


by oalcite. 




- 0-252 


-1-83 




3750-43 







Widens into 376010 and too 
weak to measure. 


3701-13 






Too weak to measure and 
widens into 3700-5. 




+ 0-212 


+ 1-51 


\ 


+ 0-188 


+ 1-37 


[Middle component removed 
*■ by calcite. 


3750-10 



-0-212 



-1-51 


[Middle constituent removed 
by calotte. 


3700-50 



-0-188 



-1-37 




+ 0-162 


+ 1-15 




, 


+ 0-406 


+ 2-98 




3746-00 








do. 


3690-43 












-0162 


-1-15 






-0-394 


-2-90 






+ 0-130 


+ 0-92 






+ 0-322 


+ 2-36 


All three constituents seem 
to be equally strong. 


3743-77 








do. 


3688-21 










-0130 


-0-92 






-0-318 


-2-33 




Vc 


^L. XX. 


No. V] 


IL 
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X 


d\ 


dX/X« 




X 


d\ 


dX/X> 






+ 0-360 


+ 2-65 




3588-25 






Too weak and diffuse 


to 


3683-25 



-0-356 



-2-62 




3574-51 


+ 0-278 



+ 2-17 



measure. 




3680-15 






Too weak to measure. 




-0-274 


-2-14 






$675-83 


+ 0-370 


+ 2-74 


Too weak and difFase to 
measure. 


3573-21 


+ 0-270 


- 0-266 


+ 2-11 


-2-10 






3674-83 



-0-368 

+ 0-320 



-2-72 

+ 2-37 




3556-93 


+ 0-201 


- 0-201 


+ 1-.58 


- 1-.58 






3673-50 






















- 0-329 


-2-43 






+ 0-198 


+ 1-54 


Middle constituent removed 










354f5-36 








by oalcite. 




3671-33 






do. 




-0-198 


-1-54 








+ 0-203 


+ 1-50 


Middle conBtitaent removed 


1 3541-50 






Too weak and diffuse 
measure. 


to 


3669'5S 








by oaldte. 














- 0-203 


-1-50 




3538-88 


+ 0-326 



+ 2-60 







3667-84 






[Too weak and difFuee to 
measure. 


i 


-0-318 


-2-53 






3663-68 








3533-86 


+ 0-216 



+ 1-72 







3661-53 


+ 0-159 



+ 1-18 



Middle constituent removed 
by oalcite. 


! 


- 0-208 


-1-66 








-0-159 


-1-18 


) 


3532-45 











3646-02 


+ 0-314 


+ 2-38 


Too weak to measure. 


3.531-63 
; 3530-96 










3627-83 
















do. 






-0-302 


-2-30 




3522-02 











+ 0-298 


+ 2-26 




' 3517-46 


•••••. 








3625-71 



- 0-282 

+ 0-274 



-2-14 

+ 2-08 




1 

1 3509-18 

3507-69 







/ 




3621-35 



- 0-260 



-2-00 




i 

! 3504-58 


+ 0-109 



+ 0-88 









+ 0-184 


+ 1-40 


1 Middle oonstituent removed 




-0107 


-0-87 






3619-09 





^ 


t by calotte. 














-0-184 


- 1-40 




+ 0-184 


+ 1-50 














3497-23 














+ 0-220 


+ 1-70 


) , 




-0-163 


-1-32 






3593-53 



-0-220 

+ 0-194 



-1-70 

+ 1-49 


f do. 


3493-27 


+ 0-182 


+ 1-52 


do. 




3592-19 



-0-190 

+ 0-157 



-1-47 

+ 1-21 


) 


3457-30 
3453-23 



-0-174 



-1-45 






3589-90 



-0-157 



-1-21 


L do. 


3404-60 
; 3346-08 






do. 
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X 


dK 


dX/X« 




X 


d\ 


dX/X« 




ssss-oo 


+ 0-116 


-0116 


+ 1-04 


-1-04 


The middle oonstitaent re- 
moTed by calcite. 


3270-25 







Too weak and diffuse 
measure. 


to 




+ 0-149 


+ 1-35 




3267-84 


+ 0-133 



+ 1-24 



only very slightly, if at 
all, stronger than the two 


3321-72 



-0-147 



-1-33 






-0127 
+ 0-164 


-1-18 
+ 1-53 


outside ones. 




3319-05 








3266-06 



-0-159 



-1-50 






3318-04 






^Too weak and difhise to 
measare. 




+ 0-145 


+ 1-36 






3317-02 








3!258-02 



-0-153 



-1-44 






3304-62 










+ 0-125 


+ 1-17 








+ 0-126 


+ 1-16 




3254-90 












3293-30 



-0-126 



-116 


The middle oonstittient re- 
moved by caloite. 




-0122 
+ 0197 


-1-15 
+ 1-86 






3288-47 


+ 0177 


+ 1-64 


Too difFase and weak to 
measure. 


8252-01 



-0-203 



-1-91 






3285-29 



-0-177 

+ 0-150 



-1-64 

+ 1-39 


>^The middle constitaent re- 
[ moved by calcite. 


3250-90 


+ 0158 


-0-135 


+ 1-50 


-1-30 






3282-69 












+ 0-148 


+ 1-40 








-0-147 


-1-36 




3238-08 



-0-148 



-1-40 








+ 0-216 


+ 1-99 














3281-92 



-0-200 

+ 0-203 



-1-90 

+ 1-88 




3233-98 


+ 0-139 


-0-189 


+ 1-32 


-1-32 


[The middle constituent 
j moved by calcite. 


re- 


3281-26 












+ 0-125 


+ 1-19 


) 






-0-195 


-1-81 




3233-67 



-0125 



-119 


[ do. 






+ 0-157 


+ 1-45 














3280-02 












+ 0-100 


+ 100 








-0-166 


-1-54 




323210 



-0-116 




-1-10 








+ 0-164 


+ 1-52 














3277-88 








do. 




+ 0125 


+ 1-20 


do. 






-0164 


-1-52 




3227-05 




















-0-125 


-1-20 


) 






+ 0-141 


+ 1-31 














3277-55 








do. 




+ 0170 


+ 1-64 








-0141 


-1-31 




3217-23 



-0159 



-1-53 








+ 0-176 


+ 1-63 


The middle constitaent is 












3276-25 








▼ezy little stronger than 




+ 0-240 


+ 2-32 








-0-172 


-1-60 


the two outside ones. 


3214-86 




- 0-224 



-2-16 






3274-65 






Too weak and difiuse to 
measure. 

The three constituents seem 


3212-55 


+ 0153 



+ 1-45 









+ 0-155 


+ 1-44 


to be equally strong: the 




-0-162 


-1-57 






3271-27 








middle one is only very 










-0-155 


-1-44 


slightly, if at all, stronger 
than the two outer ones. 





























27—2 



Digitized by VjOOQ IC 



204 Mr PURVIS, ON THE INFLUENCE OF VERY STRONG ELECTROMAGNETIC FIELDS 



X 


dX 


dX/X« 




X 


dK 


dX/X« 






+ 0-247 


+ 2-39 


) The three oonstituents are 




+ 234 


+ 2-33 


] Very weak lines : ahnoet too 


3208*46 








\ very wide and diffuse into 
1 eadi other. 


3164-91 








may account for the want 




-0-228 


-2-21 




- 0-207 


-2-06 


of symmetry. 




+ 0-151 


+ 1-47 






+ 0-207 


+ 2 06 




3205-70 










3163-13 












-0160 


-1-55 






-0-218 


-2-17 


(Too weak and diffuse to 


319666 






Too weak and diffuse to 


3162-81 







\ measure; and widens into 














( 8163-18. 


3194.-06 






1 measure. 


3161-42 


4^0-217 



-2-16 







+ 0-203 


+ 1-99 






-0-207 


-207 




3190-80 




















-0-191 


-1-87 






+ 0-122 


+ 1-^2 


.The middle constituent re- 










315801 








moved by caldte. 




+ 0-164 


+ 1-61 






-0122 


-1-22 




3188*60 




















-0-172 


-1-69 




315551 


+ 0-139 



+ 1-39 







+ 0110 


+ 1-08 






-0130 


-1-30 




3187-78 






The middle constituent re- 
















moved by caldte. 












-0110 


-1-08 




+ 0089 


+ 0-89 












3151-42 








do. 




+ 0-177 


+ 1-74 






-0089 


-0-89 




3185-46 




















-0172 


-170 




3148-86 






Too weak and diffuse to 
measure. 




+ 0-128 


+ 1-26 






+ 0-147 


+ 1-48 




3184-04 










3146-40 












-0-128 


-1-26 






-0-143 


-1-44 






+ 0-136 


+ 1-34 




3143-61 






do. 


3183-48 




















-0-136 


-1-34 




3142-67 


+ 0-172 



+ 174 







+ 0-168 


+ 1-66 






-0-159 


-1-61 




3174-61 




















-0-176 


-1-74 




3142-33 







Too weak to measure and 
widens into 8142-67. 




+ 0-282 


+ 2-30 






+ 0-151 


+ 1-53 




3174-17 










3141-63 












- 0-230 


-2-30 






-0160 


-1-62 






+ 0-201 


+ 2-00 


1 do. 




+ 0-118 


+ 1-19 


The middle constituent re- 


3168-21 








3139-88 








moved by oalcite. 




- 0-201 


-2-00 


1 

/The least refrangible consti- 




-0118 
+ 0-191 


-1-19 
+ 1-93 










tuent iB wider and stronger 


3138-17 






















+ 0-161 


+ 1-60 


one, and it diffuses into 




-0-184 


-1-86 




3167-55 








\ the inner one ; it seems to 












-0170 


-1-69 


give some indications of 




+ 0-157 


+ 1-59 










being further divided, but 


3136-64 
















the separation is not de- 
^ finitely clear. 




-0-147 


-1-49 






+ 0-220 


+ 219 






+ 0-164 


+ 1-66 




Sl65'96 










3135-08 












-0-207 


-2-06 






-0-164 


-1-66 
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X 


dX 


dX/X« 




i ' 




+ 0191 


+ 1-95 






3128-81 



-0-191 

+ 0-191 



-1-95 

+ 2-00 


^ 


3101-09 


3128-40 



-0-209 



-2-13 




3094-33 


3125-52 


+ 0-070 


-0-070 


+ 0-72 


-0-72 


[Caleite used to remove the 


i 

3093-23 


3125-20 






Too weak to meMore and 
widens into 8195-52. 


3086-61 


3123-49 


+ 0-168 


+ 1-72 


Too weak and diifaae to > 
measnre. j 

1 




3123-01 



-0166 

+ 0-172 



-1-70 

+ 1-76 


1 


3083-31 


3120-36 



-0172 



-1-76 




3082-65 


3119-44 







do. 


3081-39 




+ 0-116 


+ 119 


Caldte need to remove the 


3070-31 


3118-51 








middle oonstitaent. All 






-0116 


-1-19 


three oonstitaents aeem 






to be eqoaUy strong. 


3067-20 




1- 0-139. 


+ 1-43 






3116-90 



-0-139 

+ 0130 



- 1-43 

+ 1-32 




3066-50 


3113-19 














-0139 


-1-41 




3065-71 




+ 0-135 


+ 1-39 


1 




31 10-82 








do. 


3063-30 




-0-135 


-1-39 






+ 0-149 


+ 1-54 






3109-51 



-0-147 

^ 0-229 



-1-52 

+ 2-36 




3060-60 


3108-81 



-0-236 




-2-44 




3057-55 


3106-90 


4 0-202 


+ 2-09 


Too weak and diifoee to 
measure. 


3054-00 


3105-03 



-0-205 



-212 




3053-48 




-1-0-153 


+ 1-58 


\ Calcite osed to remove the 
[ middle constitaent. AU 
. three constitnents seem 












3102-39 












-0153 


-1-58 


) to be equally strong. 


3050*85 



dX 


dX/X» 


+ 0096 


-0096 


+ 0-99 


-0-99 


+ 0-168 


-0154 


+ 1-67 


-1-60 


^0168 


-0168 


+ 1-69 


-1-69 


+ 0-205 


- 0-205 


+ 215 


-2-15 


+ 0-166 


-0-164 


+ 1-75 


-1-73 


+ 0-213 


-0-213 


+ 2-24 


-2-24 


+ 0-113 


-0-113 


+ 1-20 


-1-20 


+ 0-186 


-0-176 


1-97 


-1-87 


+ 0-123 


-0-123 


+ 1-31 


-1-31 


+ 0-174 


-0164 


+ 1-85 


-1-75 


+ 0-143 


-0-149 


+ 1-53 


-1-59 


+ 0-174 


-0164 


+ 1-86 


-1-74 


+ 0135 


-0-IS9 


+ 1-44 


-1-49 



! Calcite used to remove the 
r middle oonstitnent. 



[All three constituents i 
j to be equally strong. 



Calcite used to remove the 
middle constituent. 



[Too weak and diffuse to 



) Calcite used to remove the 
middle constituent. 



Too weak and dilluse to 
measure. 

) Caldte used to remove the 
middle constituent. 



Too weak and diffuse to 
measure. 
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X 


dK 


dX/X« 




X 


dX 


dX/X^ 






+ 0-160 


+ 1-72 






+ 0-244 


+ 2-73 




8049-00 










2989-67 












-0126 


-1-35 






- 0-261 


-2-92 






+ 0-143 


+ 1-53 


i 




+ 0-203 


+ 2-27 




3048-76 








1 
1 


2988-07 












-0-137 


-1-47 


1 
1 




- 0-^^05 


-2-29 




3042-39 


+ 0-097 



+ 0-92 



, 1 

1 Galoite used to remove the 
1 middle constitnent. 


2985-25 


+ 0131 



> +1-47 







-0-097 


-0-92 






-0133 


-1-49 




3038-63 






1 
Too weak and diffuse to , 




+ 0-172 


+ 1-93 


The most refrangible member 
is as strong as the middle 








measure. 


2983-62 








one. The middle consti- 
j tuent removed by calcite. 




+ 0-159 


+ 1-78 






-0-172 


-1-93 


3033-99 




















- 0168 


-1-83 




2982-82 


+ 0-283 



+ 3-16 







+ 0147 


+ 1-60 






- 0-275 


-3-10 




3033-55 




















-0-159 


-1-72 






+ 0-141 


+ 1-58 


The middle constituent re- 


3025 08 






do. 


2981-27 



-0-141 



-1-58 


moved by oaloite. 




+ 0-337 


+ 3-68 






+ 0-167 


+ 1-88 


] 


3022-70 










2976-55 








[ d«- 




- 0-341 


-3-73 


• 




-0-167 


-1-88 


/ 




+ 0-219 


+ 2-40 






+ 0-137 


+ 1-54 




3016-81 










297406 












-0-217 


-2-38 


All three oohstitaents are 
very hroad and diffuse and 




-0-133 
+ 0151 


-1-50 
+ 170 




3014-87 






nm into eaoh other, and 
are not easy to measnre 
exaotly. 


2972-31 



-0-143 



-1-61 






+ 0-234 


+ 2-57 






4^0-151 


+ 1-71 




3012-09 










2968-40 












- 0-221 


-2-43 






-0-159 


-1-80 






+ 0-298 


+ 3-29 


Very weak lines : almost too 
weak to measure, which 
may aocount for the want 
J of symmetry. 








Too weak and too diffuse to 
measure: the three consti- 


3007-37 



-0-275 



-3-04 


2958-68 






tuents widen and diffuse 
into eaoh other : the inner 
one is only a little stronger 


3006-57 






rToo weak to measure. 

I 








than the two outside ones. 










+ 0-167 


+ 1-90 


The three constituents axe 


3005-87 


+ 0-228 


+ 2-52 


) 


2957-54 



-0-167 



-1-90 


very wide and diffuse. 


3003-50 



- 0-225 



-2-50 




2955-65 






Too weak and too diffuse to 
measure. 




+ 0180 


+ 2-00 






+ 0-186 


+ 2-13 




3001-82 










2952-12 












-0-182 


-201 






-0-184 


-2-11 






+ 0-209 


+ 2-32 






+ 0-132 


+ 1-51 




3001-28 










2949-24 












-0-213 


-2-36 






-0-132 


-1-51 





Digitized by VjOOQ IC 



ON THE SPARK SPECTRA OF (1) VANADIUM, AND (2) PLATINUM AND IRIDIUM. 207 



21H8-15 

2944-68 

2948-70 
2943-25 
2943-48 

2941-51 

2938-35 
2933-95 

2932-42 

2930-96 
2930-25 
2926-50 

2925-40 

2924-79 

2924-14 

2923-47 

2920-50 

2920-1 1 



dX 



+ 0-137 


-0-130 

+ 0-203 


-0-199 



+ 0-201 



-0-199 



+ 0-153 


-0-161 

+ 0-164 


-0-155 



+ 0-071 


- 0-071 

+ 0-129 


-0-120 

+ 0-166 


-0155 

+ 0-180 


-0-172 

+ 0-161 


-0-155 

+ 0-203 


-0-200 

+ 0-175 


-0-166 



dX/X2 



+ 1-57 


-1-50 

+ 2-35 


-2-30 



+ 2-32 


-2-30 



+ 1-77 


-1-87 

+ 1-86 


-1-80 



+ 0-82 


-0-82 

+ 1-50 


-1-40 

+ 1-94 


-1-81 

+ 2-10 


-201 

+ 1-83 


-1-80 

+ 2-38 


-2-34 

+ 2-05 


-2-00 



Too weak and too difhise to 
measure. 



The least refrangible consti- 
tuent is more diffuse than 
the most refrangible one. 

Too weak to measure. 

Too weak and too diffuse to 
measure. 



do. 



The middle constituent re- 
' moved by calcite. 



All three very weak oonstitu- 
ents. 



X 


d\ 


dX/X« 




2918-32 







Too weak and diflfuse to 
measure. 


2917-41 

1 


+ 0-187 


-0-187 


+ 2-19 



-2-19 


] The middle constituent re- 
moved by calcite. The 
three constituents are very 
wide and diffuse. 


1 2916-00 

1 


+ 0-165 


-0-165 


+ 1-94 



-1-94 


[The middle constituent re- 
j moved by calcite. 


2915-46 







) Too weak and diffuse to 


2914-97 






r measure. 




+ 0-139 


+ 1-60 




2914-40 



-0-141 




-1-66 






+ Q-06S 


+ 0-74 




2911-78 



-0-063 



-074 


• 




+ 0-182 


+ 2-19 




2911-17 



-0-186 



-2-19 






+ 0-129 


+ 1-52 




291015 



-0122 



-1-44 




2908-96 


+ 0-150 


-0-150 


+ 1-74 


-1-74 


I Oalcite used to remove the 
J middle constituent. 


2908-56 






Widens mto 2908-96 and too 
weak to measure. 




+ 0-182 


+ 2-15 




2907-60 



-0-191 



-2-25 






+ 0-168 


+ 1-98 




2906-60 



-0-161 



-1-90 






+ 0172 


+ 2-08 




2905-75 



-0160 



-1-90 






+ 0146 


+ 1-73 




290513 



-0-154 



-1-82 




2896-31 

1 


+ 0-229 


- 0-227 


+ 2-72 


-2-70 






+ 0154 


+ 1-83 




1 2893-47 

1 



-0-146 



-1-74 
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X 


dK 


dX/X2 


X 


dK 


dX/X« 






+ 0-120 


+ 1-43 






+ 0094 


+ 1-15 




2892-82 




-0-120 



-1-43 


Galoite ased to remoTe the 
middle oonstitaent. 


2849-19 



-0-094 



-1-15 


Oalcite used to remove the 
middle constituent. 




+ 0-145 


+ 1-73 


) 




+ 0090 


+ 1-11 


) 


2892-51 








\ do. 


2847-65 








\ do. 




-0145 


-1-73 


) 




- 0-090 


-1-11 


] 




+ 0-089 


+ 1-07 


) 




+ 0-188 


+ 2-32 




2891-78 








do. 


2845-37 












-0-089 


-1-07 


) 


1 


-0-186 


-2 30 






+ 0-132 


+ 158 






+ 0-133 


+ 1-64 




288836 










2841-20 












-0-149 


-1-78 






-0129 


-1-60 




2887-30 







] Weak and widen into eaoh 
1 other : too weak to measure. 


2836-62 


+ 0-119 



+ 1-48 



[ do. 


2887-08 






The two outer members are 


2830-52 


-0-119 


-1-48 


) 




+ 0172 


+ 2-07P 


a little stronger and wider 






I Too weak and too diffuse to 
measure. 


2884-91 





s 


- two outer constituents ap- 


2826-02 










-0-166 


- 2-00 p 


pear to vibrate parallel, and 
the inner one perpendicular 
V to the lines of force. 




+ 0-137 


+ 1-73 


The least refrangible consti- 
tuent is stronger than the 
most refrangible one and 


2880-92 







Too weak and diffuse to 


2810-39 








• is ahnost as strong as the 








measure. 




-0-124 


-1-57 


middle one. This may 




+ 0-248 


+ 2-99 










explain the want of sym- 


2879-26 
















• metry. 




-0-246 


-2-()5 




2809-66 






Too weak and diffuse to 




+ 0-100 


+ 1-21 


1 Calcite used to remove the 


2808-39 






' measure. 


2877-80 



-0-100 



-1-21 


middle constituent. 


2805-69 








2873-30 






Too weak and diffuse to 




+ 0-122 


+ 1-55 










measure. 


2803-60 












+ 0-141 


+ 1-71 






-0-122 


-1-55 




2869-22 




















-0-139 


-1-70 






+ 0123 


+ 1-57 












2802-93 








Galdte used to remove the 


2864-60 


+ 0-065 


+ 0-79 


'The middle constituent re- 




-0123 


-1-57 


middle constituent. 








f moved by calcite. 












-0-065 


-0-79 


/ 




+ 0-076 


+ 0-97 












2799-59 








do. 




+ 0-095 


+ 1-16 


do. 




-0-076 


-0-97 




2855-39 


















-0095 


-116 






+ 0-127 


+ 1-62 












2798-88 








do. 




+ 0-118 


+ 1-44 






-0-127 


-1-62 




2854-41 




















-0-114 


-1-40 






+ 0-114 


+ 1-45 


) 










2797-93 








[ do. 


2852-63 







Too weak to measure. 




-0-114 


-1-45 


) 


2851-36 


+ 0-116 



+ 1-42 



) Calcite removed middle con- 
1 stituent. 


2797-12 


+ 0-088 



+ 1-13 



[ do. 




-0-116 


-1-42 






- 0-088 


-1-13 


) 
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X 


d\ 


rf\/\« 




X 


d\ 


dX/X2 




2781-69 











+ 0-128 


+ 1-75 


\ 








.Too weak and diffufle to 
measare. 


2706-34 



-0-128 



-1-75 


f Caloite used to remove the 
j middle constitaent. 


2778-75 




••••■• 






+ 0-153 


+ 209 






+ 0-149 


+ 1-93 


Galdte nsed to remove the 


2702-31 










2777-86 



-0149 



-1-93 


middle oonstitaent. 




-0-151 
+ 0-112 


-2-06 
+ 1-53 






+ 0-111 


+ 1-44 


1 


2701-16 










2774-81 








1 do. 




-0104 


-1-42 






-0-111 


-1-44 




















+ 0-164 


+ 2-26 






+ 0-098 


+ 1-27 


I do. 


2690-91 










2774-40 



-0-098 



-1-27 






-0-153 
+ 0-159 


-2-11 
+ 2-20 






+ 0-104 


+ 1-35 




2690-41 










2768-69 



-0-104 



-1-35 


I do. 




-0-168 
+ 0-172 


-2-32 
+ 2-37 






+ 0-230 


+ 300 




26S9W 










2766-59 



-0-227 



-2-98 






-0-159 
+ 0-168 


-2-20 
+ 2-32 






+ 0-147 


+ 1-92 




2688-82 










2765-81 



-0-143 



-1-86 






-0161 
+ 0151 


-2-22 
+ 2-10 






+ 0-109 


+ 1-44 




2688-12 










2760-62 



-0-109 



-1-44 


i do. 




-0-159 
+ 0-174 


-2-20 
+ 2-41 


^ 




+ 0-185 


+ 2-43 


[ do. 


2683-21 








Widen into eaoh other, and 


2760-26 










- 0-168 


-2-33 


the least refrangiUe of one 




-0-185 


-2-43 






+ 0-168 


+ 2-33 


S almost coineides with the 
most refrangihle consti- 




+ 0-091 


+ 1-20 




2682-98 





.0 


tuent of the other. 


2753-54 



-0-091 



-1-20 


[ do. 




-0-157 
+ 0-157 


-2-20 
+ 2-20 


/ 




+ 0-135 


+ 1-79 




2679-39 










2747-55 



-0-135 



-1-79 


do. 




-0-164 
+ 0-162 


-2-29 
+ 2-25 






+ 0-081 


+ 1-08 




2678-66 










2729-81 



-0-081 



-1-08 


do. 




-0-159 
+ 0-151 


-2-21 
+ 2-10 






+ 0-090 


+ 1-22 




2677-91 










2715-80 



-0-090 



-1-22 


I do. 




-0-149 
+ 0-137 


-2-07 
+ 1-91 




2714-31 






Too weak and too diffuse to 
meaenre. 


2672-11 



-0135 



-1-90 






+ 0-185 


+ 2-51 






+ 0-094 


+'l-32 




2711-88 



-0-188 



-2-55 




2663*42 



-0-094 



-1-32 


[The middle oonstitnent xe- 
j moved by oaldte. 


Vo 


L. XX. 


No. V] 


IT. 
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\ 


dX 


dX/X« 




X 


d\ 


dX/X2 


2655-82 
2645-90 

2642-82 


+ 0-130 


-0130 


+ 1-86 


-1-86 


, Too weak and diffuse to 
measure. 

1 Very weak, middle constitu- 
j ent removed by caloite. 


2528-59 
2528-00 
2524-07 


+ 0-115 
-0-115 


+ 1-80 


-1-80 


Constituents overlap and are 
too broad and diffuse to 
measure. 


2630-72 


+ 0-108 


-0-108 


+ 1-56 


-1-56 


1 do. 


2521-62 
2516-19 






• 


2595-20 


+ 0-120 


-0-120 


+ 1-78 


-1-78 


I do. 


2479*60 
2479-09 






Too weak and diffuse to 
" measure. 


2593-18 






Too weak and diffuse to 


2405-30 








2553-11 






measure. 


2393-70 









2549-36 
2528-97 


+ 0-123 


-0-123 

+ 0-087 


-0-087 


+ 1-89 


-1-89 

+ 1-34 


-1-34 




2382-59 
2371-19 
2366-40 


+ 0-080 


-0-080 


+ 1-42 


-1-42 


The middle constituent re- 
moved by caloite. 

Too weak and diffuse to 
measure. 



The following lines became doublets, and most of them are very diffuse and weak; and it is 
probable that other constituents overlap. In each case the width between the centres of the aggregate 
of the two constituents has been measured. 



3885-03 


+ 0164 


- 0-164 


+ 1-08 


-1-08 


3876-25 


+ 0-203 


- 0-203 


+ 1-35 


-1-35 


3864-00 


+ 0153 



+ 1-02 





-0153 


-1-02 


S566'3^ 


+ 0-180 



+ 1-41 





-0-180 


-1-41 


3560-78 


+ 0-148 


-0-148 


+ 1-16 


-116 


3524-89 


+ 0-387 


- 0-387 


+ 311 


-3-11 1 



The two constituents are 



broad and strong. 



3520-19 



3486 09 



3043-62 



3041-52 



3008-61 



+ 0-179 


-0-179 



+ 1-44 


-1-44 



+ 0-172 I +1-41 

i 

-0-172 I -1-41 

+ 0-109 ' +1-18 

I 

-0-109 I -1*18 



+ 0-120 


-0-120 



+ 1-29 


-1-29 



A very narrow separation: 
the constituents are very 
diffuse and the more re- 
frangible one is stronger 
and sharper than the less 
refrangible one. 
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The following lines do not seem to be either divided or widened; they appear to become a little 
sharper and weaker when vibrating in the magnetic field : — 

4380-28 2910-50 

396819 2889-71 

3896-32 2775-89 

2950-40 2739-80 

There are numerous other lines which are widened, but they are too weak to examine or 
separate by the calcite; and others show a weak diffuse widened middle constituent, whilst the two 
outer constituents are too weak to affect the plate in the maximum time exposure of these experi- 
ments ; they would probably become visible if an exposure of two or three hours were given. 

Platinum. 

The spark spectra of platinum and iridium have a large number of lines, most of which are 
weak. Only the strong lines are noted and whose images were photographed during a maximum 
exposure of 30 minutes when vibrating in the magnetic field The lines were identified and 
compared with the descriptions of Exner and Haschek*. 

The following lines are divided into triplets with the exception of those specially described in 
the notes. 



4164-9 
4118-9 
3966-4 
3925-6 
3818-9 
3628-3 

3408-3 



d\ 


dX/Xa 1 


+ 0-289 


- 0-289 


+ 1-66 


-1-66 


+ 0-286 


-0-286 


+ 1-66 


-1-68 


+ 0-294 


-0-294 


+ 1-86 


-1-86 


+ 0-286 


-0-286 


+ 1-81 


-1-81 


+ 0-320 


-0-320 


+ 2-19 


-2-19 


+ 0-262 


- 0-262 


+ 1-98 


-1-98 


+ 0-167 
+ 0-122 


-0-122 
-0167 


+ l-44« 
+ 105p 


-l-05p 
-1-44* 



The triplet oould be measored 
only by remoying the oon- 
stitnents vibrating parallel 
to the lines of force by 

, means of the oalcite prism. 



do. 



do. 



do. 



do. 



do. 

The general appearance is 
that of a donblet with the 
inner edges sharp and 
strong, and the onter ones 
weak and difFose. On 
analysis by the oalcite, it 
appears to be a qnadmplet. 
The two inner sharper con- 
stitaents impinging upon 
and overlapping the two 
onter weaker ones. 



dX 



3301-9 



32740 



3256-0 



3247-6 



3204-2 



3201-0 



3139'5 



3064-8 



+ 0-186 


-0180 

+ 0-146 


-0-146 

+ 0-159 


-0-166 

+ 0157 


-0-157 

+ 0-192 


-0195 

+ 0-199 


-0-195 

+ 0-123 


-0123 

+ 0-178 


-0-178 



dX/X« 



+ 1-70 


-1-65 

+ 1-36 


-1-36 

+ 1-50 


-1-56 

+ 1-48 


-1-48 

+ 1-87 


-1-89 

+ 1-94 


-1-90 

+ 1-24 


-1-24 

+ 1-89 


'1-89 



/This has the appearance of 
a doublet not unlike that 
of X 8408-30 with the inner 
edges sharp and the outer 
edges weak and diffuse. It 
is probably a quadruplet 
like 8408-30, but it is too 
weak to determine accu- 
rately. 



^The middle constituent re- 
' moved by calcite. 



["This has the general appear- 
ance of a doublet like that 
of 3408-30, but the outer 
constituents are too weak 
and diffuse to measure. It 
is probably a quadruplet. 



• Sitz. d. *. Akad. Wien, 1896, Vol. cv. II a Abth. pp. 623, 642. 
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X 


d\ 


dX/xa 




X 


dK 


dX/X« 




3001 -3 


+ 0-105 


-0-105 


+ 1-17 


-1-17 


[The same remark applies to 
1 3001-3 as to 3189-5. 


2771-6 


+ 0-112 


-0-112 


+ 1-45 


-1-45 


The middle constituent was 
removed by the oalcite 
j prism. 


2998-0 


+ 0-178 


-0-184 


+ 2-00 


-2-04 




2733-9 


+ 0-130 


-0-128 


+ 1-73 


-1-71 




2929-9 


+ 0-157 


- 0-163 


+ 1-82 


-1-89 




2719-1 


+ 0-149 


- 0159 


+ 2-01 


-2-15 




2893*4 


+ 0-186 


-0189 


+ 2-22 


-2-25 




2705-9 


+ 0-147 


-0-145 


+ 2O0 


-1-98 




2830-3 


+ 0-154 


-0149 


+ 1-92 


-1-86 




2702-5 


+ 0-141 


- 0-140 


+ 1-93 


-1-91 




2794-2 


+ 0-135 


-0132 


+ 1-73 


-1-70 




2659-5 


+ 0091 


-0-091 


+ 0-67 


-0-67 


do. 


2774-8 


+ 0-143 


-0-143 


+ 1-85 


-1-85 


] The middle oonstitaent was 
• removed by the calcite 
j prism. 











In addition to the lines described above there are other lines which are divided into triplets, 

but the constituents are too weak to measure with any degree of accuracy. Such lines are the 
following : — 

4552-6 3639-0 2677-3 

4498-9 3563-2 2628-1 ? 

4442-7 3485-8 ? 2426-0 

4192-7 3252-0 23773 

3672-2 2890-5 23109 ? 

3643-3 27550 

And there are a number of weak lines which are widened, but they are too weak to shew any 
separation when analysed by the calcite prism. 
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Iridium. 



X 


dX 


dX/X> 


1 


X 


cTX 


dX/X" 










This has the general appear- 
















anoe of a doablet with the 




+ 0-192 


+ 2-03 






+ 0-298 


+ 2-06J 


inner edges sharp and 

strong and the oater ones 

J weak and diffuse. On 


3069-0 












+ 0-197 


+ l-36p 




-0-189 


-2-00 




3800-2 








^ analysis by the caloite it 












-0-197 
-0-298 


-l-36p 
-2-06* 


separates into a quadruplet, 
with the two inner con- 




+ 0118 


+ 1-27 


/This has a general appearance 
similar to that of 8800-2: 








stituents impinging upon 


30427 








but the two outer oonsti* 




+ 0-266 


+ 2-04 


, the two outer ones. 




-0-118 


-1-27 


tnents are too weak to 
analyse. It is probably a 
V quadruplet. 


3605-9 




















-0-254 


-2-00 




2943-3 


+ 0-150 



+ 173 







+ 0-316 


+ 2-47 




1 


-0141 


-1-62 




S57S-8 




















-0-306 


-2-40 




2924*9 


+ 0-184 



+ 216 



• 




+ 0-314 


+ 2-53 






-0184 


-2-16 




3516-0 




















-0-310 


-2-50 




28497 


+ 0157 



+ 1-93 







+ 0-192 


+ 1-85 






-0-154 


-1-90 




3220-7 




















-0-189 


-1-82 




2833-3 


+ 0-174 



+ 216 







+ 0-194 


+ 1-97 






-0167 


-2-08 




3133-4 



-0-192 



-1-95 













In addition to the above lines there are others divided into triplets, but they are too weak to 
measure; such are: — 

4070-3 3594-5 27749 

3653-2 3573*8 2664'6 

3628*8 2824-6 2368-1 

There are also others which are widened, but they are too weak for anal3r8i8 by the calcite. 

As a rule in both platinum and iridium the middle constituent of each triplet is the strongest, 
but the constituents of the triplet of Pt 3064*8 seem to be equally intense. Also the constituents 
of the normally weak lines are always separated further from each other than those of the strong 
linea 
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QeNERAL SuiiMART. 

The more importaiit conclusions which may be drawn from the preceding observations 
and measurements are: — 

(1) The values of dX/X' for many lines are essentially identical. The general 
appearance of the corresponding constituents, and that of the normal lines, are also in these 
cases very similar. The most striking illustrations of similarity in the case of the vanadium 
lines are the sextuplets derived from 4123*7 and 4109'98, the quintuplets from 2934*48 
and 2903*20, and the quadruplets from 4444*42 and 3696*00; and amongst the lines 
which are divided into four on analysis by the calcite there are several which are very 
similar in their appearance and in the values of dK/\^. Also amongst the lines becoming 
triplets there are lines which can be grouped together in a similar way. 

The method, therefore, may be a means of correlating and classifying into groups 
having the same general properties the spectral lines of elements which have not been 
classified in the same manner as those of the alkalis and the alkaline earths. 

(2) The metals platinum and iridium are usually grouped together in 'the same 
family having the same general physical and chemical properties, and the method may be 
a means of correlating and classifying corresponding lines of elements belonging to the 
same family. Only the strongest lines of these two elements were photographed, but 
amongst them it will be noticed that there are several lines which have the same essential 
value of c2\/X' for the constituents, and the general appearances both of the constituents 
and the normal lines are in these cases essentially the same. 

(3) In some instances the values of rfX/X* for the several constituents of the 
same line seem to be simple multiples of each other; and also the value of dK/\^ for the 
constituents of some lines is a multiple of the value for the constituents of other lines. 

The results of the measurements of other metals will be published later. 

Finally I desire to convey my thanks to Professor Liveing for the use of the spectre* 
scope, and to Professor Larmor for his sympathetic interest in the investigation. 
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ADVERTISEMENT. 



The Society as a body is not to be considered responsible for any 
facts and opinions advanced in the several Papers, which must rest 
entirely on the credit of their respective Authors. 



The Society takes this opportunity of expressing its grateful 
acknowledgments to the Syndics of the University Press for their 
liberality in taking upon themselves the expense of printing this 
Number of the Transactions. 



Digitized by vnOOQ IC 

J 



IX. On the Asymptotic Expansion of the Integral Functions 

«to r(i + /0 n=or(i4-« + n^)- 

By E. W. Barnes, M.A., Fellow of Trinity College, Cambridge. 

[Received and Bead March 12, 1906.] 

§ 1. In a memoir "Od the Asjrmptotic Expansion of Integral Functions defioed by 
Taylors Series*," the author has discussed the expansions of various wide classes of 
integral functions. The results obtained in the present paper were indicated, though no 
detailed investigation was given. Such an investigation is now supplied. The functions 
are of interest in that the associated functions have not finite radius of convergence. 
They may well be considered together as their asymptotic expansions are related. And 
the method employed to obtain their asymptotic expansions in a region including the 
positive half of the real axis differs from that which was used for any of the other 
functions considered, depending, as it does, on the use of Lagrange's series. 

« a?" r(l + an) 
The function represented by the series 2 — p.^ <~ we denote by f(x, a); that 

« a?** r(l -f 710) 
represented by 2 p ... _; j-. by (f>(x, 0). We shall assume that 0<a<l, and that 

^ > 0. 

When a=l, /(a?, ol) = z ; when a = 0, /(a?, a) = e*. Both the functions /(^, a) and 

1+A(a?, d) are particular cases of the more general function 2 ~^ — o"\^» (i9>a>0), 

i»=o i (1 + pn) 

which also includes as a particular case Mittag-LeflBers function E^ix). This function 

the author hopes to consider on a future occasion. 

§ 2. The asymptotic expansion of fix, a) when R(x)<0. 
If an be real and > — 1, we know that 

r(aw + l)=f e-^y^'^dy, 
Jo 

the real positive value of y^ being taken, and the integration being along the positive 
half of the real axis. 

* Presented to the Royal Sooiety in May 1905 and shortly to be published. 
Vol. XX. No. IX. 29 



Digitized by vnOOQ IC 



216 Mb BARNES, ON THE ASYMPTOTIC EXPANSION 

Hence, if 0<a<l, the function /(a?, a) can be represented by the integral 

I exp{-y + «y}dy. 

Jo 

Make now the substitution ^ = ^, in which t is real. 
Then /(-«, a) = ^/ er^e-^^^^t^^-'dt 









'0 n=0 ^• 

Suppose now that |arg^|<7r/2. Th^n in the latter integral we may make the sub- 
stitution xt^T, and take the integral with respect to T also along the positive half of 
the real axis. For the difference between the two integrals is an integral along an arc 
of a great circle at infinity whose value is zero. 

If then |arga:| < 7r/2, 

Now I have shewn in my original memoir (§ 5) that if we replace the previous 
integral by the sum of the integrals of the various terms in the subject of integration 
we obtain a series which is truly asymptotic. 

We therefore have 

f( ^«W 1 g (-)T{(n + l)/a} 

where IJyx^'^^^'^l can be made as small as we please by making |^i sufficiently large. 

Finally therefore, if R{x)< 0, and < a < 1, we have the asymptotic expemsion 

f(xa)^—^— I (-):rKn+lV«] 
•^^"^'"^ a(-a:y'*ntor(n + l)(-a;)'»'-* 

the principal value of (—a?)"'* which is real when x is real and negative and which has 
a cross-cut along the positive half of the real axis, being taken. 

§ 3. The asymptotic expansion of fix, a) when 7r/2 > | arga? | > (1 — a) 7r/2. 
Wo now proceed to shew that the previous expansion is valid when 

7r/2 ^ I arga: I > (1 - a) 7r/2. 
Suppose that 0y the argument of x, is positive and equal to 7r(l*9;)/2, where 0<i7<a. 
We have seen that 

fix, a) ^ I exp {- y + a?y} dy, 

Jo 

the integral being taken along the positive half of the real axis. Put y = ze"^, and we have 

fix, a) = &* I (- <!>) exp j- ze* + xe^z*} dz, 
Jo 

the integral now being taken along an axis of argument (— ^). 
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Choose <l> so that fpr/2a<il><7r/2, as is always possible if 17 < a. Then we have <^<7r/2 
and a^ + Tr(l — 17)/2 >7r/2. Hence the subject of integration tends exponentially to zero 
along an arc of the great circle at infinity for which the argument lies between and 
— ^, the limits included. The integral can therefore be taken along the real axis, and 
we have 

/(a?, a) - «•♦ r exp {xe^ ^] I (:il>]^ dz 

Jo n-O ^» 






And thus we have the asymptotic expansion 



.. '-)-■'(':') 



/(«. «) - jj ^2^ r (» + 1) (- a!)'»+»'« • 

We may obviously employ a similar method when 6, the argument of x, is negative 
and 9r/2>|^|>(l-o)Tr/2. 

§ 4. The asymptotic expansion for f{x^ a) which has been obtained in §| 2 and 3 
is thus valid when | arg (— a?) | < (1 + a) 7r/2, 

We proceed to verify this result by means of the contour integrals employed in the 
fundamental memoir. 

Let us consider the contour integral 

where the contour of integration embraces the positive half of the real axis and encloses 
the poles of r(— «), but none of those of r(cw-i-l). Its value, by Cauchy's theory of 
residues, is evidently f(x, a). 

Now when | arg (— «) | < (1 + a) v/2, the integral will vanish when taken round that 
part ef an infinite contour for which R(s) is greater than a finite negative quantity 
however large. This theorem is immediately evident from the known asymptotic expansion 
for r(s\ when \s\ is very large. 

The integral may therefore be taken along a contour in the finite part of the plane 
which consists of a straight line parallel to the imaginary axis which passes between the 
poles — jfc/a and — (fc + l)/a, together with a loop which encloses the poles — 1/a, ..., — A;/a of 
r(ow + l). 

We therefore have, if | arg (— a;) | < (1 + a) ir/2, 

k 

f{x,a)^ 2 r(n/a)(-a;)-^«Lt6r(-n + l + a€) + Jlb(a?) 

where \Ju{x)si^^\ can be made as small as we please by taking \x\ sufficiently large. 
This is equivalent to our former result. 

29—2 
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§ 5. Ths asymptotic expansion of/(x, a) when |argfl?| <Tr(l — o)/2. 

We will now shew that, when ] arg a? | < (1 — a) 7r/2, we have the asymptotic expansion 

f(x, a) = exp {(1 - a) a*/«i— ) ajv^-**} (aay^ »"•> 

I"! r(/i+l/2) d^ ( l^aT- iT+iyV'^^^f^^ 

^ InZo r (2n + 1) (ar)«/<^-» dT^ \ aT' j r=o J ' 

We have seen that 

/(a?, «)«[ exp{-y + ajy}dy, 

the integral being taken along the real axis. 

Suppose now that we make the substitution 

Then the integral becomes 

D 

exp [(flucyo-*! [f/tt-t]] (oa!)"0-*) dt, 



I 

Jo 



taken along an axis such that arg ^ = — (arg x]/(l — a). 

If now |arga;|/(l — a)<7r/2, this integral may be taken along the positive half of the 
real axis, for the difference between the two integrals will be an integral along an arc 
of the great circle at infinity which vanishes. If then we put X = (our)^^""*', we have, 
if |arga;i<7r(l-a)/2, 

/(a;, a) = zf ex]p {Xt^/a- Xt]dt, 
Jo 

the integral being taken along the real axis. 
Make now the substitution 

all the quantities involved being real. 

Since a<l, we see that, when t is very large, y = f. When ^ = 0, y=l/a — 1. When 
t^ly ya=0, and we have the minimum value of y. 

The curve which represents the connection between y and t will be given by the figure. 



e=0 




The line y = l/a-l, cuts the curve again when ^ = a^<*"^\ 
We obtain upon substitution 

/(a;, a) exp [X (1 - 1/a)} Z- = J^^^v | ^^ | dy + f^' e'^^ 



dt 
dy 



dy. 



i 
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dy 



§ 6. We have now to investigate 
Putting t = T-\-l, we have 

when that value of (T+l)* is taken which corresponds to a dissection of the T-plane from 



r=-i to r=- 



00. 



When T is small the expansion of y in powers of T begins with T\ Hence we 
may put 

and, by Lagrange's theorem, for such values of jy, as make the series convergent, 

T^ldny^/nl (1). 

"When r > we must take the positive value of y^^, and when T < 0, the negative value. 

Evidently d^ = V2/(l - a). 

To find the actual radius of convergence of the series (1), we must adopt the process 
of Nekrassoff* or some analogous method. 

Let •^(^) = -j ^ '-1 , one or other of the two values of the root being 

definitely taken. Let T be a region of the z plane containing the origin within which 
the function z^{z) is regular. Draw within T a contour S containing the origin but 
excluding the points for which z is real and < — 1 : such points lie on the cross-cut 
-which serves to make {\-\-zY one- valued and for which "^{z) is not defined. 

Then, as Cauchy first shewed, the equation 

y^ = Vfli: a!ZMr+ l)*]/'a, 

will have one root T, which can be expanded in terms of Vy ^y the series (1), within 
the contour S, provided on the contour S, \y^^'^{z)\<\. 

We must find that contour 8 on which 1-^(^)1 has the smallest possible value if we 
are to obtain the largest value of |y^^, for which the series (1) is convergent. At each 
point of the domain T erect a perpendicular to the plane of length M^\'^{z)\. We 
thus get a surface which is cut by a plane M^^M^ in a curve. When M^ is very large 
this curve consists of a series of ovals round z — Q and the other zeros of 1 -h ot? — (1 + zy. 
As M decreases these ovals expand until finally the oval round ^=0 touches some other 
curve, let us say, when M—k. 

* Nekrassoff, Mathematitehe Annalen, Vol. xzzi. pp. further references see Osgood, Encyklopadie der Maihema- 
387—85S. Canchy's original development will be found in tisehen Wissensehaften, Bd n. 2, pp. 4i — 47. 
the Exerdces d' Analyse, ete.y 1840, T. ii. pp. 41—96. For 
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When M^kj we see that the corresponding contour S will enclose at least one other 
root of l + oar — (1 +^)* = besides -^^ = 0. And therefore z^{z) will cease to be regular 
within Sf so that the assumption that S lies within T will not hold. 

When M=k there will be a node on the curve \-^{z)\^M, since two ovals touch. 

Let J . . , 1 = ^^ =U'\-iv, where z^x + iy and u and v are real functions 

of X and y. Then the ovals correspond to w* -h v* = lfM\ 

At a node of such a curve — = = ^, and therefore j-]x7~\[ ~^' ^^^^ ^ *^ ^^J 

We therefore have ^ = - 1 + e»^/(«-i). 

And therefore 1 + o^ - (1 + -^)« = (1 - a) {1 - e»^'/«*-«}. 



1^(^)1= [- 



, . . / X . i"2 (1 - «)8in r7r/(l -a)"!-^ 
Hence A = ; ^(^)| = | -^^ ^—^ '-^ '\ . 



We must exclude the value corresponding to r«0, for that indicates the origin at 
which we have taken a definite value of Z'^(z). Otherwise we take the largest value for 
k which this expression can assume. 

Beyond this we have to ensure that the oval round z^O does not cut the surface 
in points which correspond to values of z which are real and < — 1. 

Now, when z = — 1 —k, 

^W=| ^ 1 . 

When < a < 1 and k^O, this expression is nowhere infinite, since 6=*='^* is not real. 
There is therefore a quantity pi^^ which is greater than zero and such that, when 
\y^^\<Pi^y the expansion (1) is valid. 
Hence, when \y\^p<pi, 

the series being absolutely and uniformly convergent. 

And therefore, if Vy denote the positive value of the root of y, y being real. 



/ 



dy 






§ 7. By the result of § 5 we now have ' 

e.p(Z(.-l)/.lX-./(..a)./;__^*|||% + /;-Vx.i^^p,,, J 

wherein, for values of y such that /9<y<l/a — 1, we substitute for the series the sui ^ of 
the functions of which the series is the expansion when \y\^P' 
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Write, for brevity, l/a-l = ^; Q(y)= 2 ^,y». so that Q(y) is defined by an 

absolutely and uniformly convergent series when 0^.i/\^p, and is one- valued and finite 
when y is real and p<yK<f>' Then / say that 

admits the asymptotic expansion 

wA«re I JyX^ I can 6e made as mrudl as we please by taking ', X | sufficiently large, provided 

|argZi<7r/2, 

For f e'*^'r'^Q(y)dy-''l [*e'«-»"r"' fe'i ^'^^^ 

+ f * e>*-^' r"^ <2 (y) dy -"l [*«'♦-««' y->/» ,%±1 ydy. 
^A,,£(argZ)^^2'^„^;'^^^^,dy| 

\ J 

the first integral being taken along an axis whose argument is equal to the argument of X 
which is <7r/2. 

Hence | JyX^ \ can be made as small as we please by taking | X \ sufiiciently large 
and I arg X \ < Tr/2. The theorem is therefore established. 

§ 8. Now j~ ■» 1 _ ^-1 > and this is finite on the range 1/a — 1 to oo , and at infinity 
it behaves like — y^"^. 

Hence e^^'^^i e'^^ wl^V' ^^^^^ €>0, tends to zero as \X\ tends to infinity 
provided |argX|<7r/2. Finally therefore if | arg a; | <(! — «) 7r/2, we have the asymptotic 



expansion 



/(.,.).z»p(X(i/,-i))g;*^<^y^>+^j}, 



where \Jjf\ can be made as small as we please by taking \X\ sufficiently large, and 
X = (axfl^-K 
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This result may be written 

f{x, a) = exp {(1 - a) a*/"-«» a^/<»-»)} (oury/«^-«' 



X 

The first term of the series is 



[I r(n 4-1/2) d^ fl+ar-(rjfl)«)-«-^/'] 

{27^/(l-a)}^^ 



§ 9. An interesting deduction from the previous formula may he noticed. 

The author has for a long time speculated as to whether it was possible to con- 
struct an elementary integral function which should tend to zero for all values of {a;| 
round infinity except those within a range of values of arg x as small as we please, 
being, of course, infinite within the latter range. 

Such a function is given by 

* .r"r(l +?i -nip) 
„=o r(l+n) 

where j? is a large positive number. 

For if we put a = 1 — 1/p in the previous formula, we see that, within the range 
I arg X I < 7r/2p, the function admits an asymptotic expansion whose dominant term is 

exp 1^ (1 -1//,)P^| [crP-^^'^ {2-,rpYI^ (A). 

Outside this range the function admits an asymptotic expansion whose dominant 
term is 

r(2 + ^)/(-^y^^^<'^-^' (B). 

By taking p as large as we please, we may narrow the range | arg x ; < wjip indefinitely. 

When p is infinite the function ceases to be integral : it becomes 1/(1 — x). 

In this case the asymptotic value round infinity becomes to the first approximation 

— , a result which accords with the formula (B). The formula (A) becomes infinite and 

indicates the existence of the finite singularity at the point a; = 1 on the positive direction 
of the real axis. 

The special function 2 ^ )- • . 
^ -^ n^o r(l+7i) 

§ 10. In the preceding general formula we have only obtained the dominant exponen- 
tial term in the region |arga?|<(l - a)7r/2, and for all we know to the contrary other 
exponential terms of lower orders may exist. 

In the special case when a = 1/2, the corresponding series of Lagrange is finite, and 
we can shew that no such terms exist : we can also bring out more clearly the dis- 
continuity in the asymptotic value of the function. 
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a?"r(l + n/2) 



223 



f{^)" 



2 

i»=0 



^z + xz^^-^y+a^lA^ and ^- = 1+2^^' 



r(l+7i) ' 

Then, as before, /(a?) — I exp{— ^+a;2;^}(fe, the integral being taken along the real axis 
from to X , and the positive value of z^ being taken. 

The previous transformations in the special case now considered lead to 

z^^^^y'/^-^x/'I (1), 

whence 

We thus have 

/(^)=|e»./.-.|l+.^?_|dy. 

The transformation (1) is the usual parabolic transformation. 

If x/2 ^p-^ iq and y^ ^-^ trf* we have, corresponding to real values of z, 

This is the parabola DACBE, with its focus at the origin, of the figure. 
We will consider three cases 

(a) when 0<arga?< 7r/4, 
(yS) „ 7r/4<arga?<37r/4, 
(7) yy 37r/4<arga:<7r. 
The corresponding cases' when arg^ is negative 
will follow by symmetry. 

In case (a) the point Pi, for which y = ic»/4, lies p^ — a 
between D and A. 

When z^^ describes the real axis from to + 00 , 
y describes the curve P^ACBE, and y^^ moves from 
pi(— — x/2) through the corresponding points a, c, b, e. 

In case (yS) the point P^iy^a^l^i) lies between A and B\ and in case (7) the 
point Pi(y = a^/^) lies between B and E^. 

§ 11. Thus, in case (a), y^ is initially — a?/2 and a circuit PAGBEPi enclosing the 
origin would bring it back to Pi with a value +a:/2. 

Hence, by Cauchy's Theorem, in case (a), /(a?) is represented by 




[/c-LJ^h^}* 



where (7 is a contour as in the figure with a broken 
cross-cut inside to make y*'* one-valued and xPi is 
the initial part of this contour. 

On the contour (7, if 

y=rre^{O<0t, itr), we have y^* ^ r^ g*(«-2»)/s^ 
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Hence f(x) = je<^^ {''y-'^m dy + 1^ J^'^ |l + ^ dy 

provided in the second integral | arg y^^ \ < •7r/4. 
The first integral is r(i) = V'7r. 
The second integral may be written 

re-V{l-(l+4y/a;.)-l/.}dy, 

that value being assigned to (1 + 4y/a^)"^ which, when | 4y/a^ | < 1, is represented by the 
binomial series 



i(_)nl-3J_^2n-l)^4yX« 



On the line of integration, when |4y/a^l^l, the series is divergent but summable. 
We may therefore substitute the series under the sign of integration to obtain the 
asymptotic value of the integral. 

Therefore, when [arga?] <7r/4, we have the asymptotic formula 

n.,.^..^4liJ:±S^>.^ (A, 

where \Jya^\ tends to zero as |a7| tends to infinity. 

§ 12, Consider next cases (/8) or (y), when 7r/2<argaj*/4< 27r. 

By Cauchy's theorem the integral for f(x) taken along the parabolic arcs PJOBE^ or 
PzE^ can be represented by the same integral taken along a line, from ic"/4 to oo in 
the positive half of the y-plane, so drawn as to pass to the left of the origin. This is the 
line D of the figure. 

We therefore have 

fix) = f e-v {1 - (1 + 4y/a;«)-'"} dy, 
Jo 

taken along a parallel to the former line, that value 
of (1 + iyla?)"^^ being taken which when 1 4y/a^ | < 1 is 
represented by the binomial series (2). 

Hence, when | arg x \ '^ 7r/4i, we have the asjnmptotic 
formula 

2 (^ (-)"r(2n4-2) . r ] 



•^<^>=l|ioTFiiS^'+'^n 



.(B), 




where IJjfO^l tends to zero bs \x\ tends to infinity. 

The formulae (A) and (B) evidently agree with the previous results. They shew 
that the large zeros of f(x) have arguments ± 7r/4. 
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§ 13. In the series by which we define the function (f> (x, 0) we suppose that is real 
and >0. Evidently when 0^0 the function becomes eF. 

To illustrate the method by which we now proceed to investigate the asymptotic expansion 
of 4>(Xf 0) when R{x)>0, we urUl first consider the particular case when 0^1. 

Inthisca^e *<^' ^) = 3i r(lV 2n) " 

Since I (1 - xy^^af^^ dx = r,\-^ — \' , if m and n be both > 0, we have 

Hake now the substitution z^y{\^y). 

We see that z vanishes when y»0 or y^I. It has a maximum value 1/4 when 
y=l/2. 

If then we put 2^ = 1/4 — f, y— l/24-i;, we have f*^ ^^^ therefore i7 = ±f^. 

We take the positive sign in this relation when y > 1/2, and the negative sign when 
y<l/2. 

Hence *(a:, 1)«J |(l/2+ f^)exp {a?(l/4- f)} ^^df 

-£| (1/2 - r^) exp {a:(l/4 - ?)} f-^df 

«ie«/^a;»/M e-^y^'^dy. 

Suppose now that |arga:|<7r. Draw a line / from x/4i to oo^, where 'arg^j<'7r/2, 
this line not cutting the negative half of the real axis. Draw a line / parallel to this 
line from the origin. 

Then by Cauchy's theorem 

<^ (x, 1) = ^eF^'x'^ j (J) e-yy-"^ dy - Ja?^^ f (/) e'/*-^' y"^ dy 

Jo J XI A 

» y^'a^ r (1/2) - fiJ) e-y (1 + 4y/a?)-^ dy. 
Jo 

This formula shews us that, when |arga;|<Tr, 

|*(^.l)-ie*'*^^'r(l/2)|, 

is finite for all values of |^|, however large. 

We can readily obtain a complete asymptotic expansion valid when |arga; <7r. 

30—2 
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For, if I arg a? | < tt, the expansion of (1 + 4y/aj)"^* by the binomial theorem is either 
(1) convergent or (2) summable and divergent on the line of integration. 

Hence, by a general theorem proved in my original memoir*, the integral last written 
admits the asymptotic expansion 



^ r 1.3...(2n-l)/ 4y\~ , ^ ^ 



where \Jyic^\ can be made as small as we please for any value of N by taking \x\ 
sufficiently large. 

We thus have, provided |argic|<'7r, the complete asymptotic formula 

n=0 



<^(a?, 1) = Y^'*^- 2 1.3...(2n-l)(-2/a?)^ 



§ 14. It may be remarked that this formula can be otherwise obtained. It is a 
particular ca^e of the asymptotic expansions of generalised hypergeometric functions. 

If Fp{x)= X -r, ^ a?", then, as I propose to shew in a subsequent paper, if I arga;|<7r, 
we have the asymptotic equality 

n=l * 

where |Jjv^fl?^| tends to zero as |a;j tends to infinity. 

Now ^(a?, l) = ^i/a(a7/4)— 1, and we therefore have the expansion just obtained. 

We see that <^ (a;, 1) satisfies the differential equation 

4^y"-(a;-2)y'-l-y = 0. 

A second independent solution is, in the notation of generalised hypergeometric 
functions, 

^.^a-V2;3/2;<r/4}-l. 

§ 16. We now proceed to apply the method used in the foregoing example to the general 
function 

As before we have 

if>{x, 6)^x1 y^exp{xy^{l-'y)}dy (1). 

Jo 

We assume that y* is real and equal to expj^logy}. 

Make now the substitution 

^ = 2^(l-y) (1). 

Then z vanishes when y = or y = l: it has its maximum value 0^/(0 -{- ly-^^ when 
y= 6/(0-^1), And z is real for all values of y within the range of integration. 

Put now z = 0y(0 + 1)^^ - ?; y = 0/(0 + 1) + 77. 

* § 5 of the memoir to which reference is made in § 1. 
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The relation (1) becomes 

e»i{e + ir' - f - m& + 1) + vf (i/(^ + 1) - r,). 



or 



*■ ~ 2 (d+i)»-''''*'3T^+i)»^"' ''*"'■•••• 



if 

This relation may be written 



l(^l_) 
<> 



<1. 






Hence, by Lagrange's theorem, 



where Cn— —, 

n ! 



drT'K V' J J,=o 



This series will be convergent for sufficiently small values of |f|; say, when |5^|<«-,. 



„ . , ^, /2($ + lf-* 2 (d-l)(d + !)•-> 
Evidently Ci = -y/ ---^^:^— -, <^ = -3^ — 0» • 



When 17 > 0, we take the positive value of V^T in the series, and when 17 < 0, we 
take the negative value. 

We have ^ = _^ Ic-f^. 

On transforming the integral (1) by the substitution just employed we obtain 



^ (<c, e)fx = J' y,* exp {xz} \^\de + / V exp {xz} | ^' 



(2^, 



<?• 



where p=7z — f^i » *^^ ^i ^ ^'^^ value of y for which i;<0, y^ the value for which rf>0. 

Now yi*= (/^ fvm-fj/la^rT-^f' *^^ ^'^^ ^^^^ If^l is suflSciently small can be 

expanded in ascending powers of |f^|, the positive value of V? being taken when r)>0 
and the negative value when 17 <0. 

We therefore have, if | f^»|<cr >0, 

v • I ^ I = i d ?*»/*-* 



d? 



n=l 



where d, = [^^^j y/ —^0i=i 



1 1H«^ ^AiM*A.a-rvrN'r«r]i*^<v vtaIiia />#* /i< I "^ 



The corresponding value of yi -^ is obtained by changing the sign of V?- 

30—3 
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Hence 4, (x, 0)/x = f exp {a? (p - ?)} 2 d, f"*- d? 

Jo n=l 

Jt p>(r, the series is divergent and must be replaced by the function from which it 

was obtained. 

1 i 

Now this function, which is the sum of the two values of ^- ^+7w-. h^- \» ^ 

u-f-i (tf-f- ijr ff \ 

iinite within the range of integration. 

The integral can therefore, by the theory previously established, be represented by 
the asymptotic expansion 

when R(x)>0. 

If then R{x)>0 we have the asymptotic expansion 

J./ a\ c> f ^ I V d»-ir(n-l/2) 

* (^, 0) - 2^ exp 1^-^^^-^,- ^[ 2 ^ - - -^^-f . 

The dominant term of this expansion is 



exp 



W+ir'*} 



,(d+l)»+«| ■ 



The coefficients in the expansion can be written in a symbolical form by the use of 
Lagrange's series. They can however be deduced from the coefficients in the asymptotic 
expansion of 

by means of the following theorem. 

§16. If |arg«,<37r/2 ond ^= " 



1-0' 

where \Jn^\ <^'^ ^ made as small as we please by taking \x\ sufficiently large. 

Consider the integral 

1 r T( ^s)7rafds 

"^ttlJ r(-atf)sin7r(l-o)«' 

taken round a contour which embraces the positive half of the real axis ahd encloses the 

points 

«=n and 5=w/(l — a), n = 0, 1, 2, ... x. 

We assume of course that < a< 1. 
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The integral will be equal to 

,=0 r(n+"l)r(-an)8in9r(l-a)n »=o r> /' «'' \/^i \ 

= I ^r(_l+an)_J_ I r(l+«g) 
„to r(n+l) l-a„tor(l+n + n^)'^ 

where tf = o/(l— o), 

=/(«, «) - 1^ {1 + ^ (^»-", 0)}- 

Now, if I arg a; j < 3ir (1 — a)/2, the integral will vanish when taken along that part 
of an arc of a great circle at infinity for which It(a;)> — k 

It is therefore equal to 

where | Jyic^^^"^^ | tends to zero as | ^ | tends to infinity. 
If then j arg a? | < S-w (1 — a)/2, we have 

(1 - «)/(.. .) - 1 - <^ (^a-,. ,) = J^ ^,(-)» r W(^^- a)L^ ^ ^^ 

Change now x into j?^""*, and we obtain the given result. 

§ 17. Let iis now apply this result to obtain the asymptotic expansion of 4>{Xy 0\ 
when R (a?) > 0. 

We have seen that, if |arga;| <(1 — o)7r/2, we have the asymptotic equality 
/(a?, a) = exp {(1 - a) a«^»-«) a;^»-^)} (flur)^*»--> | 2 d„ {axy'^^-*\ , 

where (L - ^^^•*-^/^> [-^ [1 + «t -- (1 + t)> | J^H 

where "^^ T{2n^l) \dr-^\ ar^ ] ' J^.o' 

If then |arga;|< 7r/2, we have the asymptotic expansion 

*(..^) = exp{^./(^+l)-}{^-^,}-;|^l»(ify^^ ' 

where d„ - jr^-^ ^^^^ | j^-;; } * J^_^ • 

Since (2« » [2w (1 + ^)}'^, we see that the dominant term of this expansion is 

exp {^a:/(<? + 1)*^-'} 
■and this is in agreement with the former result. 
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§ 18. It may be of interest to the reader if we actually obtain the asymptotic 
expansion of ^(a?, 0) when R{x)>0 for a particular value of 0. We can then determine 
the actual radius of convergence of the Lagrange series employed under the sign of 
integration. 

We mil take the case when ^s2, aiid shew that, if R{x)>0, we have the asymptotic 
equality 

I ^ (2n) 1 ^ _ 2 I r(8.,_- 1/2) 
nZi (3n)! 9*^ „tor(2n + l)>-»^" 

The function is represented by the integral 

x\ /exp{ay(l-y)}<iy. 

We put y^2l3 + 7f, and make the substitution 

4/27-f = (2/3 + ^)»(l/8-i7), 

or (r = ^' + ^*- 

The integral is then equal to 

'^' {17 *"i ^^/^ "^ ''•^ ^ I '^^'^r ""^ I ^^'^ "^ ''*^* ^'k4 ' 

where 17, and 17, are the values of 17 which correspond to f within the range of 
integration. 

Now, if 17 — V? (1 + 17)"^', we have 
and therefore 

When 17 > 0, we take the positive value of VSi and when 17 < 0, we take the negative 
value. 

On reduction we find that the above formula may be written 

This series is evidently convergent if 

^ ^ <l or ;r|<4/27. 

Thus the series is convergent over precisely the range of values for f for which 
we integrate. 



We now have 



i^(2«)!__2^ p I r(3n-7/2) 
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And, if i2(a;)>0, this integral is asymptotically equal to 

^i^y r(3n-7/2) 

We thus have the given result. 

The first two terms of this expansion are 



^mff 



J4v7ra? virx 
[~9' ""T2? 



It may be readily verified that these terms agree with those obtained from the 
general symbolical result of § 17. 

For, when 0^2, do « T (i) (i - ^t);^^^ = V^ir, 

§ 19. The asymptotic escpansion of ^ (x, 0) when R (x) < 0. 

We have seen that, if | arg oj | < 37r/2 and ^«a/(l— a), we have the asymptotic 
equality 

\ /J \ » / 'f V » / n«i r jna/( 1 - a); x^ 

Also we deduce at once from the results of § 4, that, when | arg (— a?) | < 7r/2, we 
have asymptotically 

the principal value of (—«)""•>'• being taken. 

Therefore, when R {x) < 0, we have the asymptotic expansion 

terms of order less than that of any negative algebraic power oi \x\ being neglected. 

We see then that, when R (x) < 0, the function <f> (x, 0) needs two asymptotic series 
for its representation. There is, of course, no reason for surprise at this: it shews that 
it>ixy ^) is a function whose behaviour is slightly more complex than the functions 
previously discussed. 

§ 20. We may obtain the previous result directly by considering the integral 

J_ r afr{l + 0s) 71^ 
27rJr(l+«+fty)8in7r« ' 

round a contour consisting of thai part of the great circle at infinity for which ii («) > — A?, 
where k is positive, finite and cu large as we please, and the line s^^k. 

Jf |arga;| <7r/2, we see that \Ia^\ can be made as small as we please by taking 
I X I fiEuflSciently large, when k* < k. 
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By considering the residues of the subject of integration at its poles within the 
contour we see that the integral is equal to 

I ( -a!)»r( l + gw) - (-a;)-«r(l-n0) 1 -. (-)»-' x-^'^»" ir 

„=o r(l+n + en) ■•■ „ti ril-n-fn)' '^ entori-n-(n+l)/0)r{n + l)iim(n+l)n/0 
-l+^r ^ 0\+ S V(n + en) ^ r{(n + l) (0 + 1)10} 

Those terms are to be omitted from the summation for which respectively n>i or 
{n + l)/0>k. 

We therefore have asymptotically, if | arg (— a?) | < 'w/2, 

A(^ m« 1 I (-rr(7iH-n^) 1 I r{ (». + i)(g + i )/g| 

which is equivalent to the former result. 

§ 21. The corresponding asymptotic expansions for the general function 

„ , V 2. r (1 + on) ^ ^ ^ 

may 6e «to^ed 

(1) If y8 - a < 2, and | arg (- a?) | < tt • 1 - ^-g- ^ , we have the asymptotic expansion 

p /^N = ^ I r(l-an) 1 « (-)•«_ r{i8(n-H)/tt} 8in{7r/3(n + l)/a} 
•^ ^^ n=o r (1 - (3n) x^^a nto (- a?)<»+^)'* r (n + 1) sin {tt (n + !)/«} ' 

the calculus of limits being employed for such particular values of a and fi as give 
rise to infinite terms in the coefficients. 

(2) In the second place put p^lS — a, q = {l3-' OLf~* o*/^, so that p>0, q>0. 
Then if |arga?| <7r(/8 — a)/2, we have the asymptotic expansion 

the quantities dr being assignable functions of a and fi. 
The first two terms of the series are 

/2rrar p (I 1 1)1 

The first of these expansions is at once given by considering the contour integral 



l_ f r{l+ as) jrs^ , 
27rjr(l+/9«)sin7r« 



The second may be obtained in two ways. We may employ an extension of the 
use of Lagrange's series given in the present memoir, or we may make the analysis 
depend upon the function defined, when R (s) > 1/2, by the series of gamma functions 

• T(pn^s)r(l + an) 
Zo r(l + /3n)q^ • 

The latter method, by its analytical power, seems destined to play an important 
part in the further theory of expansions of more complex functions. 
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X. A class of Integral Equations. By H. Batemant, B.A., 
Fellow of Trinity College, Cambridge. 

[Received March 22, 1906. Read April 30, 1906. Revised May 16, 1906.] 

I. Introduction. 

§ 1. The subject of Integral Equations bears the same relation to the Integral 
Calculus as the theory of Diflferential Equations does to the DiflFerential Calculus, and the 
equations 

/(S)^f''ki8,t)it>(t)dt (1). 

J a 

/i8) = <l>i8)-\fk{S,t)<f>it)dt (2), 

./ a 

in which <^ is the unknown function, present themselves just as naturally in calculations 
arising from physical problems as do the corresponding differential equations 

but strange to say until quite recently this branch of mathematics was practically neglected*. 

Now an integral equation retains many features of a problem which are lost when 
the description is given by means of differential equations, and the information which 
can be derived from it is as a rule fuller — the disadvantage is that the calculations are 
more difficult to make. 

For instance if we replace an ordinary linear differential equation of the nth order 
by an integral equation of the formf (2), we may obtain a solution in the form of a 
converging series of integrals which will give us full information about the solution at 
any point in the plane when the value of the function and its first (w — l) derivatives 
are known at a point which can be joined to the first point by means of a curve with 
continuous curvature, at every point of which the coefficients of the equation are finite 
and integrable. We thus obtain the information directly without having to resort to the 
method of continuation. 

* Abel, LioavUle and Bouch^ called attention to the Sac. Ser. 2, Vol. 4, Part 2. 
new calcnlns and considerable progress was made later by f The necessary transformation is given in the paper 

Volterra and other Italian writers. A list of references wiU by the author just referred to. 
be found in a paper by the author, Proc. London Math. 
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In the present paper I shall be occupied in stud}ring a certain type of integral 
relation between two functions h (s, t) and k {s, t). The general form of this relation is 



fh{8,x)f(x,t)dx^j'^f(s,y)k(y,t)dy (3), 



■and it implies that the Unctions h (s, x) and k (y, t) possess a number of common properties 
which are of importance in the theory of integral equations. 

As the subject will probably be new to the reader I shall commence by recapitulating 
a few of the known results. It must be clearly understood that none of the matter 
which is given in the remainder of this section is original, but I have thought it necessary 
to introduce it here in order that the account of my own work which is given in Sections 
II and III may be intelligible. 

§ 2. An integral equation is an immediate generalisation of a system of linear 
•equations and important progress in the theory was at once made when it began to be 
studied from this point of view*. The linear equations (1) and (2) which are the simplest 
equations of this kindi* correspond to the system of linear equations 

n n 

fr^l/Cr94>i (r = l, ...m), /r = <^r-A.2/ICrt<^, (r=l, ... Tl) (4), 

f=l 1 

and have been called integral equations of the first and second kind respectively:);. 

The second equation is easier to deal with because the number of linear equations 
is equal to the number of unknowns and the known results for the system of linear 
equations apply almost word for word to the integral equation. Fredholm has in fact shown 
that the function <f>(t) can be uniquely determined except when X is a root of a certain 
whole function S{\) which corresponds to the determinant 

— A.^21 , ... ... 

I ... ... 1-XXnn 

This solution can be expressed in the form 

*(«)-/W + X ['K{8,t)f(t)dt (5), 

J a 

an equation which is similar in form to the original one, a fact from which many deductions 
can be made. 

The function K (s, t) is called the solving function of the integral equation ; it is a 
uniform function of X and can be expressed in the form 

^<*'*) = --8(iyr ^'^' 

* The new departure was made by Fredholm in 1900 by the variable $ may be inolnded in the ones given above 

<*<Snrane nonvelle m6thode ponrlar^Bolntiondaprobldme by defining k{$tt) to be zero if t>«, a device due to 

de Diriohlet.'' Oefvenigt a/ kongl. vet, akad, F»rh. Stock- Fredholm; the equations of this type have been studied by 

hohn, 1900). Yolterra. 

t The equations in which the upper limit h is replaced t Hilbert, OiHt, Nachr, 1904, Heft 1. 
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where A (X ; «, t) and B (\) are whole functions of X, their formal expressions being* 

A(X; »,0 = -i(«,0 + >.Ai(«,<)-VA,(«,«) + ...'l 

S(X) = 1-S,X+S,X«-... J ^''' 

where A*(», «)-j- ... ; ;' ' ; ( d»,...d«A, Sa = t A»_i(«,«)d*. 

'if 8(X)3bO the homogeneous equation 

= ^(8)-\[ k{8,t)y^(t)dt (8), 

J a 

will possess a solution ^^(t) different from zero and conversely if a solution -^(i) exists 
we must have S(\)aBO. Further the equation (2) will be impossible unless /(«) satisfies 
one or more relations of the form 

We have here a phenomenon similar to that of resonance, for if the function /(a} 
does not satisfy these conditions the solution of equation (2) will become very large as 
X approaches a root of S(\) = 0. 

It has been remarked by Fredholm that if k(t,8) is written instead of k{8,t) the 
new solving function will be K (t, s) and the value of 8 (X) will be unaltered, this showa 
that the equations 

0'^ir(8)-\j k(8,t)ylr(t)dt] 

can be satisfied for the same values of ^ 

If Xn is a p-fold root of S(X) = 0, it can be shown that for values of X very nearly 
equal to X^ 

ir(«,o=J^V^(*.0 (10), 

where F («, t) is finite for X « Xn and P («, t) has the form 

P (s. f) = V^i («, \n) Xi («, ^») + - "^vi^^ ^) Xp (^' ^)' 
The functions ^ and x ^^ linearly independent solutions of the equations (9) for 
this value of X and possess the important integral properties f 

"'iri(8,\„)X^(8,K)ds^0 m = n, iy^k- (11). 

U 7/1 = n, i = k. 
Also, in some cases the functions k (s, t) and K («, t) can be' represented by the series 



.(9), 



J a 



P.n 



;j'(,,e)-2iEi?L^=>>^^^?^ 



.(12). 



Xn X 

which are very useful for suggesting properties of the function K{8, t). 

* I am following the notation giren by Hilbert in Odtt finite and integrable for the given range of Tallies of t and t. 
S€u:hr. The functions ft(«, t) and /(«) are sapposed to be f See Fredholm, Acta Math, 1903. 
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We shall call the functions ifr^ (s, \n) the fundamental functions * and the equation 
S (\) s the detenninantal equation of the integral equation (2). 

Many of the ideas that occur in the theory may be traced back to two papers by 
Poincar6-f", where practically all the properties of the fundamental functions are predicted. 
The actual investigations have been carried out successfully by Hilbert who has established 
several important expansion theorems for the functions '^r(^)* 

§ 3. An important advance made by Hilbert is the connection of the integral equation 
with the double integral 

[ I k{8, t)x{8)x{t)dsdt (13), 

J a J a 

corresponding to the quadratic form ^kgtOOtXt, The function k{s, t) is here supposed to be 
sjrmmetrical in s and t but this restriction is not of very great consequence ; the salient 
point is that many of the properties of the integral equation are suggested by those of 
the quadratic form. The determinantal equation S(X) = corresponds to the discriminant 
of the quadratic form and Sylvester's theorem that all the roots of the discriminant are 
real remains true, finally the resolution of the quadratic form into the sum of a number 
of squares suggests the general expansion theorem from which so many other expansion 
theorems are deduced. 

When the double integral is positive for every function x{8) the fundamental functions 
'^i{8\ '^s («)••• may be obtained as the values of x{8) which make the double integral a 
maximum or minimum | subject to the condition 

'\x{8)Jd8^l, 



/ 

J a 



the theory being exactly analogous to that developed by Poincar6 in the study of the 
problem of Dirichlet. 

The applications of the theory of the integral equation (2) are many and varied, at 
present the most important applications are to problems depending on finding solutions 
of linear differential equations to satisfy given boundary conditions. 

§ 4. The theory of the integral equation 

f{8)^\''k{8,t)<t>{t)dt, 
J a 

is not so simple as that of equation (2) because there is no definite relation between 
the number of corresponding linear equations and the number of unknown quantities. 
In general in order that the solution may be possible it is necessary for the function 
f{8) to satisfy all the linear equations in 8 that are satisfied by the function k{s, t), 

* In Germany they are called the Eigenfnnktionen, (1S94). 
the function k («, t) is called the Kern and the quantities \^ X The function ^^ ($) makes the double integral a mazi- 

the Eigenwerte of the integral equation. ^^ ^^^^^^^ ^^ ^^^^^.^^ r» ^ (,,^^0 i. 

t »* La m^thode de Neumann et le probleme de Dinch- J a 

let" Acta Math. Vol. zz., p. 120, 1897. '*Sur les ^ua- introduced the next function ^^(f) is obtained. The Taria- 

tions de la physique math^matique." Pal, Rend, t. vni. tional problem is ascribed by Hilbert to Gauss. 
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For instance if 



we should expect to have 



I. 

i: 



*'xW*(«'Od* = o, 



A complete determination of the necessary and sufficient conditions to be satisfied 
by the function /(«) will be a matter of very great difficulty. A method of obtaining 
the function <f>(t) has been suggested by the author*, but its field of application has 
not yet been fully determined. 

It is important to distinguish two cases, first when a solution of the equation 



= [ k(s,t)<t>{t)dt 



exists, and secondly when no solution exists which is different from zero ; in the first 
case the equation will be said to be special and in the second case general. 

II. A certain functional relation, 

§ 5. The study of a particular differential equation can often be facilitated by means 
of an appropriate transformation, accordingly it is natural to ask whether transformations 
can be profitably employed in the study of integral equations. 

The type of transformation which we shall consider here is of a peculiar nature as 
it can only be applied to a certain class of functions determined by the generating 
function of the transformation. The characteristic relation on which the theory depends 
is of the form 

\\{8,x)f{x,t)dx^jy{s.y)k{y,t)dy (1), 

the function /(«, t) and the constants a, b, c, d are the elements of a transformation 
which associates a function A(«, x) with another function k(y, t). 

The properties of the function k (y, t) will depend partly on those of h (s, x) and 
partly on those of/(a?, ^); we now inquire what are the properties that depend only on 
those of h {8, x), 

§ G. Let us suppose that the function /(«, t) is such that no solutions (other than 
zero) of the equations 

- f * a {x)f{x, t)dx, - f V(«, y) b iv) dy. 
exist, then we can prove that the quantities X for which the homogeneous integral equations 



0=:4^(a?)-xJ K{x,t)^{t)dt, 



can be satisfied are the same. 

♦ Ftqc, London Math, Soe. Ser. 2, Vol. 4, Part 2. 
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Suppose for instance that Xn is a quantity for which a function Xn(^) ^^ ^ found 
such that 



we form the function 

rd 



en(s)^iy{s,x)xn(a^)dx (2). 

Then 0n («) = Xn f ** f V (^> ^) * (^» Xn (0 d^dt 

= X„ f f " A («, a;) fix; t) Xn (<) dxdt. 

J a J c 

on account of relation (1), hence 

On(8)^\nl h{8,x)0n{x)dx. 
J a 

Now ^n(«) cannot be identically zero for the equation 

rd 
0- f{9,x)Xn{sc)dx 

J c 

is impossible by hypothesis, hence a function 0^ (s) can be found to satisfy the homogeneous 
equation for X=sXn. 

Moreover, if there are p linearly independent functions %» corresponding to this 
value of X the formula (2) will give us p linearly independent functions 0n, for a linear 
relation between the functions 0n of the form Son^n^O would imply the existence of a 
relation of the form 

- j /(«, «) ^cmxn i^) dx, 
and this is impossible by hypothesis. 

Conversely, if Xn is a quantity such that the equation 

0n{8)^\n\ h(8,x)0n(x)dx 
J a 

possesses a solution, then we know that for this value of X a function <t>n{t) also exists 
for which 

<l>n(t)^KJy{s,t)<f>n(8)d8. 

Now let tn(^)=f f{8,x)4>n{s)ds (8), 

J a 

then -^n {so) = Xn / | /(«, x) h {t, s) <t>n (0 dtds 

J a J a 

= \n( i k(8,x)/it,8)il>„(t)dtds 

J c J a 

fd 
= Xn * («, x) yfrn (s) ds. 

J c 
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And since the determinant 8 (X) is the same for k («, t) as for k {t, s) we conclude 
that a function x^i^) exists for which 

X» («) * ^ J * («» ^) Xn (a?) da. 

We can show as before that if there are p linearly independent functions <f>n, the 
formula (3) will give us p linearly independent functions ifr^. Now the number p is equal 
to the multiplicity of Xn considered as a root of the determinant Si(X) of the "h" equation, 
hence the root Xn occurs to the same multiplicity in each equation and we can enunciate 
the following theorem. 

Theorem L If the function /(s, t) is such that the equations 

f dtf(8,t)b(t)^0 and j f(8,t)a{8)d8^0, 

do not possess solutions, and if two functions h (s, t) and k (e, t) are connected by the 
relation 

jji (*, x)f(x, t) dx^^J{8, X) k {x, t) dx, 
then the roots of the determinantal equations for the integral equations 

0^<l>(x)--\j\(8,x)4>{8)d8, = x(«)->^/*(«.^)x(«)*». 
are the same and occur to the same degree of multiplicity. 

§ 7. The determinants will in general differ by an exponential factor, but in many 
cades they are the same; for instance if 

h (8, 0?) = J /(«, y) g (y, x) dy, k {x, i) « ^g (a:, y)f{y, t) dy, 

the equation (1) is satisfied and we can easily verify that the quantities £(X) are the 
same. To do this, however, it is more convenient to use a formula for log 8 (X) instead 
of that for 8 (X), this formula is* 

- log 8(X) - a,X + ia^« + Ja,X* + ... , 
where On-j ...j A(«i, «i)*(«„ «,)...*(«„, O^i ••• ^n- 

Thus for the "A" equation we have 

and from the cyclical arrangement of the variables 8i...8n, ti .,.tn, we see that the 
quantity an for the "A" equation will be the same. 

It must not be thought that the above formulae will give all the functions h (e, x) 
and k(x, t) that are connected by equation (1) for this is not the case, the Unctions 

* Fredholm, Acta Math. 1903. 
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A(«, x)=f{8y x)y k{Xy t)^f{xy t) providing an exception, for it is not in general possible to 
express the function /(», x) by means of a definite integral of the form 

/(5,a?)=J /(«, y)g(y, x)dy. 

§ 8. A particular case of some interest occurs when the limits (a, b) and (c, d) are 
the same and the function /(«, t) is equal to one when s is less than t and equal to 
nothing when a is greater than t The relation (1) then takes the form 

I A(fi, x)dx^\ k(x, t)dx. 

It is clear that we must have h (6, x) = 0, and so we may write 

and this gives <f> («, "- ^ (^» t) — ^ («, a)'\-^{ay 6) = I A: (a:, t) dx. 

DiflFerentiating with regard to s we obtain 

lc{8,t)^^[<f>{s,a)-<l>(s,t)]. 

It should be noticed however that this case is really included in the last, for 

rft ga ft 3» 

h(8,x)^-j^^<f>iy,x).dy, *(*'0 = -j^9^*(«»^)-<^» 

and so we can verify as before that the determinants are the same. 

§ 9. If the function /(«, t) does not satisfy the two conditions laid down we cannot 
assert that all the roots of the two determinantal equations are the same, because the 
functions 0n(s) and '^Jtn^x) may be identically zero and then the above proof breaks 
down. We can however say that some of the roots are the same except in the extreme 
case when both sides of equation (1) are identically zero. 

It should be noticed that if a function od (t) does exist for which 



/; 



/(*,0«Wd« = o, 



then the relation (1) will still be satisfied if we replace k{x,t) by k{x,t)'\' (o{x) F{t). 
Also if we multiply equation (1) by <o(t) and integrate between c and d we shall obtain 

I'd Cd 

f(8,x)k(x,t)a>(t)dt=^0. 

J e J c 
fd 

The function a (a?) = I k (x, t) o) (t) dt is therefore either identically zero or a multiple 
of Q) (x) ; unless another function a (x) independent of a» (x) exists for which 

id 

/($, x) a (a?) cfep = 0. 

In general the first alternative is true and so we see that the function k (x, t) in 
general satisfies the same linear relations in f as the function f(x, t). 
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The fact that the equation (1) is satisfied by the two functions k{x,t) and k (x, t)^€i>(x)F(t) 
for the same function h suggests that there is some relation between the determinantal 
equations for these functions; accordingly we proceed to calculate them. 

Let / k{Xft)a)(t)dt^ fioi)(a!), j o) (x) F (x) dx ^ c. 

Then Oi^j k{x,x)dxy Ai=l {k(x,x) + o}(x)F(x)}dx^ai-\-c, 

J e J e 

<h=l I k{x, t)k{t, x)dcodt, A,^ j f {k{x, t) + m(x)F(t)} {k(t, «) + »(«) J* («)} dxdt 

J e J c J c J c 

and -4n = «« + (/A + c)** - /L^^ 

Therefore ^log A (X)==:2^X>> = S ^-'*"^^'*"^>^"^\ n 

=:-logS(\)-log{l-X(M + c)} + log{l-X/il, 



or A(X) = S(X) 



l-X/A 



The determinant A(X) thus has the root in place of the root - possessed by S(X). 

§ 10. We shall now indicate another consequence of equation (1). 
Theorem II. If a(«) and b{t) are two functions connected by the relation 

a(8)^jy(8,t)b(t)(U, 
the functions -4 («) = I h {s, x) a (x) dx, 

J a 

rd • 
B(t)^j k{t,x)b(x)dx, 

are connected by a similar relation. 

The proof is very simple, for if we substitute for a{x) in the expression for A, 
we obtain 

A{8)^\ I h («, x)f(x, t) b (0 dxdt 

J aJ e 

= f [ /(«, x) k {x, t) b (0 dxdt 
= r/{8,x)B(x)dx. 

J e 

If two functions h(8, x) and k{x, t) have been determined and the solution of the 
integral equation for a particular function a(«) is knowu, then we may find the solutions 
for the system of functions obtained by repeating the operation 

A{8)^\ h (8, x)a{x) dx, 

J a 

any number of times. 

Vol. XX. No. X. 32 



y 



Digitized by vnOOQ IC 



242 Mr BATEMAN, ON A CLASS OF INTEGRAL EQUATIONS. 

Again, suppose that we are required to solve the integral equation 

-4 («) = I h(8, x) a (x) dx, 

J a 

the process may sometimes be simplified by first determining a function B such that 

A(8)^jy{s,x)Bix)dx, 
then obtaining the function b from the equation 

5(0«| k(t,x)b(x)dx, 
and finally calculating a by means of the formula 

§ 11. Theorem HI. If h(8, x), k(x, t) is one pair of functions connected by the relation 
j h («, x)f(xy t)dx:^j f(8, x) k (x, t) dx, 

then hi (s, t) = I /(«, x) h (x, t) dx, 

h (s, 0=1 /(«, ^) k {x, t) dx, 
is another pair. 

For f K {Sy t)f(t, r)dt^l ( /(s, x) h (x, t)f(t, r) dtdx 

J a J aJ c 

* / / /(«> ^)/(^> * (t^ r) dtdx 
= j f{8,x)ki{x,r)dx, 

§ 12. Theorem IV, If if («, x) and jr(a?, ^ are the solving functions of the integral 

equations 

rh 
f{s)^<f>{8)-Xl h{8,ps)<f>(x)dx, 

J a 
Jo 

then H{8y x) and K{x, t) are also connected by the relation 

I H («, x)f{x, t)dx = I /(«, a?) K {x, t) dx. 

To prove this we recall the fact that H{8, t) is the solution of the integral equation 
corresponding to /(«) = h (e, t)*, so that we have the relation 

h(8,t) = H(8,t)-\[ h(8,x)H{x,t)dx, 

J a 
* Fredholm, Acta Math. 1908. 
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Multiplpng by f{t, r) and integrating between a and 6, we have 

f h(8,t)f(t,r)dt=( H{8,t)f(t,r)dt-\{ j h(s, x)H (x,t)f{t,r)dxdt (A). 

Again, since K{x, t) is also the solving function of the equation 

a(t) = b(t)-\j k(t,x)b(x)dx, 

we have k(x, r) s= iT (a?, r) — X I k (x, t) K (t, r) dt 

J e 

Multiplying by /(«, x) and integrating between c and d, we have 

I f{8, x) k (x, r)dx=^( f{8, x)K{x, r)dx'-\\ \ /(s, x)k(x, t) K(t, r) dtdx, 

J c J e J e J c 

but on account of equation (1) this may be written ^ 

f h («, t)f(t, r)dt=[ f{8, x)K(x,r)dx'-\[ f h («, x)f(x, t) K {t, r) dtdx . . .(B). 

J a J e J aJ e 

Now the solution of the integral equation 

( h (8, t)f{t, r)dt^4>{8)-xl k («, x) <f> {x) dx, 

J a J a 

is unique, hence we conclude on comparing (A) and (B) that 

J'h{8, t)f{t, r) dt=jy{8, x)K{x, r)dx. 

This theorem completes our knowledge of the relations between the functions h and 
ky it shows us that when two functions h and k correspond to one another in the 
given transformation the whole system of solving functions for the different values of 
\ also correspond to one another. We may sometimes use this &ct to calculate the 
function K (x, r) when the corresponding function H (8, t) is known. 

§ 13. As an example* we shall consider the equation 

I h(8,x)dx^ I k (Xy f ) dxy 

where k(x ^)=^^^'' ^^''' ^^^ 

"^^^""^ ^'^^'^^ (l-a?)f, x^f. 

When 8 > f , we have I h(8,x)dx=j (l — x) ^dx = ^ — ^ — f » 

so that h(8, g) = ^ ^ ^ for «>f. 

When 8< ^, we have 

[ h(8yX)dx=l (l-f)xda7+J (l-x)^dx 

(1 — 8Y 
hence h («, f ) = ^ — ^-^ + « — f for « ^ f . 

* I am indebted to the referee for the suggestion that examples of the theorems should be given. The actual 
construction of the examples has proved instructive and led to new results. 

32—2 
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Now the solving function for the integral equation 

/(^)=^(^)-\r*(^,f)^(f)df 

Jo 
is known to be* 

V X sin V X 

8in(Vx(l-^^)}8in(gVx) ^^ 
Vx sin Vx - "" ' 

Hence, when «>f, we have 

Jo J 9 vXsinvX 

which gives H{s, g)^tl-co»{V^_a-*)i]ooB(gVx)^ 

V X sin V X 
and when « < f , we have 

Jo J 9 vXsmvX Jf VXsinvX 

^ sin {VX (1 - g)) (cos g Vx - cos f Vx) {1 - cos Vx (1 - g)} sin f yOi 
X sin Vx X sin Vx 

_ sin Vx (1 — f ) cos g Vx sin f Vx ^ 1 
XsinVX XsinVx ^* 

mr i» rr / *.\ cos f Vx cos « VX COS VX (1 — f ) 

Therefore H (a, f ) = -=— ^ — = y=^—, — 7^^ — . 

VxsinVx VXsinVx 

Hence we conclude that the solving function of the integral equation 

/(«) = 0(«)-XrA(«,O*(Od^. 
Jo 

in which h{8, t)^- — ^-^ if 8^t 

, TT/ ^\ {l-cos(l-*)Vx}co8fVx 

18 given by H («, =^ h= — r=^ * ^ ^ 

Vx sin Vx 

cos ^ Vx — cos 5 Vx cos (1 — <) Vx 

= 7=-^^ — 7=-^^ ' — s^t- 

V X sm V X 

The chief interest in this example lies in the fact that k(8, t) is the Green's functionf 

for the differential equation -^ = 0, corresponding to the boundary conditions tt = at 

* Hilbert, O'dtt, Nofihr. 1904, Heft 8. 
t Hilbert, loc. HU 
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a? = and a;=l. The characteristic property of such a function is that the solution of 
jT5=/(^)» that satisfies the given boundary conditions is given by 



Jo 



dHb 
and the function K (s, t) is the corresponding Green's function for the equation -r-^ •\-\u — 0. 

Now the function A(«, t) on the other hand is also a Green's function for the 
differential equation ^ = 0, for if the function f(t) satisfies the equation I f(t) dt = 0, 

the solution of j3+/(^) = 0, which is such that u and ^ both vanish at a?=l, is 

given by 

u= I h(x, 8)/ (a) ds. 
Jo 

Thus we have a method of passing from the Green's function for one set of boundary 
conditions to that for another. 

The corresponding function for the equation ■-r;i + '^u=^0 will be found to be H{8, t), 

§ 14. The equation (1) may sometimes be used to construct a function k (a>, t) when 
the determinantal equation and the fundamental functions are given. In general the 
function &(«, t) may be represented by the series 

but this may not be always true as there is some doubt about the convergence, moreover 
there may not be any obvious method of summing the series. 

If however we introduce a new function 

f(8,t)=1^0(8,\n)x{t,\n\ 

where 0(8, fin) stie the fundamental functions for h(8,t) where the series 

h(8,t)='X^0i8,\n)<f>(ty'Kn) 

is known to converge, and the quantities /&» are chosen so that the series for /(s, t) 
converges rapidly : we may be able to determine the function k by means of the relation 

I h{8,x)f{x,t)dx=\ f(8yx)k(x,t)da (1 bis). 

J a J e 

To do this we must first calculate the integral on the left-hand side and try to 
find k by solving the integral equation of the first kind 

J(s, t)^ I /(s, x)k{x, t) dx. 
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Let us suppose that the functions 6 («, Xn) and also the functions x (^» ^) ^^^ linearly 
independent so that no solutions of 

f a (8)f(s, t)ds^O and j /(», t) 6 (0 = exist ; 

then the function k as determined by the above equation will be such that the integral 
equation 

= i^(«)-XJ k(8,t)yjr{t)dt, 

is satisfied for the values (\i ...Xn ...X ^^^ follows from Theorem I. for the equation 

O = 0{8)-^\f h(8,t)0(t)dt, 

J a 

is satisfied for these values of X. 

Also the fundamental functions are known to satisfy the relations 

Heace if we multiply equation (1) by y^{t, X,) and integrate we obtain 

f f /(s, x) k {x, t) ir (t, K) dxdb = f \ h{8, x)f{x, t) ^ (t, X„) dxdt 

J e J c J c J a 

1 f^ 

= ^ I f(8, x) ^jr (x, Xn) dx. 

fd 

Also the equation I /(«, x)(o(x)dx==0 is only satisfied by a> (x) = 0, therefore we must 
have 

and so the function k {x, t) will possess the required properties. 

III. A partial integral equation. 

§ 15. The relation 

I h(8,x)f(x,t)dx^[ f(s,x)k{x,t)dx (1), 

J a J c 

may also be regarded as a partial integral equation to determine / when h and k are 
given, but we conclude at once from Theorem I. that it is useless to seek a solution 
except when the functions k {s, x) and k (x, t) are such that some of the roots of the 
corresponding determinantal equations are the same. 
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This condition is evidently satisfied if the limits are the same and we take 

the equation 

j k(8,x)/{x,t)dx^j /(8,x)k{x,t)dx (2), 

is then closely connected with the integral equation of the second kind 

/(«)«<^(5)- \ f fc(«, t)<f>(t)dt. 

J a 

Theorem V, If f{8, t) and g (e, t) are two solutions of the equation^ then 

F(8,t)^f f(8,x)g(x,t)dx, 

J a 

is also a solution. 

For f fc(«, x)F(x, t)dx^ j f k(8, x)f(x, y)g{y, t)dxdy 

J a J a J a 

'*| f f{9>^)9{^^y)^{y>t)dxdy 

J a J a 

= 1 F(8,y)k(y,t)dy. 

J a 

The function k{8, t) itself is evidently a solution of equation (2), accordingly the 
function 

ki (8, t) = 1 k(8, x)k{x, t)dx, 

J a 

is also a solution and we may build up a succession of solutions in this way. 
§ 16. Theorem VI. The solving function of ike integral equation 

f(8)^<l>(8)^\['k{8,t)<l>{t)dt, 

J a 

is a solution of equation (2). 

This is a particular case of Theorem IV., it may be established at once however by 
comparing the i-elations 

k{8,t)^K(8,t)-xf k(8,r)K{r,t)dr 

J a 



k(8,t)=^K(8,t)-xl k(r,t)K{8,r)dr, 

§ 17. Theorem VII. A function f(8, t) which eaUefies equation (2) has in general the 
same fundamental functions cw k(s, t). 

Let V^«(«) = ^f k(8,x)^ni^)dx, 

J a 

then if j k («, x)f(x, t)da^j f{8,x)k (a?, t) dx, 
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we have I I k(8, a>)f(x, t) ylrn(t)dxdt= j I /(«, w) k (x, t) ^n (t) dxdt 

J a J a J a J a 

1 f* 

= ^ J(s,x)'^^{x)dx. 

Put 4>n («) = f /(«. X) ^„ {X) dx, 

then <l>n(8)^Xnl k(8,x)<f>n{ic)dx. 

J a 

Hence if Xn is a simple root of the determinantal equation for k (Sy t) we must have 

Atn<^n(«)='^n(«), 

or fin I y(«, a?)'^n(«)<ia? = i^n(«), 

J a 

showing that i^»(a?) is a fundamental function for f(s,x). The case of /in = x may be 
considered to be a degenerate case. 

If \n is A multiple root, this proof breaks down ; but taking for simplicity the case in 
which there are two functions <f>n and yltn associated with the root \n, we can either have 

•^n(«) = Mn f{SyX)yjrn(x)dx, ^„(5) = I/„1 f(s,x)(l>n(x)dx, 

J a J a 

or ^n («) = /^ I f(s, x) <^n («) dx, ^„ («) = v^ \ f(s, x) ^n (a?) dx, 

J a J a 

In both cases the functions "^n &i^d (f>n are fundamental for the function 

fi(s,t)^jy(s,x)f{x,t)dx. 

§ 18. As a particular case of this theorem we learn that if the equation (2) is 
satisfied by a function of the form 

we must have simultaneously 

-^n («) = A^ I k{8, X) ^Itn (X) dx, 
J a 

Xn(0 = ^j Xn(^)k(x,t)dx, 

this is easily verified by direct substitution. 

We may build up a more general solution by adding together the products of this 
form for the dififerent possible values of \ ; thus if the series 

tanirn{s)xn(t)=f(8,t), • 

is uniformly convergent it will be a solution of equation (2), but it is not always necessary 
for it to be uniformly convergent. 
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§ 19. It is natural to inquire whether any applications can be made of the results 
obtained with regard to equations (1) and (2). At present the most interesting occur 
when h {a, t) and k {a, t) are the Green's functions for linear differential equations ; this 
case will however be discussed in a paper shortly to be published by the author. We 
shall content ourselves here by considering another type of relation which leads to an 
equation of the form (2). 

§ 20. Let us suppose that a function F(8,x) exists such that 

^(«,a? + Q))=f k(8,t)F(t,x)dt (3), 

J a 

for a certain range of values of x, then if '^nC^) is the fundamental function for which 

J a 

we should expect the function 

to possess a special property ; as a matter of fact it appears to be a periodic Ainction of 
the second kind. 



For <f>n (« H- 0)) = j irn (t) F(t, « + ©) (ft 



b rb 



irn(t)k(t,r)F{r,x)dtdr 

aJ a 
h 



-a 

I fb I 

*" xl / '^^ (^) F(r, x)dr^~-- ^^ («)• 

If we suppose that the function F(tyx) is given, the determination of the function 
k (s, t) will depend upon the solution of an integral equation of the first kind ; this may 
or may not be possible but it is sufficient to know that there are cases in which it can 
be done. 

Let us assume that this can be done for more than one value of o), so that we have 



Jf'(«, a? H- ©) = f k (8y t) F{ty x) dty 

J a 

F(8,x + «0 = J /(«, f (<. «) dt, 



and that these equations still hold when x-^w or x + w is written instead of x. The two 
values of ^(«, a;+ o) + ©') that are obtained are 

f f k(8,t)f{t,r)F(r,x)dtdr and f ( f(8,t)k(t,r)F(r, x)dtdr, 

and these two integrals should be equal; hence if the function F{r,x) is such that no 
solution of I ^(r, a?) ^(r)dr as exists which is dilBferent from zero, we must have 

J a 

£ h («. t)f{t. r)dt= j^f(8, t) k (t, r) dt. 

which is an equation of the type we have just studied. 

Vol. XX. No. X. 33 
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Now we have seen that this equation implies in general that the functions k(s, t) 
and f(t, r) have the same fundamental functions, hence we should expect that the function 

M^)^l fn{t)F(t,x)dt 

J a 

would satisfy the two equations 

There are now several possibilities. 

(1) ^(a?) may be identically zero; this case is trivial. 

(2) The ratio of a> and to' may not be purely real ; in this case these equations are 
possible and <f>n is a doubly periodic function of the second kind. 

(3) a> and to' may be multiples of the same quantity 11. 

(4) If 0) and a are not of the form nil and mSl these equations can only co- 
exist if <l>n{^) is of the form Ae'~^, and in this case the quantities \» and fin are of the 
form «*•» and e^' respectively. 

§ 21. For purposes of illustration it is convenient to consider a particular example, 
accordingly we shall endeavour to determine a function k(8, t) such that 

1 /•+* k(8,t)dt , I 

1^28{x + €^) + {x + toy j.i l-2to + ai»' l*l<^' 

on the supposition that x>l and that a> is positive. 

Writing ^= ^ the equation becomes 

1 ^p k(8,t)d t 

P(l-2a)5 + a)«)-2f(5-«) + l J., l-2<f+f»' ^^ 

Now the solution of the equation 

is given by* 

^ («) = i [(t + i '/r^)f(t + i VI^) -{t-i '/T^)f(t - i '/T^)]. 

Hence we obtain (omitting the algebra) 
1 



l-2«(« + o)) + (» + »)» 

2 f+* dt a>(tt>-2<)Vl-f 

•2te + a!»"4(<-»+o>)' + 4<(<-» + a))(«»»-2«<») + («.^-2»«)«' 



_2 p 



flo that k(3 t)-^ a>(«-&>)Vl-f« . 

* This resnlt will be proved in a paper shortly to be published bj the author. If ^ is >1 it is soffioient to 
change the sign of ^ in this formula. 
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If now we give a> a diflferent value we shall obtain another function /(«, t) which 
will be connected with k ($, t) by the relation (2). 

Writing the above equation in the form 

F(s, a? + 0)) = j k(8,t) F{t, x) dt, 

we have -F («, a? + 2o)) = J j k (», t) k (t, r) F(r, x) dtdr 

= j h(8,r)F(r,x)dr, 
and F(8, a? + wg)) = / k^-.^ («, r) J'(r, «:) dr. 

But for small values of X the solving function K(s, t) may be expanded in the form* 

K{8,t)^k(8,t)-\-')dk^(8,t) + ...Vkn(8,t)+..., 

r+i r+i 
where *„(«, f)=j ...j *(*, «0*(«i, «»)••• *(«n, O^i ••• ^»- 

Hence if 0(8,x)==F{8y X'\-a>)+\F(8, x + 2o))'\- ..., 

we shall have (? ($, x) = J ' ^(«, ^(^* a?) d^. 

N^^ r-o^-^i = 1 — XT^T ^ = -7^= f V^<y-^> . sin z^r^ dz, 

provided «*<! and y>l. 

„ S X**-i 1 « r" , 

1 1 - ^*(a? + 7k») + (a? + W6))' VI— «*i Jo 

= -F==/ ^ — r-^sin2:Vl-«».dar, |X|<L 

This is our function 0(8, x)\ in order to obtain the corresponding value of K{8,t) 
we must represent (?(«, a?) by the definite integral 

and to do this we first represent 6""** by a definite integral of this kind ; our formula 



gives <^(^) = -.-e-«{^sin2:Vl-^-Vl-<»cos2?Vl-^}. , 

Hence we have 

^* ^ TT Vl-«*^ 1-Xe-** ^ 

* Fredholm, Acta Math. 1908. 
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The determinant S(X) may be calculated by means of the formula 

m'-iy <'■'>"•■ 

Putting * = co8^, we have 

r+i 2 f' f * tf""** 

^(«,«)cfo = -- - — — --sin (z Hind) 8m {z Bin 0-0) dzd0 

J— 1 fr J Q J i" A.e *" 

= -j j j—T—^[-(MB0 + co8(2zBia0-0)^^^ 

Now /;^^.(2.) = l[i_-^J. 

therefor* -|g^^ = i2X» [l - -j2 + i>f_l . 

The roots of the function B{\) are of the form c**" for we have 

1 V \/wW + 4' 

and this is satisfied for all values of n if X^ is of the form ef*^. Now this is exactly 
what was predicted at the end of § 20, accordingly we can say d priori that the fundamental 
functions are such that 

j_, l-2to + ^"'^^^' 
and as we have just seen, the corresponding value of yjr is 

2A 



y^(t) = e-i'^ [^ sin p< Vl - ^* - V 1 - <« cos Pi V 1 - ^]. 



TT 



The quantities er*^i are the roots of the function S(X) and are known to satisfy the 
relations 

The problem of finding the roots of B (\) is therefore reduced to that of expressing 
the function ^ 1 7= by means of a series of the form 

for positive values of x. 
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XI. On Functions defined hy simple types of Hypergeometric Series. 
By E. W. Barnes, M.A., Fellow of Trinity College, Cambridge, 

[Eeceived and Bead March 12, 1906.] 

§ 1. In the present paper it is proposed to consider the asymptotic expansion of 
some simple cases of integral functions which are represented by generalised hjrpergeo- 
metric series. 

The general type of such series is 
l, «i'-«i> ^l «,(«, + !). ..ap(«^ -hi) ^ ^ ^^^ 

lpi...pq 1.2pi(p^ + l)...pq{pg'\'l) 

r(a|)...r(ap)„tor(n + l)r(/>, + n)...r(p, + n)^- 
Such a series is an integral function if p^q. To this case we shall limit ourselves. 
The series we shall denote by 

pFq {«!, ..•, Op'y ply ••«, pq', X\y 

or, more briefly, when the parameters are obvious, by pFq(x). 
The series satisfies the differential equation 

wherein & denotes x-r . 
dx 

The differential equation is of order (j + 1). The other q solutions are given by 
x^-f^'pFqlai-pi + l, ..., Op-pi + l ; 2 -pi, p^ -pi + 1, ..., /),-p, + 1 ; a?}, 
and (9 — 1) similar functions. 

From one point of view the problem of obtaiuiog asymptotic expansions of the 
functions is that of finding asymptotic solutions of the differential equation in the vicinity 
of a; » 00 , and of connecting such solutions with those which exist in the finite part of 

Vol. XX. No. XL 34 
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the plane. Such an investigation for the case p = q=l has been undertaken by Jacobs- 
thai*. The direct problem has been attacked by Orrf, who in two papers suggested 
by the work of Stokes I has obtained the principal results by laborious inductive analysis. 

§ 2. In this paper it is proposed to obtain elementary cases of the theory in a 
simplified form by the use of contour integrals involving gamma functions, and of the 
theory of factorial series. The theory is part of a general investigation on the Asymptotic 
Expansion of Integral Fwnctions defined by Taylors Series. In a paper with this title § 
some of the following results were indicated || though no detailed investigation was given, 
and analogous developments appear in other papers by the author IT. Complete references 
to the history and literature of the subject appear in the paper first cited 

§ 3. Part I. of the present paper contains a complete discussion of the function 
iFi {a ; /) ; x], which is the most simple function included in the general category. 

It is shewn that 

,Fi{a; />; x] ^€^,F,{p-a; p;-x}. 

Then by means of a contour integral the asymptotic expansion of ^F^ {«;/>;»} is 
obtained when R (x) < 0. A combination of the two previous results gives the asymptotic 
expansion of iFi{a;p;x} when R{x)>0. The remainder of the theory then follows simply. 

In Part II. the function o^i {p ; ^1 is discussed. This function is substantially Bessel's 
function, and its properties are made to depend on those of ,-^1 {a ; /> ; x] by means of the 
equality 

^, {p',x} = e-^ ,F, [p - 1/2; ip-1; ^>^] = ^'^F. {p - 1/2; 2p-\; -ic^]. 

The principal results of the general theory have been obtained, and will shortly be 
. published. 

PART I. 

The series jF, {a ; p\ x] . 
§ 4. We consider first the simplest series of the hjrpergeometric type 

,J^,{a, p, ^\'-Y{a)Z,T{n+l)T{p^ny 
If we put a = />, the function reduces to 6*. 

We must obviously exclude the case when /> is a negative integer (zero included). If 
a is a negative integer the series becomes a polynomial in x, 

* Jacobsthal, MathemaXUcht Annalen^ Vol. lvi. pp. pp. 249—297. 
129^154. II loc. cit. Parte ec, x, xi. 

t Orr, Cambridge Philotophieal Transactions, Vol. xvii. H Quarterly Journal of Mathematici, Vol. xxxvii. pp, 

pp. 171>-200 and pp. 2Sd — 290. 2S9 — 313. Proceedings of the London MathemaHcal Society 

X Stokes, Cambridge PMlosophical Transactions, Vol. x. Ser. 2, Vol. iv. pp. 2S4— 316. Cambridge PhUasophical 

pp. 106 et seq.t Vol. xi. pp. 412 et seq. Cambridge PHUh Transactions, Vol. xx. pp. 215—232. Quarterly Journal of 

sophicdl Proceedings, Vol. vi. pp. 362 et seq. Mathematics, Vol. xxxviu. pp. 108—116 and pp. 116—140, 



§ Philosophical Transactions Royal Society (A) Vol. 206, 
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The series satisfies the equation* 

|(a + «>-|^(^ + p-l)Jy = 0. 

An independent solution of this equation is 

§ o. We will shew in the first place that, for all values of x of finite modulus, 

i^i{a; />; a?} =^1^1 {/>-«; p; -a?}. 
Consider the integral 

ZTTt J C 

round a contour C embracing the positive half of the real axis and enclosing the origin* 
By Cauchy's theory of residues it is equal to 

Assume now that 2i (p — a) > € > 0. Then the last series is equal to 

±C I r(a4.n)r(n-.) 
27rJc«tor(p + n)r0/+l)* "'• 

For the series under the integral sign when divided by r( — «) is convergent if 

iJ(p-a + «)>0, 

that is to sa}' at all points on the contour of integration, if the contour passes very near 
the origin. And the integral is equal to the sum of the residues of the subject of inte- 
gration inside the contour. 

But by Gauss* formula 

« r(a + w)r(n-*) r(p) 
«to r (p + n) r (71 + 1) r {ajr\ - *) 

= 3^1 (a, -«;/>;!) 

We therefore have 

^(">^-«Ffan-*l- ^ f r(p-a + »)r(a)r(-a) 

^ r(«) I (-^rjp-a-n) 

r(p-a)»=o r(w+"i)r(p-«) 

by Cauchy's theory of residues 

* The equation has been conudered by Pochhammer, Mathematisehe AnnaUrif Bd. xlvi. pp. 5S4— ^90. 

34—2 
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Thus, if iJ (/) — a) > 6 > 0, we have the required identity 

Since each side is continuous as a function of a: for all values of « and p such that 
p is not zero or a negative integer we see that the theorem is true in general. 

The important result of the present paragraph appears to be due to Orr*. A particular 
case had been previously obtained by Glaisherf. 

As the method is one which will be constantly used, we will indicate a modified form 
of proof. 

§ 6. We know that, when n is very large, 

the c's being assignable polynomials in p, a and 8, and Jje(n) being such that \Jjt{n)\ can 
be made as small as we please by taking n sufficiently large. 

TT.n.« -^ ? fr(tt + n)r(n-^) | <V ) , r(flt) 

nence r(-«) ,ti trO> + n)r(n-hl) rZ^nK-^^^^*]^ T{p) 

is convergent if JJ («) > JJ (a — p) — R, 

For such values of 8 that iJ(«) > jB(a — />) it is equal to 

VJj) -a + g)r(g) _ I c, g(/p -g-f r +JL+_«) 

r(p-a)r(p + «) ^ro ~ r(-5) 

where ^(8) denotes the simple Riemann ^ function. 

This equality between analytic functions therefore holds provided ii («) > -B (a — p) — A 
And by taking R as large as we please but finite we see that it will hold for all values 
of 8 such that JJ («) > a finite negative quantity. 

Consider now the integral 

iiriic^\ T{p-a)T{p + 8) ^=o '^ 1 

taken round a closed contour (Ty which encloses the points 8 = 0, 1, 2, ... N, and excludes 
the points a — p, a — /> — 1, ... which are poles of the Riemann ^ functions. 

It is by Cauchy*s theory of residues equal to 



Tip) 



1^, {/>-«; p\ -x]jf, 



the suffix N denoting that only the first (JV+1) terms of the series for iFi{p — a; p\ — «} 
are taken. 

* On, Cambridge Philosophieal Traiuactunu, Vol. xyn. t Glaisher, PhiloMphiceU Tratuaetipm Royal Society^ 

p. 176. (18S1) Vol. 172, p. 774. 
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But it is also equal to 

_ J_ ( rr(«)r(-^) ? | T(« + >or(n-. ) | ___^^n^^ 
2m/c,L r(>) +,r, (r(/>+«)r(»+i) .to n'-«WJ 

2»rJc,«r«lro>+n)r(«+i)| "* 

" «=o r(p + n) r(n + 1) ^'to »i ! * 
We therefore have 

^<"> Fi. «• n- ,t - ^ 'S r(a + «)(-)»»«;»+« 

j^^.i'.i/,-., ^, -^u- - 2 r(p + „)r(n + i)r(m + i)' 

all values of n and m being taken which are positive or zero and such that m-i-n^N. 

Consider now the effect of making JV infinite. 

Those terms of the double sum for which m + n >N have evidently a sum which 
tends to zei*o as N tends to infinity. The double summation is absolutely convergent, 
and may be summed in any way we please. 

Hence r(7).^> (/> -«; P'^ "^l^^^^ I>T^zyr (n 4^1) ' 

or rF,\a; p\ ^'l = 6*,^, {/> - a ; p ; - x\. 

§ 7. We will next shew that, when R (x) < 0, ,jPi {« ; /> ; x] admits the asymptotic 
expansion 

The error which results from stopping at the Ath term of this series is at most of 
order ar*-**^* when |a?| is large, and (— a:)~* = exp{— alog(— a?)}, the logarithm having its 
principal value whose imaginary part lies between ± 7r/2. 

Consider the integral 

1 [r(-s)r{a-^s)(^xy 

27rJ r(p>a)" ' 

taken round a contour enclosing the poles of F (— s) and no other poles of the subject . 
of integration. In the integral (—xy has its principal value. 



The integral is evidently equal to 

«roron-i)r(p"+n) r(p) 



iJ^i {^V 



Now, if R(x)<0 so thajt ;arg(— a?) <^, the integral vanishes when taken round 
that part of the circle at infinity for which R(8)> — L 
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Hence asymptotically the integral is equal to 

I (-)»r(a + n)(-a?)-— '* 

terms of order less than that of any algebraical power of — , , when \x\ is large, being 

iX I 

neglected. 

The series may be written 

Thus, i( R(x)<0, 

§ 8. Consider now the nature of the asymptotic value, when | a; { is large, and R (x) < 0, 
of iFi{a; p; x] when a and p tend to positive infinity, in such a manner that Lt(«/p) = l. 

We have, when R (a?) < 0, 

and, however large | a j and | p \ may be, we may take this integral along a contour in 
the finite part of the plane parallel to the imaginar}' axis so that —a is to the left 
of the contour. 

If then k be any finite quantity, and a and p tend to positive infinity in such a 
manner that Lt(a/p)=:l, 

where, however large k may be, we can make \J{x)\y when \x\ is sufficiently large, as 
small as we please. 

§ 9. We may next shew that, if R (x) > 0, 

The error obtained in stopping at the A;th term of the series is, when |a;| is large, at 
most of order 



To prove this theorem we combine the two previous results. Then we see that if 
R (x) < 0, ^iFi{p — a; p: — a?} is asymptotically equal to 



-rl%^-^^-'^^{'''-^^'^-'-l\' 



Change x into — ♦t, p — a into a and therefore a into p — a, and we have the result 
stated. 
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Combining this result with that just obtained we see that, if |argj;j<ir. 

This is the complete asymptotic expansion of ,/*, {a\ p] x} in the vicinity of | a; j = x • 
It shews us that the large zeros of ,i^, {a ; p ; x] ultimately lie along the imaginary axia 

§ 10. The nature of the asymptotic value of iFj [a; p; x] when \w\ is large and 
jK (a;) > 0, when oc and p both tend to positive infinity in such a way that Lt(l-a/p) tends 
to unity, can now be immediately deduced. 

For, when R(x)>0, 

iFj{a; p\ x]^e^^F^\p-a\ p; -xj. 

Hence if k be any finite quantity, and p and oc tend to positive infinity in such a way 
that Lx»{ajp) tends to zero 

where, however large k may be, we can make \J{x)\, when \x\ is sufficiently large, as 
small as we please. 

§ 11. We have seen that the fundamental differential equation 

admits the two solutions 

,^, {a; p\ x\ and ,i^^j [«-/> + 1 ; 2 -p ; x] x'-f. 

The idea therefore suggests itself that it is possible to take such a linear combination 
of these two integral functions as will admit all round x= x the single asymptotic 
expansion 

(-a;)-^J«, 1-p + a; -4 

and that equally we can take another combination which will admit the single asymptotic 
expansion 

^a;*-^^;|p-a, 1-a; H. . 
We proceed to prove that such expectations are correct 
We will first shew that*, if larg^z;, < ,^ , 
r(a)r(l-p),^\{a;p;;^} + r(a + l-.p)r(/>-l)*»-p,F,(a-/> + l; 2-p; x) 

-r(a)r(l + a-p)u.-,Fo|a, l + ot-p; -^l. 
■ Compttre Orr, loe. eit. p. 178. 



Digitized by VjOOQ IC 



260 Mr BARNES, ON FUNCTIONS DEFINED BY 

Consider the integral 

-L |'r(-«)r(i-^-«)r(a+«).T*(fo 

taken round that part of the circle at infinity for which R(8)>-k, and the line s^^k. 
The integral along the circle will vanish if 

|arga?|<-^. 

The integral along the straight line is of order j — p|. 
Hence we see that 

2 ^ ^- "^ r(l-/)-n)r(a + «) 



n=0 



+ 2 ^-^^-4 r(p-n-l)r(ct + l-p + n) 

+ 2 a?^-»^^r(a + n)r(H-a + n-p) 

11=0 wl 

where U(a) + i + l >A:>i2(a) + / and iJiti is, when |a?| is large, of order , — r^. 

Stt 
Thus as3rmptotically, when j arg a; | < -g- , 

^aj-j^oja, i + «-p; -J|r(a)r(i + «-p). (A) 

§ 12. The previous result has been established when |argar| <|'n-. Therefore when 
R(x)<0 it is equivalent to two different results. And by eliminating the function 

i^ija — p+ 1; 2 — p ; — > we can obt«,in the asymptotic expansion of i^i{a; p; x] when 

12 (x) < 0. This is readily done as follows. 

Let r(«)r(l-p),^, [ot;p; x}^P, 

r(« + l-p)r(p-l),^,{«-p + l; 2-p;^}-Q, 

r(a)r(i + «-p)^o|«, 1+1-p; -^}-«» 

and suppose that arg^ lies between ^ and tt. 

Then the previous result is equivalent to the two relations 

P + x'-f^Q^a-'^R, 
P + x'-p ^-s^'^i-p) Q « a -* e'^'^R, 
the principal values of a^"*** and a?"* being taken. 
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Hence P (el^f' - 1) = ar^R (^"^ - «*"*•), 

or P sin vp = e^x"^ R sin tt (p — a) 

= (— x)"* R sin ^ (p — a), 

where (— a?)"** has its principal value, the logarithm by which it is defined being real 
when X is real and negative and having a cross-cut along the positive half of the real axis. 

Similarly, if arga? lies between —5- and — tt, we shall have 

P sin vp = er"* ar"^ R sin -tt (p — a). 

Thus in either case 

P sin irp = (— a?)"* R sin tt (p — a). 

Hence, if R(x)<0, 

or ,^i{o; />; ^}^iw'J^^A-^)'"J^o\ci, 1+a-p; ^y. 

We have thus obtained the previous result. 

§ 13. From the result (A) of the last paragraph but one, we can immediately 
shew that, if | arg (- a?) | < -g- , 

= e*(- «!)•-<' ,F, L-a, 1 - «; y • 

Sir 
For putting /> — a for a in the result (A) we have, if | arg x\<-^, 

l^^yF^lp-a, p; x} + ^J^yF^ 

Now jFi {p - a; p; a;} = e* jjPi {a; p; - x], 

and iFi{l-a; 2-p; a?} =e*iFi {1 -p + a; 2-p; -a?}. 

Stt 
Thus, if I arg a? | < -^ , we have 

^^>.^.{a; p; - ^} + J]-^^) o^-. ,F. {1 - /. + « ; 2-p; -<r} 

Changing x into —a? we have the given result. 

When jB(a?)>0, this result is equivalent to two different relations. By eliminating 
the function ,jPi {a — p + 1 ; 2 — p ; a?} we can obtain the asymptotic expansion previously 
given for ^F^ {a ; p ; x] when R (x) > 0. 

Vol. XX. No. XI. 35 
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§ 14. We proceed to give a direct proof of the asymptotic equality of § 13. 



.o-/>-2 




o-p 



2-p 



^3^ 



CX 



Let Cx be a contour as in the figure which encloses the points 

0, 1, 2, 3,... 
1 - p, 2-p, 3-p, ..., 

and excludes the points a-p, a — p-1, a — p — 2, ..., and which is that part of a contour 
embracing the real axis which is included within a circle of radius X together with an 
arc of this circle. 



Consider 

It is equal to 






r(t + i)r{i-a-8+t) 



1 r if^i T{-s+t)r(i-p + t-8) 1 I f r(-s+t)ra-p+t-s) 

2^Jc.t=o r(< + l)r(l-a-« + «) 2'7r,t^jf]c,Tit + l)ril-a-8 + t) '^'^ 






N^-i{T{^s^-t)T {\^p^t^s) I 



l)r(l-a-s+0 

r(-5)r(i + p-^) 



Cr{8) 



afds 



af'^^ds. 



,r(^+i)r(i-a-«)- 

the double a<5cent denoting that the summation 2 does not exist when ^ = 0. The 
coefficients Cr{8) are analogous to the polynomials introduced in § 6, and are defined by 
the equality (1) below. 

The integral is thus equal to 

__!_[ g.. [ r(~g-f-Or(l-p+^~ ^) I Cr{8) 
27rJc. <-ol r(^ + l)r(l-a-5 + r = o i 



^+p-a-Hr+l 



afds 



\ ^ of [ r(-s)r(i + p-s) _, ^^ 



-5) 



where ^^= 2^^.]^, .5.1 r« + l)r(l - a-. + O 



R 

2 

r=0 






afds. 



Now, if ^/X is large, 

r (« + 1) r (1 -. a - s + r=o e'+'»-+''+^ ^p-.+iz+i > 

where | Jr (0 1 cai^ be made as small as we please, by taking t sufficiently large, for all finite 
values of R. 



(1) 
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Hence ,,,_Lj-^^ |^_,^,^*, 



And therefore, since we can always take N so large that \JM(s,t)\<7j if t> N and 
tfX is large, 17 being a positive quantity as small as we please, we have 






dsl 



2^. 

Making N tend to infinity and X also tend to infinity in such a way that \/N is 
small we see that | Jj^ | tends to zero, if ii be a sufficiently large finite positive integer. 

Again, when N is very much larger than X, the terms of the series 

all vanish. 

Hence if C be the limit of the contour C^ when \ tends to infinity, we have 

_L V [ r(-B + t)rii-p+t-8) . 

iirtttoJc T(t + l)ril-tt-8 + t) '^^ 

-where 8{s) is the function defined when £(<)>i2(a — p) by the series 

y ^(-» + t)T(l-p+t-8) 

<=o r(< + i)r(i-«-«+o • 

Thus, since ^{8 + p — a+r + l) has no poles within the contour C, we have 

iiri J c r (1 — o — «) Ziri J c 

§ 15. We have incidentally seen that 

[8(8)-Ui8)^i8 + p-a + r + l)] ^^_^^^^l^^^_^^ 

can be represented by an absolutely convergent series valid when R (9) > 22 (oc - p) — R. 
Thus the sole finite singularities of S{s) sjte poles at the points 

0, 1, 2 

1-p, 2-/>, 3-/>, 

a-p, «-p-l, a-p-2, 

And, if JJ(«) >iJ(a — /)) — iJ, and the coefficients o^ be suitably determined, 
8(^ I _a. ^^^^^^ 



where F(«) is an integral function. 

By Gauss' theorem we know that 

__ S(8 ) ^ r(8 + p-«) 

r(-8)r(-«+i-p) r(i-a)r(p-.a)- 



35—2 
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We thus verify the previous result and shew that 



ar = ; 



r!r(l-a)r(p-a)* 
We now have 

2inJc r(l-a-«) 27rt Jc r(l-a)r(p-a) 

The iirat integral is equal to the sum of the residues of the subject of integration 
inside the contour C, 

It is therefore equal to 

nZoFil-a-n) nl n=o ?i!r(p-a-n) 

The second integral is zero along a contour at infinity for which the real part of 
3 is greater than a finite negative quantity, provided | arg x \ < 3^/2. 

Hence it is equal to 

[n^o nl r(l-a)r(/>-a) a:*]' 

where \Jk\ tends to zero as {d;| tends to infinity. 
It is thus asymptotically equal to 

Finally therefore, if | arg (— a?) | < 37r/2, 

^||^>,/',{«; p; a:}+I^^>(-^)'-p.i'.{«-p + l; 2-p; x} 

§ 16. To verify the complete asymptotic expansion for iFi(a\ p; x), which was given 
in § 9, we will obtain the result directly by the use of Pochhammer's contours and their 
deformation. 

By his result* we know that for all values of j) and q 
the integral being taken round the contour P of the figure. 




* Pochhammer, Mathematische Annalen, Bd. xxxv. pp. 470—526. 
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The argument of v^^ (1 — v)^^ on the initial line is zero. Then we make a positive 
circuit round 1, so that the argument of the return line is e^'^. Then follows a positive 
circuit of the point 0, so that the argument on the following direct line is c»»*<i»+«>. Then 
we have a negative circuit of the point 1, so that the argument on the second return 
line is e^'^. Finally a negative circuit of the point brings us back to the starting- 
point with zero argument. 

Now F^a- o- X'. ?^^"> - V _L<?L+iL)_ ._ / ^y 

jNow ,jf,,a,p, ^.r(^)-,r„r(n + i)r(p + «)^ ""^ 

wliere jp = «, g = p — a. 

Suppose that R(x)>0. Then we may modify the Pochhammer contour till it consists 
of the four contours of the figure. 








=1:=^ 



/ 



/ 



^ 



/ 




On tke first contour the argument of t;^^(l-i;)^' is initially e-»'<9~i> and finally 



On xMi 



I 

I On /the second contour the argument is initially e'*'«~'^ After the semi-circle round 

I the po^t 1 it is 6*"^^*^ After the loop round the origin it is c»»'<ih-7-s), and finally 

it is ^'WH-^-3)^ 

oil the third contour the argument is initially e"'^'^^•^ and finally, after the negative 
loop found the point 1, it is e"<^P~^^'. 

'On the fourth contour the argument is initially c«<«^9-i). After the positive semi- 
circle round the point 1, it is e"*^^"'^ After the loop round the origin it is €°'S and 
finally it is e-**<«"^^ 
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If now we add together the integrals round the four contours we obtain 

J p 

= (1 - ^^P) j e-* <^+''> (1 + v)^» ( - v)^-' dv 

+ e'^y (1 - ^^9) je-'^i" vy-' (1 - r)«-» dv, 

the integrals being taken round the usual contour O for the gamma function deformed 
in the second case so as to pass above the point v=«l, and (— 1;)^~' and ( — t;)^"^ having 
their principal values which are real when v is real and negative. 

Suppose now that arg x lies between — ^ and 0. Then by the substitution xv^^w 
the second integral becomes 

round the new contour of the figure. 




wY~^ 



Suppose now that we expand (1 j by the summable divergent serfes 



r(n + l-9) 



„ror(i-?)r(n + i) 



-g) MY 

n+i)Uy • 



\ 



ciirecti 



tion 



This will be valid in the plane dissected by the line passing from a; in a 

away from the origin to infinity. Therefore when this series replaces (l j I under 

the integral sign, the value of the integral along the w contour will be equal tc that 
of the integral along the contour G which embraces the real axis if arg a: lies be^^®^ 

— ^ and 0, which is the case represented in the figure. 
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Similarly in the first integral we may employ the summable divergent series for 
(1 -\'vy-'\ though in this case since R{x)>0 no such difiiculties arise. 



Therefore j e^ v^' (1 - v)^-^ dv 



-^1 e- )e ^tor(l-J^)r(n + l)a;'*+«-tr(l-ii-j) 

the principal values of a?""''^ and x**'^^ being taken, and the series being asymptotic in 
Poincar^'s sense f. 

Thus if R{x)>0 and if also argo; lies between — ^ ^^^ ^> 
,Jf^(a,p, X) j,^^^ -e e ' -/ ) r(l -p)r(«+l).c«+« 

-, r(n+p)r(n+l:::5L) 
■^ -„^(l-?)^(«+l)«•'+i'■ 
where (— a?)^"'^ has its principal value whose argument lies between Jtt (« — /») and 7r(a — p). 

The reader will readily supply the deformation which it is convenient to take for 
the original Pochhammer contour in the case when arga; lies between and ^tt. By 
it we establish that the formula (1) is valid whenever R(x)>0. 

Utilise now the identity i^i{a; p; a?} = e*i-Pi{/o — a; p; —a;} or if it is preferred modify 
again the contours of the original Pochhammer circuit and we establish that asymptotically 

whether R{x) be positive or negative. In this equality (— a?)~* has its argument between 
— OTT and flnr, and a:*"^ has its argument between — (a — p) -tt and (a — p) tt. 

This is the result previously obtained. 

t See § 5 of the first memoir by the author quoted in § 1 of the present paper. 
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§ 17. We have now completed the discussion of the asymptotic behaviour of the 
function i^i{a; p; a?}. 

But before proceeding to other investigations we may note the connection between 
our analysis and the theory of linear differential equations. 

We saw that 

1^1 {a; p; x] and so^-f li^i {a - p + 1 ; 2 - p ; a?} 

were the two independent solutions of the linear differential equation 

Hence from our results we also see that 

os-^^oUy 1 + a-p; -4, 

and e-'af-f'zFAp-a, 1-a; --[, 

are two independent asymptotic solutions of the type first introduced to analysis by 
Poincar^. These asymptotic solutions for this particular equation have been obtained by 
Jacobsthal*. If the associated series were convergent one integral would be regular and 
the other normal f. 

The function F, (x) = 2 ^" ^ ^^{ . 

§ 18. If we put a ss 1 in the asymptotic expansion which has been obtained for 
1^1 {« ; p ; x} we obtain 

F,(x) = i^x^'^r{p),F,^p^l, 0; l| + (p-l)(-a;)-SFo|2-p, 1; -1|. 

In this equality a^^f^ is such that | arg a; | < tt, that is to say, a?*'"'* has its principal 
value with respect to a cross-cut along the negative half of the real axis. 



Evidently J'Ap-1, ; H = 1, 



and 9^0 



f2.,. 1; -n = l+ i (Pr:l) 0>-3V...(p-l-n) 



Hence, if | arg ^ { < ir, we have the asymptotic equality 

F, (ar) - e»a^-o r (p) = - I iErHildE^ + j^, (A) 

where \JjfX^\ tends to zero as |a?| tends to infinity. 

We can immediately verify this result when p = 1 or 2. 

For Ff, (x) = e* when p = 1, and F^ (a?) = - (e* - 1) when p = 2. 

X 

* Jacobsthal, MathematUehe Annalen, Vol. lvi. pp. f Fonjth, Linear Differential Equatiom [Theory of 

129—164. Differential Equations, Part tii. Vol. iv.J, Chapter vjf. 
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§ 19. The previous asymptotic expansion (A) can be readily obtained de novo as 
follows, when B(p)>0. 



We have ^p(a?)=l + a:l — ~~ — . , V / 

Jo 






The process of summation under the sign of integration is justified by the fact 
that Ff^{x) is uniformly convergent for all finite values of |^|. 



Hence F^ («) = 1 + ^a:""** je'^fff'''^ drf. 

Jo 



From the origin and the point x respectively draw two parallel lines A and B to infinity 
making an acute angle with the positive direction of the real axis. When R{x)<0, the 
line firom x must not cut the negative half of the real axis. 



Then | +|W = |U) 



Hence, if |arga:|< tt, 

jPp (a?) = 1+ ^x'-f' I UA) er^ ff^dff - j(B) e^ rf^^ d/tA 

J X 

= 1 + c* iP^~'» r (p) - a^-^ \iA) e-y {x + yy-^ dy. 
Jo 

Thus F^ (x) - 6« ipi-p r (/>) = - [u) e-y j(n- 1)*^' - 1 1 dy. 

If now we expand (l+-) — lin the form, valid when M^ < i^ 



« (p-l)...(p-n)/yy 



and substitute under the sign of integration, we shall obtain an asymptotic expansion of 
the integral when \x\ is very large and {arga;|<7r since the expansion (1) is summable 
over the area of the plane dissected by a line passing fi*om the point —x away firom 
the origin to infinity*. 

Finally therefore we have the asymptotic expansion (A) of the previous paragraph, 
if J20>)>0. 

When i2(/>)<0, and p + n(7i=0, 1, ... x) is not zero, we can at once establish the 
same result by substituting contour integrals for the line integrals which have been 
employed. 

* See the general theorem proved in § 5 of my original memoir. 

Vol. XX. No. XI. 36 
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PART II. 

The function ^i {p ; x). 
§ 20. We now proceed to consider the function 

o^4p; ^} = i + i^ + f:2:;^+T) + '-'-^<''>Jor(n+irr(p+«)' 

wherein p may have any value real or complex which is not zero or a negative integer. 
The function satisfies the differential equation 

cPy dy 

A second independent solution is a^"** ^Fi {2 — p ; x}. The differential equation has 
been considered by Pochhammer*. 

The reader may feel surprise that the equation was not considered before the dis- 
cussion just completed. The reason for this, however, is that by a relation due originally 
to Kummer -f- it is possible to make the theory of the function ^Fi {p; x} a particular 
case of that of the function ^J^i {^'j p'j ^}* ^^^ ^^^^ method of treatment seems to be 
more simple than any other which we could have adopted. 

The reader will notice the connection between o^i [p ; x] and Bessel's function, 
and therefore 

(I) '^»<^>=i„r(;. + i)r*M+n+i)^rorn")'>^'f + ^'-r- 

All the following investigation can therefore be translated into an investigation of 
the nature of the asymptotic expcmsions of BesseFs function J^ (z), when | ^ | is large, for 
general complex values of the parameter n, negative integral values being excluded. 

§ 21. We proceed now to prove Kummer's result 

,F,{p; ^}=e-^,F,{p-i; 2p-l; 4^} =e^,F, {p - i; 2p-l; -4^j. 

We have e-^^^p; .} = r(p) J^ j^^-^^^,^^^. 

If i 

Now consider — ^ — f T {2n — s) (4a?)* ds 

taken round a contour C enclosing the points «=2w, 2?iH-l, 2n + 2... as in the figure. 




* Pochhammer, Matkematische Annalen, Vol. xxxvm. pp. 22S— 240 and Vol. xli. pp. 174 — 178. 
t Enmmer, Crelle, Bd. xv. p. 139. 
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By Cauchy's theory of residues it is equal to 

i(=):(MA.=,^.(4.)« 



r=0 



Hence e-V.{p; .} = -^> i f / <f ^ '>i .^f , d.. 

Now by the multiplication theorem for the gamma function 

r<«"-)-^r(„-|)r(„-i + '). 

^'^'^' ^ 27rt »=:o7t72V7r r(n + l) r(p + n) 

and this integral may by a similar argument to that employed in § 14 be written, if 
J2(p + «)>l/2, 

Now by Gauss' formula 

= V, /g. TTH-? by the multiplication formula. 

r(2/o + 5 — l)2v7r -^ '^ 

Hence if at all points on the contour of integration R{j}-\-8)>\, we have 

^ I (-r ^^ o^^-. r (p) r(p -f m - ^) 

w=o ^-^ Vtt r(2p + m-l) 

m=o r(^ + l)'r(2p + m-l) Vtt 
= ,^,{p-.i; 2p-l; -4a;>^«}. 
We have thus shewn that 

o^i{p; <=^'^i^i{p-i; 2p-l; -4^''}, 
provided | — -B (p) < e < 0. But it is evident that, except for those real values of p which 
introduce infinities into the equality, both sides are continuous. The formula is therefore 
true in general. And this at once appears if we modify the foregoing proof by intro- 
ducing simple Riemann (f functions as in § 14. 

Since arga? is unrestricted in the proof we have equally 

36—2 
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§ 22. On account of the importance of the foregoing relation we will give an alter- 
native proof, which however, though more simple, is not so intimately connected with the 
general plan of this paper. 

We will first shew that, if S^ denotes the series 

(-2)-r(2 p - 1) i , 2x«r(p - 1/ 2 -hm) r(2p4-i;--l) 

T{2p + p-l) mto^ ^ f(p-I/2)m! •(i.-m)I r(2p + m-I)' 

then 8^ = i{ p he odd, 



Tip) 



if V be even. 



r(j> + v/2)r(pl2 + l) 

Write 2, for the series i (- 2)'»yp^/|±^> ,— ^^rT/I^^ ^V 

m=o r(p— l/2)m! (v — m)! r(2p + m — 1) 

Then it is evident that S.. is the coefficient of of in the expansion of 

(l + 2a?)-'^^^(l+a?)^+'--» 
in ascending powers of x. 

the integral being taken round a small circle enclosing the origin. 

Make now the sybstitution x/{l + a?) = f, so that 

I-f=:I/(l+a;) and (I + f )/(! - f) = 1 + ^c. 

Then we have 2. = ^^ j^- (1 - f r*^^, 

the new contour being a small oval enclosing ( = 0. 

Thus S„ is the coefficient of f " in the expansion of (1 — f 2)-p+i^. 
Therefore 2^ = if i; be odd. 

Thus 8, = if v be odd ; and, if 1/ be even, 

_ r(2p-i) r(p-i/2 + v/2) (-2/ 
'''~Tifi-i/2)- r{2p-i+v) riv/2 + iy 

But by the multiplication theorem for the gamma function 

r(p-l/2)- Vir'^''^ 

_ , . _ r(p) 

Hence, when v is even, /«, = „ ^ 



r{v/2+i)T{p+p/2y 

Consider now the product 

e-^'\F,{p-l/2; 2|b-1; 4a^} 

^ I (- 2a^Y I r (p -t- w - 1/2) r (2p - 1) (ia^^y 

„to "«! ,«=or(p-l/2)r(2p + »i-l)r(m+l)- 
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This double series is unconditionally convergent: we may therefore rearrange it in a 
series proceeding in ascending powers of a?*^. And the coefficient of af^ is fif„. 



Thus the product is equal to 



V ^ r(p)^ 



The theorem is therefore established. 



x" = 0^, {p ; x\. 



§ 23. We may now obtain the asymptotic expansion of ,^, {/> ; x\ from that of 

,^i{o; p\ x\. 
For by the previous result (§ 16) we have 
,/'.(|)-l/2; 2p-l; 4a:^»} 

= ***' ' r(p-r2) (*^')"'^"' '^o {" - 1/=^' 3/2 - /» ; 1/(4^")} 

+ r(p -7/^) ^- ^^'y^-'^'^o {P - 1/2. 3/2 - p ; - 1/(4^')}. 

This result is valid if |arga?|<27r: we then have | arga:*'*| < tt. If arga?=stf and 
O < i ^ I < 27r, we have arg (p^^) « ^/2, and we must take such a value of (4*^)*'*-' as is 
equal to ^^-^i^i^^^ where arg(j:>'^') = (l/4-p/2)ft 

We also have arg(— dp^') = tf/2 — tt if ^/2 be positive, 

^e/i-^-ir if 0/2 be negative ; 
and therefore ( - 4a:»/»)v*-p = 2'-^ a^^*'^^, 

where arg {a^'^'^^) = (« - 27r) (1/4 - p/2) if tf/2 be positive, 

= (tf -H 2ir) (1/4 - p/2) if ^/2 be negative. 
Thus, since r(2p - 1) = r(/) - 1/2) r(p) ?»>-^/V7r, 

^, {p ; ^} - ^'^-'^ ^^^ [e^'^'^^o {p-1/2, 3/2-p; l/(4i;"^)}+Pe-«'^^^o{p - 1/2, 3/2-.p; l/(-4^»)}], 

where P « ^±«o/*-p»j the + or — sign being taken according as ^/2 is negative or positive, 
and where si^^^^{a^y*-^, and |arg^^^ , < tt*. 

We see that the complete asymptotic expansion for o^i{p; x] persists in form as x 
makes a complete circuit round the origin, except when x crosses the positive direction 
of the real axis, when there is a sudden change in value in the second (and then 
negligible) series. 

§ 24. Consider now the asymptotic expansion of Jn{^) when |^| is large, and n has 
any finite value real or complex except negative integral values. The quantity n may be zero. 



We have J„ (.) = i^^Y^) ^^ {» + 1' " l) ' 



* ThiB result is dae to Stokes, and appears substan- Cambridge Philotophical Transactions, iVol. xi. (1868), pp. 
tially in his long-forgotten paper ' On the discontinoity of 414—418. 
arbitnury constants which appear in divergent developments,' 
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We assume as part of the definition* of Jn{z) that when n is complex ^'^ = exp {n log 3^} 
and that the logarithm has its principal value whose argument lies between — tt and tt. 

Putting 2a^ = tz in the formula of § 21 we have 

Jn {z) = (I)" Y{n + \) *"^ '^' {« + i ; 2n + 1 ; 2u]. 
Therefore for all values of arg^ we have asymptotically 

or Jn {z) ^^\f (*^)""^ :^^o |« + i, i - n ; ^-^ 

4- e- (- .^)--* ,/; jn + i, i - n ; - i^|] . (A) 

Now the argument of (t^)"**""* lies between ± {n + ^) tt and therefore we may put 

where sr""^ is made uniform by a cross-cut along the positive half of the imaginary axis, 
and has an argument which lies between fw(?i + ^) and — |7r(n+|). 

Similarly the argument of {— tz)-^-^ lies between ±(w + ^)7r, and we may put 

where sr^-^ is made uniform by a cross-cut along the negative half of the imaginary 
axis, and has an argument which lies between '-*-Y{n'\'\) and ^{n-\'\). 

If now z-^ has its principal value whose argument lies between ± ^, and with the 
previous convention for the factor sf^ which intervenes in the definition of Jniz) we have, 
putting 

1. WheniJ(«)>0, 

J„ {Z) = ~ - J- \^-" <»+*)■ p + e-c^+T (n-H) q1 . 

2. When iJ (^) < and / {z) > 0, 

v27rz* L J 

3. When R(z)<0 and I{z) < 0. 

/„(^) = ^i- re^-T<»+i' P + e-'^-^(»+i> q] . 

^217 5* L J 

These are the complete asymptotic expansions for J„(2). 

* A different oonventioD is adopted by Nielsen, Cylinderfunktionen, p. 19. 



Digitized by VjOOQ IC 



SIMPLE TYPES OF HYPERGEOMETRIC SERIES. 275 

If we ignore series which are infinitely small compared with those retained we have: 

1. When l{z)>0, 

2. When /(^)<0, 

y/2irz* 
Vfhen B{z)>0 the dominant term in the expansion of Jn(^) niay be written 

1 



^2^^^"^^ 



More completely we have, when R (z) > 0, 

where ^- v r(n + 2m±^)T^n + 2m + i) h 

«.tor(n + ^)r(-n + ^)r(2m + 2)(2t^)«'»'^^^' 

The quantities lu and Jk are such that their moduli tend to zero as \z\ tends to 
infinity, for any finite value of L 

This is substantially Hankers result. When z is not real, the complete series, of 
course, is not such that the modulus of the difference between Jn{z) and the first k terms 
of the series is of order less than . — r^ when \z\ is large*. 

§ 25. We will next consider the nature of the asymptotic value of J^i [p ; x] when 
I ^ I is large and { arga? ■ kw, as p tends to positive infinity. 

We have Jf.lp; or} = e=«''^,J?', {p-1/2 ; 2p-l; —kc^}. 

If now Rix"^) > 0, we have (§ 7) 

,/\(p-l/2; 2p-l;-4a:^} 

- 2;rJ^^ *^r(2p-i+'«) r(p-i/2) <*^>^^' w 

and we may take the contour of the integral along a parallel to the imaginary axis 
through the point « = 1 — m, if R (p) be large positive and ^ m, m being finite real and 
positive. 

Let us now consider what happens to the integral when R(p) tends to positive 
infinity. 

* With tbifl series the reader may compare Forsyth, funktunun, pp. 154^156, <frc. The history of the investi- 
Linear Differential Equations [Theory of Differential Equa- gation has been considered in the introduction to my fonda- 
tioMt Part m. Vol. iy.] p. 331, and also Nielsen, Cylinder- mental memoir. 
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As regards that part of the integral for which | « j < Z, where i is a positive quantity 
as large as we please but such that Ljp is small, it is evident that 

r(2p-l) r(/p~l/2 + ^) 1 

r(2p-i + 5) r(p-i/2) "2«- 

When |«|>Z, where Ljp is small, we may put |/(«)| = /Ap, and on the corresponding 
parts of the integral /x will take all values from 6(>0) to oo . 

And now, if R {s) = u, we have, when p is large, 

r(2p~i) r(p-i/24-a) ^r(2p-i)r{p(ittM) + ^-i/2| 
r(2p-i-h5") r(p-i/2) r(p-i/2)r{p(2±.,.) + tt-i} 

(2p^p-^.^ [p (A^i^r ±-^^-Lr ^^ approximately 
p'*-^ e-f^ [p (2 ± i^)Y <»±"*) +«-*'« e-p <«±''*' ' approximately, 

the upper or lower signs being taken together. 



Hence 



r(2p -l)r(p-l/2 + 8) 

r(2p-i+j?)r(p-i/2) 






= 2-^ (45-^)^-3/4 ^^P {P [^ **^"' W2 - M tan-' ;. + log Vl + ;.^ - 2 log Vl + ,.74]}. 

Suppose now that 

y^fi tan""^ fi/2 - fM tan-^ /a + log Vl + /a* — 2 log Vl + /a»/^- 

Then ^^ = . ^^^ - r"" , + 1 "^ - 1 ^^L + tan- ^/2 - tan- f. 

= -tan->/(2 + /i«). 

Hence dy/d/i is always negative and therefore y constantly decreases as /x increases. 
Now, when /Lt = 0, ,y = 0. Hence y is always negative if /Lt>0. 

We thus see that, if m be finite and if | arg a;*^ | < 7r/2, that part of the integral (1) 
for which \8\>L, where Z is as large as we please but such that L/p is small, tends 
to zero as p tends to infinity. 

We now have, if | arg a? j < tt, 

where /p(a?) tends to a definite finite limit as R(p) tends to positive infinity for any 
finite value of |a?| however large, and where \Ip{os)\ can be made for all values of p 
(such that R(p)>m) as small as we please by taking \x\ sufficiently large. 

The first part of this theorem can, of course, be stated in the simple form that, if | a? | 
be finite, Lt oFi {p ; a?} = 1. 

p=ao 

§ 26. We have seen that ^F^ [p ; x] and 0)^"^ JFi [2 — p, x] are solutions of the differ- 
ential equation 

Equally each of the asymptotic series which occurs in the complete asymptotic 
expansion of ojPi{p; x} is a solution in the neighbourhood of infinity. It is natural 
then to seek a combination of the two functions which shall be completely represented 
by one of the asymptotic series. 
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We will prove that asymptotically, if |argxi;|<9r, 

r(l-p)oF,{/>; a?} + a^-'r(p-.l)^,{2-p; x} = ^w~ e'^JT^i^i^ p; p-J; -^|. 

In the first place we may shew that the combination on the left-hand side is, when 
|a?| is large and |arga?|<Tr, smaller than any positive power of 1/|^|. 

For consider the integral 

round a contour which embraces the positive half of the real axis and encloses all the 
poles of the subject of integration* 

It is evidently equal to 

• (-fl:)»r(l-p-n) ^ a^-^r{--n^l+p) 
•to f(n+l) '*'.ro^ ^ r(n-fl) 

This in turn may be written 



'or(n-fl)r(/> + n)sinirp^».or(n+l)r(2-/)+n)8in(p-l)7r 

»r(l-/))^,0>; fl:)+j:'^rO>-l).Fi(2-p; flf). 

Now, if |argd;|<7r, the integral vanishes round that part of a great circle at infinity 
for which i2 («) > ~ A; where A; is a finite positive quantity. Hence when \x\ is large it 
is smaller in value than any positive power of . — | . 

To prove the asymptotic expansion given we use Kummer's result. 
We have (§21) T(l^p)oF,{p; ai)-^a^-'^T(p^l)jr,(2^p;x) 

^^r^^{T(l-p),F,(p^i; 2/>-l; ^a>^) + a^-^T{p^l),F,{i^p', 3-2p; 4a^)}, 
and this expression is by § 9 asymptotically equal to 

^^r r(i-p)r(2p-i) ar'-»r(p-i)r(3-2p) i / ._^._ M 
, ^^r r(i-p)r(2p-i) r(3-2p)r(p-i)^-'' -| [ „_,. M 

Now by the maltiplication fonnula for the gamma fuoction 
hence it may be readily seen that 

r(i-p)r(2p-i) r(8-2p)r(p-i) ^ 
r(p-i) ■*■ r(f-p)4^ "' 

.„H r(i-p)r(2p-i) r(p-i)r(8-2p) _ 

»"d r(p-i)(-4H + r(f-p)(-4).^' -^'^' 

remembering the prescription which we most give to the functions (— 4/-* and {—Asf*-*. 
Hence finally we obtain the given result. 
Vou XX. No. XI. 37 
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§ 27. We proceed now to give a direct proof of the previous theorem and to shew 
that, if I arg a? | < Stt, 

We thus extend the range of validity of the asymptotic equality from | arg a? | < w to 
I arg X I < Sir. 

Let 8(8) denote the function defined when i2(2« + p)>I/2 by the series 

I r(~8-f^/2)r(l-p-g-f^/2) 
,=0 r(«/2 + I)r(^/2 4-I/2) * 
We will first shew that 

S(5) = - ???^?!^2«p+« r(- 25) r(2 - 2p- 2«)r(2« + p - 1/2). 

TT 

If R (is+p) > 1/2, we have 

-(r.\ :^ T(-s + t)r{i-p-8 + t) g r(-«+< + i/2)r(3/2-p-< + <) ■ 
'^w-^f^ r«+i)r(« + i/2) ^tto r(<+3/2)r(< + i) 

=^.i-..i-,-.,i/2.i) '''-'V7,)---" 

By Gauss' theorem we therefore have 

8(s)-r(o + 2s^l/2) [ T(-s)r(l-p-s) r(-s+ l/2)r(S/2-p-s) ) 

b{s)-l(p + Zs y^)\Y{l/2 + s)r{p + 8-1/2)^ r{l + 8)rip+a) ] 

— 5?£|^r(i/2-«)r(-«)r(3/2-p-«)r(i-/>-«)r(2«+p-i/2) 

= - ^^!^^ 2*+« r (- 2s) r (2 - 2p - 2«) r (2« + /) - 1/2). 

TT 

Let now (7 be a contour embracing the positive half of the real axis and enclosing 

the points 

0, I, 2, ..., and 1— />, 2 — p, 3 — p, .... 

Then by Cauchy's theory of residues for all values of | arg x \ we have 

i=-^Jj'(-^m^-p-'')^d8 

= r(l-p)^,{p; <c}+a>^-Tip-l)^,{2-p; x]. 
Also we have 

And hence by the methods employed either in § 6 or § 14 we have 

^''II^^ = -^J^S{8)afd8, 

if the contour C excludes the points 7~a~a> » = 0, 1, 2, .... 



Digitized by VjOOQ IC 



SIMPLE TYPES OF HYPERGEOMETRIC SERIES. 279 

We therefore have 

'IT Ziri J c 
Now if I arg a; | < Stt the integral will vanish when taken along a contour at infinity 
for which R{8) is greater than a finite negative quantity. It is therefore equal to minus 
the sum of the residues of the subject of integratpn at the points 

1/4-P/2-W/2, n = 0, 1, 2, ..., k 
together with J^y where J^ denotes an integral along a contour parallel to the imaginary 
axis which passes between the points 5= 1/4 — p/2 — A;/2 and « = — 3/4 — p/2 — A:/2. 

Thus ^i,^^=.2^:-=? I i(^^±pz.m^^m^^j, 

^x~J',{S/2^p, p-1/2; l/(-4^)U+,+ Jib, 
where | J^ a^^np/s-*/* | tends to zero as | a? | tends to infinity. 
We thus have the result stated. 

§ 28. This result, since it is valid when |arga?|<37r, is equivalent to three diflerent 
results. 

In fact, if — 7r<arga?<7r, we have, in addition to the previous result, 
r{l-p)JF,{p; x} + x'-Pe^'^^'^^r{p''l)oF,{2^p; x] 

= 'Jw a?t^-^»'* e«"^ (L-^)/^^ ^Fo {3/2 - p ; ^ - 1/2 ; l/(4a^)}, (A) 

where m = 1 or — 1. 

We thus have found two combinations of the functions o^i {/> ; x] and JFi{2^p; x] 

which give a solution of the equation 

which to a first approximation behaves like e**^ when \x\ is very large and | arg a; | < tt. 
From the two results (A) we can obtain anew the asymptotic equality (§ 23) 

^^^^' ^}=^^-^e^,i^o{p~l/2, 3/2-p; l/(4a:^% 
when I arg a; | < ir. 

For on subtracting one form of (A) from the other we find 

a;'-psin27r(l -p)r(p- 1),F, (2-^; aj}/Bin |(1 - 2p) 

= V^ arP-v"* e«^ ^, {3/2 -p; p-1/2; l/i*a^)}. 
or ^^{2-p;x} = ^^^ <^*^'^''* ^ ^0 {3/2 -p. p-1/2; 1KW% 

Writing p for 2 — p, we have 

'^'^P' «'} = ^^'"-'^«*^^»13/2-p, P-1/2; 1/(4^)}. 
the result of § 23, when | arg a; | < tt. 
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XII. The application of integral equations to the determination of 
eocpansions in series of oscillating functions. 

By H. Bateman, B.A., Fellow of Trinity. College. 

[Received Dec. 24, 1906. Read Jan. 28, 1907.] 

§ 1. The theory of integral equations as developed by Fredholm* and Hilbertt has 
provided us with a new starting-point for a systematic study of the important classes 
of expansions which occur frequently in the mathematical theory of vibrating systems. 

The analytical result upon which the present theory depends is that the homogeneous 
integral equation 

^n(«) = Xnf A;(«,0^n(Orf^ (l), 

J a 

in which k{8,t) is continuous for values of s and t on the path of integration, only 
possesses a solution '^nit) diflFerent from zero when the quantity Xn is a root of a certain 
transcendental J equation S(X) = 0, and that corresponding to each value of X and e^cli 
function -y^, there is another function <^ for which the adjoint equation 

<l>n(t)^Xnj k{8,t)<t>n(s)d8 ,.,(2) 

J a 

is satisfied. 

If the equation (1) is multiplied by the function 4>m(s) corresponding to m different 
root \m and integrated between a and b we have 

rb rb 



rb rb rb 

I <t>m(s)irn{8)ds = \nl j <t>m{s)k{8, t)'^n{t) dsdt 
J a J a J a 

which gives f ^(Ot«(«)d« = 0, (K^i^K) (3). 

J a 

* Acta Math. xxvn. (1903). % 5(\) is in general a transcendental iritegrd fqiiction 

t 09tt. Naehr, Hefte 1 and 3 (1904). of \, bat it may happen that in some t^peci&l mses it is 

a rational integral function of X. 

Vol. XX. No. XII. m 
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If \n is a simple root of the equation S (X) = there is only one pair of corre- 
sponding functions ^n(^)> i^n(s), and the arbitrary constants multiplying them are chosen 
so that 

^%nWtn(«)<fe=l (4). 



J a 



When however \n is a multiple root there may be several diflFerent pairs, but Fredholm 
has shown that we can find a set of linearly independent functions ^„*" and a corre- 
sponding set of linearly independent functions <f>fj' so that 



j\'{s)^.Hs)dsZl Itp} <5)- 



The number of linearly independent functions yp^n^is) cannot be greater than the 
multiplicity of the root V: it is usually equal to it, but there is at present no evidence 
to show that this is always the case. 

The formulae (3), (4) and (5) enable us to determine the coeflScients in the two 
types of expansions 



/i(s)= Xan<l>n(s) 



.(6), 



whenever uniformly convergent expansions of this kind are known to exist and sometimes 
when the expansions are non-uniformly convergent. The above analysis however does not 
indicate how the adjoint set of functions <^n(^) cai^ be determined when the functions 
'^n{s) are given or vice- versa. The object of this paper is to extend the analysis so 
that this defect may be remedied. Starting from a single integral equation 



fi8)=^<l>^(8)^\ f k{8,t)<l>Kit)dt (7), 

J a 



whose solution <^x(^) is known, we can deduce the law of the coefficients in the expansion 
of an arbitrary function in the form 

Xa.Ms) (8), 

where the quantities \ are the roots of the equation in X obtained by imposing a linear 
condition of any kind upon the function <^a(«). 

Since the functions /(«) and k(8,t) are at our disposal it is evident that the results 
obtained in this paper are of a very general character. The integral equation due to 
Hilbert, which is chosen to illustrate the method, leads to some interesting results in 
connection with expansions in trigonometrical series and puts in evidence the power of 
the new analysis. 

§ 2. Many of the well known expansions in series of oscillating functions connect 
themselves naturally with the problem of determining the values of X for which a linear 
differential equation of the form 

Z/M + Xu = (9), 
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where L is some differential operator, can possess a solution which satisfies certain Imuar 
conditions. It is natural then to expect that the problem of determining the values of 
\ for which the solution of an integral equation may satisfy given linear conditions will 
also lead to important results. This problem really includes the previous one because a 
linear differential equation can in general be replaced by an integral equation. 

Let us consider then the integral equation 



f(8)^il>(8)-\ r k(8,t)4>(t)dt (10). 

J a 



f a 

concerning ourselves with the solutions which satisfy various types of linear conditions. 

If X be regarded as the quantity at our disposal only one linear condition can be 
imposed and then the corresponding values of X will be in general the root^ of a certain 
transcendental equation. If we impose the linear condition 

<^(a?) = c, {a<x<h) (11), 

supposing \o to be one of the possible values of X we shall have 

/(a?) = c-X,[ k{x,t)if>,{t)dt „,,... (12). 

J a 

Combining this with the equation 

J a 

we obtain the homogeneous integral equation 

M^)^\>[\(8,t)<f>,(t)dt (13), 

J a 

where k^is, t) = ki8, t)-j^^^k(x. t) (14). 

Now in order that this equation may be satisfied X, must be a zero of the integral 
function S,(\) connected with the equation 

^(») = x(»)->'f\(».Ox(0* (15). 

J a 

Accordingly, we can anticipate that the function Si(X) contains ^{x) — c as a factor, 
for Si(X) is zero whenever X satisfies the equation <^(a?) = c. 

The solution of equation (10) is known to be given uniquely by the formula* 

4>{8)^f{8)-^\\'' K{8,t)f{t)dt (16), 

J a 

except when X is a zero of a certain integral function S(X) connected with this equation. 
* The formulae quoted will all be found in Fredholm*8 paper. 
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The solving function K(8, t) depends of course upon \ and is infinite at each zero of 
S(X); moreover in the neighbourhood of a simple zero \n it has the form 

t^^^l^ + F(s,t) (17). 

where F(8, t) remains finite and -^nC*), 4>n(t) are the functions mentioned at the beginning 
of §1. 

It vdll be verified in § 3 that the corresponding functions Si(X) and Ki{8, t) for 
equation (15) are given by 

Mx).i^:«(x) 

ir. (..«). «■(.,<)- 5^ ir(.,«) 

Now it follows from equation (13) that when X is a root of the equation ^(«) = c, 
the corresponding function <^o(^) is a fundamental function for equation (15). To find 
the adjoint function we apply formula (17) to the function Ki(8, t), remembering that 
i^n{s) corresponds to ^o(«)» and <pn(t) to the function we want. Calling this function 
00 (t) we have 

<f>o(8)0o(t)=- Lt {\'\)K,(8,t) 



,(18). 



the terms K{8, t), <^(«) and K(x, t) remaining finite for X=sXo. 
The function. 0o(t) is thus given by the formula 



^ Ms)K.(^.t) ^ iro(x. = [^(x. 0].=;./ 



^,(«) = fiifii> (19), 

and so if the function K {x, t) is known the coefficients in the expansion of an arbitrary 
function F{8) in the form 

F{8) = ^A{\,)4>{\,8) (20), 

for the different values of \, which satisfy the equation 

'i>{\,x) = c (21), 

are given, by ^(\.)" f 5'^'^' ^^ -^(0<ft (22). 

It will be noticed that Ki («, t) is obtained from ki (s, t) by replacing the functions 
/ and k wherever they occur by <}> and K respectively : this rule enables us to write 
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down the functions Si (X), K^ («, t) for the integral equation obtained by imposing any 
other linear condition upon the function </>. For instance if we require <^(«) to satisfy 
the linear condition 

]■%(«) ^(»)d« = c (23), 

-the values of X, will be such that 

rpis)fis)d8 = c-\ f f*(«, Op(«)^(<)<^*. 

J a J a J a 

/(«) - ^ (») - X, £ k (s, t) <^ (<) dt, 
and the equation which replaces (13) is 

*,(«) = X.f\(»,0 *.(«)*. 

J a 

where A, («, t)-k («, t) + • 



jrj-^^f^ l\{x)h{x,t)dx (24). 

c- pixy/ixydtc^' 

J a 



It will be shown in § 3 that for this equation 



K,{B,t)^K{8A)^ TT 



4>{s) 



c — / p(x)if>(x)dx' 

J a 



f p{x)K(a!,t)dx, 



c— / p(x)^{x)dx 
Si(X)= -^ 



^o(0 = -9-T 



-j p(x)f{x)dx 
I p (a:) ^0 (^, ^ 



fi(\) 



y 



A|^p(^)^(^)d«r ^ 



(25). 



ax. 

As an example of the application of these results we may consider Hilbert's integral 
equation 

it>(s)=f(a)-Xpk(»,t)»l>it)dt, 
Jo 



in which 



'^^'H-t 'ri 



Here we have Z(«, ,), "»KMl-»)}_sin<Vx j 

A/XsinVx 

sin fVx (1 - 01 sin * Vx 
V X sin vX 



(26). 
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and if we take the particular fuaction f («) = a, the formula 

(«) =/(») 't\[ K (», t) <!> it) dt 

Jo 

The previous work thus enables us to determine the coefficients in the expansion of 
an arbitrary function in the form 

^(«)=2ilA8in«V^. (28), 

A 

where the summation extends over the values of X for which the function ^(«) satisfies 
any given linear condition. 

Suppose in the first place that the condition is ^(;v)sc and write Xo»m^ then the 
values of m must satisfy the equation 

8inww? = c8inm (29). 

Now j^ ^0 (^) = — 7=—: 7= [^ cos a?\/Xo sin VXo — sin a? V\o cos VXol 

a>^ 2vXoRm"vXo 

_ a? cos WM? — c cos m 
"" 2m sin m 

Calling the different roots of equation (29) mi, tti,, ... mr ... the coefficients in the 

expansion 

F {b) ^ Bft^^soLim, 

as determined by formula (22), are given by 
-^ sin m . [o; cos mx — c cos m] 

= sinm(l-a?)/ F(^)^mwtdt-\'^\ximx\ F{f)%\xim{^^i)dt (30). 

Again, if the condition is I <t>(8)d8^ c, the values of m are given by 

JO 

[^ sin ms , 

I — ; CW =a C, 

Jo smm 

. m 
tan^ 

i.e. IT"-^ (31). 

m 



In this case / K{8,t)d8 = 

Jo 



2 sm y sm —^ 

m'cos^ 
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and so the coefficients in the expansion of bh arbitrary function in the form XBm sin ms, 

m 

where the summation extends over the values of m for which 

. m 

tan — = cm, 

are given by ^B^sia^ (l - 2c cos'^) = T ^(Osin^ .sin"?"^^^ (32). 

i § 3. Verification of the formulae given in the previous section. 

I In this section we require a convenient notation for the result of imposing an arbitrary 

linear condition upon a function <l>(s). The linear conditions which we shall consider will 
in general be of the form 

j a{s)<l>(s)ds + l.lpniy) ;A,4>{y) = constAnt (33), 

and it will be supposed that the operator which produces the left-hand side when it 
acts on ^{s) is such that it can be introduced under the integral sign whenever ^{s) 
I has the form 

I l''c{s.t)x(t)dt, 

J a 

I 

' If the result of this operation is expressed by replacing the variable s in the function 

! if>(s) by means of a star, the effect of imposing the given linear condition upon <^(s) will 

be represented by 

<^(*) = c (34), 

and the effect of our operation upon the function represented by the above integral 
I will be 

i I k(i^,t)x(t)dt. 

J a 

Let Xo be a value of X for which the function (f> {s, \) given by the equation 
! f{s)^i>{s)^\\\{s,t)it>{t)dt 

satisfies the linear condition <^(#)=sc; then we have 

i 

/(#) = c-Xo [**(#, t)4>o{t)dt (35). 

J a 

I This relation may be used to reduce the equation 

f{s)^Ms)-\^rf^{^^t)Mt)dt 

J a 
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to the homogeneous form 

<^.(«)-X,|* |^A(«,<)-^-^^A;(«,t)] Mi)dt (36). 

Now according to the rule stated in § 2 the solving function of the integral equation 

f(») = X(»)-'>^ (\(».t)xit)dt (37), 

in which k,(8,t)^k(8,t)-y^-k{*,t). 



should 



/(*)-c 
be given by ir,(», = ir(», <)- ^^^3^ A'(#, (38). 

To verify that this is the case it is simply necessary to show that the characteristic 
relation 

k{8,t) = K^{a,t)-X j h,{8,x)K^{x,t)dx (39), 

J a 

which is obtained by substituting in (37) the value of x given by 

J a 

is satisfied. 

Now \ I k(8, x) K(x, t)dx^ K(8, t) - k(s, t), 

J a 

\fk(%,iB)if>ix)da,^ <!>(*)-/(*), 

J a 
J a 

\ \ k{8tX)<f>(x)dx= <f> (s) —f(8) ; 
accordingly, when the values of ki(8,x) and Ki(x,t) are substituted, we have 
X j\(8, X) K,{x, 0<ir = K{8, t) - k{8, t) - ^g^[^(a) _/(,)] 

- Ki8, t) -ki8, t) - f^^ ^8) +^-m 

= K,(8,t)-k,i8,t); 



hence the relation is satisfied. 
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To obtain the value of Si(X) we make use of the formula 

Substituting the value of Ki(t, t) we have 

-i[^ogBAX)] = -l^[\ogB(X)]-^^jy(^,t)<l>(t)dt 140). 

To obtain the value of I K(s, t)if>(t)dt we multiply the equation 

k(s, t) = K(8, t)-xl k{8, x) K(x, t) dx 

J a 

by <f>(t)dt and integrate, thus 

[ k(8,t)<l>(t)dt= j K(s,t)<t>(t)dt-\ ( k(8,x)dx ( K (x, t) 4> (t) dt. 

J a J a J a J a 

But if we differentiate the equation 

f{8) = <^ («) - X k («, x) <t> (x) dx, 

J a 

with regard to \, we obtain 

= ^-^ ^ \\{8,x)4>{x)dx^\ ^"^ k{8,x)^^dx. 

Comparing this with the previous equation we see that 

£ir(^, t)it>{t) dt = ^ <^ W ^^^^^ («X 

and therefore J K{%,t)4>{t)dt ^ ~i^{*) (42). 

Substituting this in equation (40) we get 

- ^ [log fi, (X)] = - ^ [log S (X)] - ^ [log {0 (#) - c]\ 

Now when X = 0, Sj(\)= S(X)= 1, 4>{8)-f{8)\ therefore on integrating the above 
equation we get 

«'<'^)=7{iy3^«<'^) («). 

which is the other formula that was used in § 2. 

To determine the function do(0 adj<>i^^* ^ ^o(«) we must find the limit of {}^~^\)K^{H,t) 
when X = Xo. Substituting the value 

K, {8, t) = K{8, t) - ^^|rc ^<*' ')' 
Vol. XX, No. XII. 3» 
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and remembering that K(8,t), ^(«) and K{m, t) remain finite for \ = \„ we have 

Lt (x.-x)Jir,(..()- f"j^-<*'" , 

accordingly ^. («) = .^iiflil. ..(44). 

rb ^ 

Also since I K{8, t) (f>(t)dt= -j- <l> («), 

it is evident that the equation 

J a 

is satisfied. 
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Xm. The Variation of the Absorption Bands of a Crystal in a 

Magnetic Field. 

By W. M. Page, B.A., Kings College. 

[Communicated by Mr H. W. Richmond.] 
[Received 30 March, 1907.] 

In March and April, 1906, M. Jean Becquerel published an account of some obser- 
vations on the effect of a magnetic field on the absorption bands of xenotime, a uniaxal 
substance giving sharp bands. 

Two regions, one in the green, and one in the red, were observed, and it was found 
that a diffusion and doubling of the bands occurred, analogous to the Z^eman Effect for 
metallic vapours. 

The first series of observations* deals with light rays perpendicular to the magnetic 
field, and the variations of the bands are given when the optic axis of the crystal is 

(1) in the direction of the light rays, 

(2) perpendicular to the light rays and to the field, 

(3) parallel to the field. 

The most important results obtained were 

(1) Certain bands are displaced to a greater extent than would be expected from 
a knowledge of the Z6eman Effect in metallic vapours. 

(2) The bands of the ordinary spectrum behave very differently for different 
directions of the axis of the crystal, although the orientation of the ordinary vibration 
remains the same with respect to the magnetic field. 

Thus when the axis is normal to the field, and the vibration is also normal to 
the field, the green band No. 18 in Becquerel's Table (wave-length 522*14 ft/i) only gives 
one component, slightly displaced towards the violet; but when the axis is parallel to 
the field, the same band, for the same direction of the vibrations, doubles, and the 
separation of the components is 0*53 iiii in a field of 31,800 C Q. s. units. 

* Jean Beoqaerd, C. R. Maroh 26, 1906. 
Vol. XX. No. XIII. 40 
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On the other hand, the green band No. 22 (524*57 um) undergoes a large displacement 
in the first case, and hardly varies in the second. 

Again, there is a remarkable difference in intensity in the components of the doublets 
separated by the field. 

For example, in red band No. 6 (653*71 /^fi), and green band No. 22, the component 
displaced towards the red can only be seen at the instant of the field establishing itself 
progressively. This component disappears as soon as the field becomes intense. 

In a later paper* the case of light rays parallel to the field is considered. If the 
optic axis is perpendicular to the field, the modifications of the bands for the ordinary 
vibration normal to the field and to the axis are identical with those given in the first 
paper. The same is true for the extraordinary vibration normal to the field. 

When the optic axis is parallel to the field the ordinary spectrum alone is visible. 
.As soon as the magnetic field is established the edges of all the bands diffuse, and the 
bands double. 

The components are found to be circularly polarised in opposite senses. 

If, however, the axis of the crystal is inclined at a few degrees to the lines of 
force, it is found that for two symmetric positions Ay B, independent of the strength 
of the field, but depending on the thickness of the crystal, the components become 
plane polarised in two perpendicular directions, independent of the field strength, and 
turning through a right angle when the sense of the field is changed. 

A very slight displacement fi-om these positions A, B makes this state of polarisation 
cease, and the bands again become circularly polarised. 

However, in the immediate neighbourhood of these positions a partial polarisation of 
the two components is observed. 

These phenomena are produced for all the bands at almost the same instant. 

In observations on the Zeeman Effect previously made it had alwajrs been found 
that the components of the doublets which exhibited right-handed circular polarisation were 
displaced all in the same direction, and that the lefb-handed components were displaced 
in the other direction. 

M. Becquerel, however, finds that for a large number of bands this is not the case, 
but that the components are displaced in a sense opposite to that previously observed. 

We shall suppose the crystal to be made up of a series of electrons moving about 
centres under forces varying as the distance. For any one electron the intensity of this 
force along the direction of the optic axis will differ from its intensity in any direction 
perpendicular to the axis. In addition to these forces there will be forces of so-called 
*frictioDar type, due to the action of neighbouring electrons, causing absorption. 

We will first consider the case of a single electron moving under the action of the 
central forces and external magnetic field only. 

• Jean Becquerel, C. B. April 9, 1906. 
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Suppose the magnetic 6eld, J?, bo be parallel to the z axis. If the axis of the 
system is also along Oz, the equations of motion are 

mt^ — kx-V eyH, 

my ^-^ky-- exff, 

mz = — k^z, 

I e, m being the charge and mass of the electron, and Ar, k^ constants. 

j If we suppose x, y, z to vary as c*^, we obtain from these equations 

{-mj^-\-k)x^^iepHy^, 

(- mp* + *:) yo = - ^epHx^, 

Hence the period of the z vibration is unaltered by the field. 
The periods of the Xy y vibrations are given by 

{mp^^-kf^^HY^ 
or mj^ — A: = ± eHp, 

If />o denote the value of p before the field is established, and po + ^Po the disturbed 
"value, we have 

27npoSpo = ± eHpfi. 

Thus we now get the two periods 

eH eH 

Hence an emission line of the system polarised in a plane perpendicular to the 
a:y plane will be split up into two, owing to the action of the magnetic field, if the 
axis of the system is parallel to the field. 

The line polarised in the xy plane will be unaltered. 

If, however, the axis of the system is perpendicular to the field, and lies along 
Oy, the period of the z vibration is given by 

mp* = k, 

while the periods of the xy vibrations are given by 

(mp" " k)(mp'''k,) ^ d'Hy (1). 

In the absence of the field, the values of p are given by 

mpo^s^k, or mpo*^ki. 

The disturbance in the first period is found from (1) by substituting 

p=Po'\'Bpn, when mpf^^ = k. 

Provided that it — ij is not small, we thus get 

2mpoSpo (* - Ai) = ^H^f>\ 



or Spo' 



2m(ifc-ik0' 

40—2 
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Thus the band corresponding to this value of po is not doubled but is displaced 
by an amount depending on f . A similar statement holds for the band corresponding 
to the other value of po- 

Hence we get a doubling effect due to the field when the plane containing the 
directions of equal period is pei-pendicular to the field, but this doubling does not occur 
when the plane perpendicular to the field contains directions of unequal period. 

The above is to be regarded merely as an illustration giving us some idea of the 
nature of the effects that are to be expected in a crystalline system in a magnetic 
field. It can have no real validity since the ideal system contemplated is a powerful 
radiator, and its vibrations could not persist for more than an infinitesimal time. 

We now return to the general case. 

If f, 7f, f be the a?, y, z components of the displacement of the electron from the 
position of equilibrium the equations of motion will be of the form 

with similar equations in 17, %, 

Here 6, m are the charge and mass of the electron; 6 and r are positive constants; 
X is the X component of the external electric field. 

The last terms in this equation are respectively the x components of the central and 
' frictional ' forces. 

The quantity e* is introduced into the coefficients of these terms to shew that the 
corresponding forces are independent of the sign of the charge. 

For a crystalline body 6 will be supposed different in different directions; but we 
shall assume, for simplicity, that r is independent of direction, although this is in all 
probability not the case when the asymmetric structure of the crystal is taken into 
consideration. 

The components of electric current at any point will consist of two parts, viz. 
(considering the x component only) 

(1) The current of aethereal displacement produced by the electric force X. This 
IS equal to ;^g^. 

(2) The current due to the motion of the charges carried by the electrons. This 

is equal to 2eJ\r =* , where N denotes the number of electrons of any particular type in unit 

volume. 

Thus the components of electric current are given by 

1 az^^ „ar 
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Now suppose that a magnetic field H is acting. In consequence of this each electron 
will be aflFected by a force - .e{v.H] where v is the velocity of the electron and c the 
velocity of light in aether. 

Hence if 0i, d„ 0^ denote the values of in the directions of Ox, Oy, Oz the 
equations of motion of the electron become 



"sc 



"if 



m 



g— ^^f-^;(^'->.)- 



Now let us suppose that light waves of period 27rT are traversing the crystal. Then 
in the steady state which supervenes f, 17, f will vary aa e^. 
Hence from the equations of motion we get 



where 






Xi=l + 


T 




f*i = 


e,H 

4mVTe 








«! = 


re, 


6.= 


m0. 


f 


with similar 


meanings 


for 


X,/i£a, etc. 











We have assumed the magnetic force in the light wave to have no appreciable effect. 
If this were not the case the equations of the field which we shall derive would no longer 
be linear as regards the electric and magnetic forces of the light wave. This would mean 
that the optical qualities of the body would depend on the intensity of the light. An 
effect of this kind, however, has never been observed *. 

Taking the magnetic field parallel to Oz the above equations become 

n 

* Drude, Optie$, pp. 463 et $eq. 
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Optic Awia normal to the Field. 
Suppose the axis to lie along Oy. 



We have 



y 

Optie Axit "■ 



f 




' Field 



5, = ^, = ^ say. 
0^ = 0' say. 

re 

a, = a, = c=^, 
, re" 

^ = 6. = 6 = £|. 

^ = *' = ^' 

T T^ 

% 1' 1 _L <*' ^' 

'*' = '*' = '* = 4^^' 

er)\' + ieii'i=T- Y. 

e^ = ^ Z. 

Solving for f, ij, f we get 

4w«f (XX' - /*/*') = X'^Z + ifjiffY, 
4nreri (XX' - fifi') = \0'Y- ifidX, 

^e^\=e.z. 

Therefore the current components are given by 

, dx (.^^ em: \ . 3F_ vnii 
*^'=¥l^ + ^xx^^7i/i~''ar^xv:r^'' 

4,ny,-g-(l + 2-j. 
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If we put 



we obtain 



€, = 1 + Z —7- 



W ^ fifi 









XX — fMfJL 
XX — /i/tA 



1 + S 









az 



ae ' 



4w7, = e, 



"aT 



Oph'c Axis parallel to the Field. 
The axis lies along 0^ and we have 

vi ^ C'j ^ v, "i ^ ^. 

With the above meanings for X, X', /i, ^' we get 

efX-<«/*i7 = ^^X 



Hence 



Writing 



-we have 



«fX' 



d' 



.-H.1^2.^^^ 



4m 

^, ar/. _,JM\ dX^NiJLd 
*^' = -arl^ + ^v-T')-*¥^x«-^«' 






"i 



= 2 



X'-^« 



dX BY 

ar az 

az 



4*7, = «, 



a/ 
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Light Bays perpendicular to the magnetic field. 

If a, /3, 7 are the components of magnetic force in the light wave, Maxwell's Equations 
may be written 

J I (a, /8, 7) = - curl (Z,F,Z), 

4*7r 

— (7«. 7». 7«) = curl (o, ^, 7). 
c 

We shall consider light waves travelling along Oy, so that the quantities involved 
are functions of y only. 

Then Maxwell's Ekjuations give 

^ = 0, 7y = 0, 

c 9< ~ 9y ' cdt dy ' 







4w 
-7« = 






47r 
-7,«- 


da 

3y 


!, eliminating a, 


7 


we get 




7» = 


= 0. 





^1 =^ *Ei _?^ 



Op<ic ^a;w perpendicular to the Field, and parallel to the Rays. 
Substituting in these equations the values of 7,, 7y, y^ given on p. 297 we get 



1/ d'X d'Y\_d'X 



<fdt* df 
Eliminating Y between the first two equations, we obtain 



1/ i>iv,\ yJT^yz 



Put Z = Ze''-^', F = if(^ «-**', Z-iVr«j^ "-**'. 

Then ilf = -?A 

;)lV = €,. 

Since €, = 1 + 2 — , and so is independent of H, it follows that the z vibrations 
are una£fected by the field. 
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To find the effect of the field on the X and F vibrations pat 

pc = n(l-t«), 
8o that n is the index of refraction, and ic the coefficient of absorption. 

Then «'(1 -.*)• = €,—- ,1 + 2^^-—. ^ _^^^ f^^J^ T x • 



from p. 297. 

The quantities X, X' are complex, and it is due to the imaginary parts of these 
terms that we get an absorption k. 

We have x«l + *.--~, V = l + i.-'-^, 

47rcT^' ^ 47rCTc' 

We shall suppose the frictional terms - , - in X, X' to be negligible unless the 

impressed period r is almost coincident with a * natural ' period of vibration of the electron. 

Returning to the equation of motion of an ion given on p. 294 and supposing the 
frictional and impressed forces to be absent, we have 

Thus the 'natural' period of a vibration of the electron along the x or z axis is 
given by 

Suppose that the impressed period is given by 

TaaV6(l+^)aBTi(l +^), whcrc g 19 Small. 
Then for ions of the type we are considering 

X = l + ,.^-^.^-j^ = 25r + t.^ neglecting p*, 

and so is small. 
If 
X' = 1 — T- neglecting g compared with the other terms. 

For electrons of other types we have 

If T refer to these other types only, we have 

Vol. XX. No. XIII. it 
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Neglecting terms which depend on if' we get 

,, 0N . dN 



€ 



, = i+r ~ + 






Again -^-? is of the second order in iT, and so will be neglected. 
€2 

Therefore pV - n« (1 - 1«)« - 1 + 2' ^- + —^ — . 

Since S'-r- is real, it follows that the imaginary part of the right-hand side, on 

which K depends, will be a maximum when g^O. 

Thus the maximum of #c, which gives the position of the absorption band, is unaltered 
to the first order by the presence of the magnetic field. 

Hence, to the first order, there is no displacement of the bands of the ordinary 
spectrum when the axis is perpendicular to the field. 

Optic Axis parallel to the Field, 

We substitute the values of yx, 7y, 7« given on p. 297 in the equations on p. 298. 
Supposing that 

X^lJ''-"", Y^M^''-'^\ Z^N^''-""", 
we obtain by the same process as above 



Since from p. 297 






€,= 1+2 ^, , 

and so is independent of H, it follows that the z vibrations are unaltered by the field. 
Again, putting pc = n(l^ ik) we get 



ft I ^ JVX^ 



«» 1+ 2 - 



N0 \/. . ^ NO 



in:s ■ 



^■^^v-M" 
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As before, we suppose the impressed period nearly to coincide with a 'natural' 
period, and put 

T-V6(l+5r)=:T,(l+^). 

Then for the particular electrons under consideration 



Ti 



which is small, while for the other electrons 

b 



V 



X-l-^,, X'.l-- 



2» 



and these axe not small. 

The electric force in the incident wave may be resolved into two components, one 
along Oz, the other along Ox, 

It is the vibration corresponding to the latter with which we are dealing at the 
present moment. 

For the other electrons fi is small compared with \. Hence for these, we have 






Thus if 2' refer to these other electrons only, we get 

\ + a \ X' 



where 






il - 1 + 2' 



il' = 2' 



1- 



, Ne^ 



Thus n«(l-t«)« = 






Z-/*j 



N0 



A+. 



A^ + A 






2A'fiNe 



(^)'-M' (2i^ + *")'-M* (2? + *;)'-^' 



-J'» 



A + 



^^{^9 + ^-t) 



M' 



41—2 
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Now A\ II both contain H aa & factor, and also 2^^ + 1 . - will be of the same 

T 

order as fi. 

Hence the terms in the numerator which contain A' may both be neglected in 
comparison with the other terms. 



A 



^^(2^+-;) w 



Therefore n» (1 - «)« =A + — ^^ i^ Ii 

N0 (2g + t. - j 



A + - 



= 4+- 






Ai^(2g + clJ-,.j + N0(2g + c.f)' 
Now, when no magnetic field is present the dielectric constant €i is given by 



.,-! + - j^ 



-$■ 



where Tj gives the unpressed period, and t the natural period of an ion. We have 
supposed Ti to be not very close to t, so that the frictional terms may be neglected. 

Thus 1 J is a quantity which will never be very large for visible impressed periods, 

but may be fairly small. 

Hence, since e^ does not vary very much with the period, and since there must be 
a large number of vibrating systems in the crystal (as is seen from the large number 
of bands in the spectrum) it is legitimate to assume that N0 is very small. 

Hence we may write 

Hence if - is small, the imaginary part of the right-hand side, determining «, will 

T 

be a maximum when 4gr* — /w.* = 0, i.e. when 2g= ± fJk, 

These maxima of k determine the positions of the absorption bands. 

Thus, when the axis of the crystal is parallel to the field, a line corresponding to 
A vibration perpendicular to the axis is split up into two. 
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Remembering the result given on p. 300, it may be stated that, according to our 
present theory, a band of the ordinary spectrum remains unaltered when the axis of 
the crystal is parallel to the ray, but doubles when the axis is parallel to the field. 

The bands of the extraordinary spectrum remain unaltered in the latter case, while 
the bands of the ordinary spectrum corresponding to vibrations parallel to the field remain 
unaltered in the former case. 

Becquerel, however, found that a large number of bands in the ordinary spectrum 
varied more or less when the Optic Axis was parallel to the incident rays, and so the 
results which we have obtained above do not agree with observation. 

They are approximately verified for Green band No. 18 (522'14/l(/la), which only varies 
very slightly when the axis is parallel to the rays. The other bands, however, in many 
cases double for this position of the axis, which is quite contrary to our results. 

Hence we must seek some extension of our theory to bring it into closer accord 
with facts. 

Becquerel suggests that an orientation of some of the molecules by the magnetic 
field might remove some of the discrepancies. 

We will therefore suppose the axes of one system of electrons to be deflected from 
the axis of y, and to take up a position in the plane yz. 

This position must be definite, otherwise the absorption bands obtained will be blurred 
and indistinct. 

Consider a vibration parallel to Ox. We shall expect a doubling effect to occur, 

for we have shewn that when there is a magnetic force 
perpendicular to the plane containing the directions of vi- 
brations of equal period of the electron, the absorption band 
is split up into two. 

When the axis of the electron system is deflected through 
an angle 0, there is a magnetic field H&m(f> parallel to 
the axis, and so perpendicular to the plane containing the 
directions of equal period. 

Thus we should expect a doubling, with separation pro- 
"* H~ "^ portional to i7sin^, to occur. 

We will see whether this will be the case, and whether 
a band corresponding to vibrations along Oz is similarly split up in consequence of this 
magnetic orientation. 

Orientdtion of the axes of one system of electrons by tlie Magnetic Field. 

We suppose the axis of the crystal to be perpendicular to the field and to lie 
along Oy. We also suppose that when the magnetic field is established the axes corre- 
sponding to one set of electrons are orientated and lie in the plane yz making an angle 
with the axis of y. 
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The equations of motion of these electrons will be altered. An electron of this 
system is subject to elastic forces of intensity represented by along Ox, ff along its 
axis, and in a direction perpendicular to Ox and this axis. 

Hence the components of the elastic force on this electron along the axes are 
"Q-i along Ox, 

1? \--Qr cos» + -Q- sm^ «^ ) + t am 4> cos 4> [-^ j-j „ Oy, 

^ /47rc^ . , . . ^'n-e'' , . \ . . . . /47re* 47re^ ^ 

f ( -^ 8m« + -^ cos^ J + ^ sm ^ cos \—^ j-\ „ 0-?. 

Thus the equations of motion for ions of this type are 



m 



W^ ^ dt^ c dt' 
With the same meanings for o, a', 6, 6' as on p. 296 these equations become 



Z - [cos'^ + g sin' j (^ - U - 1 j sin </> COS 017 - a ^ , 



df 47re 

where "a"^^' 

t 
If we suppose everything to vary as e^ and use the values of X, X', /x, /a' on p. 296, 

we obtain 

efX — t«/Ltiy = -^ A , 

«i; (X' + a- sin* 0) - e<r sin.<^ cos <^5' 4- t^/i^'f = ^ ^» 
e {; (X 4- a sin- d>) + c<r' sin cos ^i; = 7- Z, 

where 8 — 1 = <r, g - 1 = cr'. 

Solving these equations for ^, v» K a^d writing, for brevity, 

p = XX' - /i/ + X(r sin^ <^ + (x' - ^!^] <j' sin' ^ + o-cr' sin» <^, 
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we obtain, for the components of electric current 
A^ 3 Ttt . vxr ^^lXX'^-(X(r + XV+cr<r')8in>0l + t/A^F(X+o-'8in2<^)+A/i^^o-8in^co80"| 

^^^=aiL ^^^- — V ""~ r 

A^ 5 r V V XT - ^/^X(X + (t' sin* d>) + Xd'7(X + cr' sin* <f>) + XOZa sin <^ cos <^"1 

^^^^&eL^+^^- = V " ~~J' 

4Tnv as - r^ 4- 51 JV ^^^^^' ^^^ cos ^ - xy Fcr' sin <^ cos + tf . ^ (X X' ~ /x/a' + Xc r sin» <^) 1 
* % L ' Xp J 

Of course in all terms under the summation denoted by S which do not correspond 
to the ions which have had their axes rotated, we put = 0. 

Put 61=1 + 2—, >, ^i = 2^V' " 

XX — /A/ii XX — /i/i 

XX — /i/i XX — /i/A 






Then we have 






N0O sin <^ COR ^ dZ 
p at 



\ p XX — /ifi ^J at \ p W — fifi ^ I 



Consider a wave travelling along the axis of y. If we put 
we obtain from Maxwell's Equations as on p. 298, 

/ W'^'ffX X + «r' ...\„ / N0'iMT X + 0-' ., A „ ,i\^d<r sin A cos ^ „ ^ 
\ p XX — /i*/t ^/ V p \k - fifi ^/ p 

(N0a' ^'"'"'^"X . ,, 1„ , iY^'^«r' . _, _,„ i\r<>'«r'8inAcosA ., „ ,, 
6, . r sm'^ /-Pi + *— ^ - sin<^cos«^lf,- -^ — ^ Nt^Pjp'd'. 
p K / \p p 
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Eliminating M^, Ni, Pi between these equations, we get for the period equation 

/ ffN\(rsin^6 X+<r' \f 0N<r ull \ + a . ,^ ,A 
\ p W — fifi/ \ p XXX— /t/Lt / 

\*» — JT • -p ^^^'^-I^J 

+ -^— sin* <^C08',^ (e, - — . - . ^^^^.-^^, 8in«^ -p.c«) 

- ("' - -T^ • XT^^/ «^°* *j ("« - --J ■ XX'- MM' '''' *) 

( NO.' ^'-'^X^'^ \ 

V'-^r- — p — ^^^*<i>-P^J 

N*0<t<t' . .. ..{,.( NffniT X + <r' . , A , /-. pie W ^ 



V 



Vibrations parallel to Oz. 



If there were no orientation the period of these vibrations would be given by 

p,V = e,. 
Suppose that when orientation occurs, the period is given by 

Substituting this value in the period equation above, we get 
/ ^JVXo-sin'^ X + o-' \/ eN<T ftn' X + <r' ... a ^s ^ 

\-^ • sin' i> + 2p,c'5p,y 

+ -J^- sm'.^cos*.^(^6,-6.-- . ^.,^^;v3— ;8m«0-2p,C8p.j 

/ J\r^/*<r X + 0-' . ..\( NBp.'<T X + «r' . ,.\ 
\ p XX — MM / \ p XX — MM / 

\^-Y- • 8in« (^ + 2p„(fSp,J 

j^sin«0co8».^|M^(.',- -f- .,^^^.3^,8in'.^j+M(^.'.-y-e,)} = 0. 

We cannot neglect the term 2poC^8po in the middle factor of the first line or the 
second factor of the second line, since €1 — c, is of the second order in H. 

r or €1 — €3 = 2r ,-r-? > — 2;» - =• Z . — -^ -, . 

W — p,fi \ \ W — fifi 
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Vibrations parallel to Ox. 



When there is no orientation, the period of these is given by 



K<? = €i - — . 

^2 



€2 

When orientation is present suppose the value of p to become 

p=Po + Bpo- 
Substituting this value in the period equation on p. 306, we get 

V--^-^?-^' p sin'^^2poC8po; 

/ iV^^/^ X + (r' .,.\/ iV^<9/i'o- X+cr' .,A 
- i/i ^ . ,7^7 r8in'»0 i/a ^^ . —7 ,sin«0 



( , VxVt N6<r' \ • tj. a a \ 



We shall return to this equation later. 

Thus whether the vibration be parallel to Ox or Oz we get an equation of the 
second degree in Spo. Corresponding to each value of Bp^ we get an absorption band. 

Hence we conclude that if one system of electrons undergoes orientation, the corre- 
sponding bands may become doubled, whether the vibration be perpendicular to the Optic 
Axis and the Field, or parallel to the Field. 

This conclusion removes many of the discrepancies which existed between our former 
results and Becquerel's observations. In his table, doubling occurs in bands Nos. 6, 16 when 
the vibration is parallel to the field, and in bands Nos. 4, 10, 22 when the vibration is 
perpendicular to the field. 

From the equations for Spo above it is clear that the expressions giving the index 
and absorption when orientation occurs are not of the same type as the quantities 
determining the displacements in the ordinary theory of the Zeeman Effect. These latter 
displacements are determined from the equation 2g =^±f4,. 

This may account for the fact that some of the displacements observed by Becquerel 
were greater than those found in previous observations on the Zeeman Effect. 

These large displacements may be due to the corresponding electrons being somewhat 
loosely held in their orbits. 

Vol, XX. No. XIIL 42 
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For if the Optic Axis is parallel, to the field the separation of the components is 
given hy g-fi. 

^^ 
Now ^ = W,:e- 

Hence if is large the separation is large. 

But a large value of means a small central force, as is seen from the equations of 
motion on p. 294. 

Thus if the electron is easily displaced from its position of equilibrium we should 
expect a large separation of the components of the doublet resulting from the action of a 
magnetic field. 

Again, it will be noticed that in some cases a band is not doubled, but is merely 
displaced or enlarged. 

If the ' friction,' determined by the quantity r in the equations of motion, is small, 
the maximum absorption deduced from the equation 

,/i ^. , . ^,0N ^ 0N 
n.(l-.,^)« = l+2 -+ ^, 

2^4-.- 

on p. 300, will be large, and it may easily be shewn that k decreases very rapidly from 
its maximum value as g increases. 

Hence, if the friction is small, the bands will be very dark and narrow, while if 
the friction is large, the bands will be wide and not very inteuse, — i.e. they shade off 
very gradually from the point of maximum intensity. Thus if the friction is large, the 
band has much the same intensity throughout a large portion of its breadth, and so, 
when the crystal is acted on by a magnetic field the components of the resulting 
doublet will run into one another, and the separation will not be observed. The band, 
however, on the whole, will increase in breadth. This explains how, in some cases, the 
bands are observed merely to broaden, without being doubled. 

The fact that some of the bands observed broaden for some directions of the vibrations 
and separate for others indicates that the friction is different in different directions. 
If the friction were the same in all directions we should either get doubling for both 
directions of the vibration or enlargement without separation for both directiona 

We have now to explain the fact that in the case of bands Nos. 6, 16, 22 one of 
the components becomes fainter as the field increases and finally is almost invisible. 

The systems giving these bands have to be supposed orientated by the field in order 
to explain the doubling. 

To find the intensities of the bands we must find the absorptions corresponding to 
the values po + S/>o of p, where Sp© is given by the equations on pp. 306 and 307. 

Since the values of Sp^ in each of these equations are quite distinct, the increments 
of absorption corresponding to these two bands will be different. 
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Also these increments will be quite as important as the absorptions dednced from 
the equation for po> since these latter mainly depend on the one system with which we 
are dealing. 

Hence the two components will be of different iutensities. To get a fuller explanation 
we will return to the equation for ^o on p. 307. 

We must first state one or two results. 

We have X' = 1 + t - - - 

T T* 


Similarly X + a =^,V. 

For the * particular' electrons \ and ^ are of the same order, and \' is large 
compared with X. 

Hence \X' is large compared with /*/*', and we may therefore write XV instead of 
70s! — u/i'. 

/. p = XX' - /a/a' 4- Xo- sin* ^ H r-^ . <r' sin' <^ + <r<r' sin' <^ 

« XX' + X<r sin' ^ + XV sin' ^ + <r<r' sin' ^ 

= XX' cos' ^ + (X 4- a) (X' + a) sin' ^ 

& 

= XX' cos' ^ + ^, . X' . ^ X sin' ^ 

= XX'. 

Therefore if we write K for 2poC*8po, the equation for 8po becomes 

'^■(..-^^^^) 

„\i Ne<r Bin* <t>\ I 2j',«/» , Ndaaia'A . ^^<r'siu«<f» /t^i'x 

+ -^j^,.- 8m« <^ co8» ,^ - (v. ^^r- . I) [v, + ^^— • ^ JJ 

/ NBa- sin' <t>\ fi'iVi N0a sin' (f> fjLfi\ [ viif^ iVtfo- sin^X 

^ K' XX' " ) U "^ ^xv~" • v"J V'*~ '^ ^ IT "^ "^xv—j 

N^effaa" . ,^ ,^ (v,v^ . i\r^(r'sin'^ fifi\ 
"--IJK- ->Bin'<Acos'<A(--h ^^. .^) 

/ iV^tfcr sin' (t /i\ / . iVtfo-' sin' d> /\ / , ^i^t , N0(r sin* ^\ 

Consider the second bracket in the second line. 

42-^2 
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We may neglect terms in fifi compared with the last term but one. 
The last term will be retained since fjL, yl are of the same order as X. 

Again e,.e,= 2(--^^^^r^^J = -2-.^-^^^ 

All the terms in this summation except the last are of the second order in /ll, /t'. 

The last term is approximately equal to — -rr • ^ since XX' — /a/a' is approximately 

X X 

equal to XX'. 

Thus we may replace the second bracket by 

_Ne fiji[ N 0(r sin* (f> N0asm^4 > fifi 

Now fx, fi are of the same order as X so that —^ is of the same order as unity. 

X 

Also X is small, so that -rr-r is large compared with -r-j . 

Therefore we may neglect the first term and replace the second bracket by 

iyg<r8in»0 Neasm*4> /a/ 
XX' XX' U' 

Again in the term i/j - ——7 — - . ^ , I'l is equal to S —^r • Hence since X is large 

compared with X' we may neglect 1/1 in comparison with the other term. 

o- -1 1 • .u • . N0<r' sin* if} m' 1 ^ 

Smiilarly m the expression j/, + ^^^n ^ Fr\ • T ^® ™*y neglect 1/3. 

W ( 1 "T" COS u)^ A» 

Thus the coefficient oi — K may be written 

/ ^ N0(T sin* i^ \ I N0 <T sin* 4> N0a sin' ^ /a/\ 

V' XX' A" XX' "^ XX' • x«y 

N*0ffaiT . ,^ ,^ . iV'^cro-'sin^A W 
-^-X^ 8in»<^cos»</,4. ^^%^ 

Now r^TT — — may be neglected in comparison with €«. 

Xa» 

Hence the coefficient of - iT becomes 

/ jyg<r sin * ^ jyg<r'sin'</> ^/a'\ 

^»l XX' ■*" XX' • x'j- 

Next consider the absolute term. 

The first line of it is approximately equal to 

N0 a's\n*^ fifi N0a sin* (f> 
^•~ XX' • \* ' XX' 
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The second line may be replaced by 

; 8in* <b COS* (b . ; — ^ . ^-^ . 

The next line reduces to 



The last line is approximately 

J. .^MaV . ^^<rsin»0\ 






or 6, . ^^^,, . sin" <^ cos' ^ . ^ 



Since e^ ia large compared with —7 — ^, the second and third lines may be 



neglected, and the absolute term becomes 

Hence, the equation for K becomes 

which may be written 

K^-K (a + /8) 8in«<^ + a/9 sin«<^ = 0, 

iV'^o-sin'A 
where a = — ^j-t^t — - , 

^ _ iV'^o-' sin* ^ /i/a' 
If ni, iCi denote the index of refraction and the coefficient of absorption, we have 



€9 



Neglecting the term — -, we have 



-, J\r^ (tt + /8) sin* <fc t sin* <^ V(a + jgy sin* ^ - 4tty8 



-1 + 2^+^ 
-•^ + ^ X +XX'- 



(a + a' ^) sin' ^ ± sin ^ ^ (a + ff' • ^)' sin' ^ - 4«r«r' . ^ 
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The imaginary part, determiniag K, is derived from the terms 

m N0^^ (.-K.'.^)sin^±y/(.-Kr-.>g)%in'»-W.^' 
\ ■•" W ■ 2 

From p. 309 we may put \' — — a, since X is small. 

1-1 



and B . fJifi = /**. 



1 

8" 



Therefore the above expression becomes 



. ^ (l-g)sin^±V^(l-g)'sin»^ + 4g 



N0 N0 . ^ 

Also X = 2^ + tA when A = — . 

We shall retain only the first power of A. 

Thus we get 
NO N08iu<t> (4g«- ^H%A)8in<^ ± \/(4ff»~^^)^sin'<^+ 16/iy 4-8tffA ((4ff'-/A«)8in'</>4-2/i«} 



7 



2^+tA 85r»+12tflr'A' 2 

We shall suppose ^r to be large compared with A so that terms like ^ r may be 

expanded in powers of A. 

We shall further suppose (4gr''- ft')'sin*^ + 16/^^ not to become very small. 

Under these suppositions it is easy to shew that the imaginary part of the above 
expression is equal to 

{l+sin.^[sin»t ^^-^>^^^g ^:^-^-^{^^ 

where r^^4tg\ m = fi?. 

This expression determines the two values of k. 

We shall now see whether one of these coefl&cients of absorption can vanish for a 
particular value of <^. 

If so, ^ is determined by the equation 

1 . • ^ 3 / X • ^ . f (7-w)sin*<f) + 2m 3 ,7 ,, . , ^ — - — ) ^ 

. . +sm <^-^(7- m)8m<^ ± { ->-'^ ^^^~^-^-.:^- - 5- ^(7- m)»sm''d» + 47mV =0, 
8m</> ^ 27^' ^ ^ lV(7-m)«sin«<^ + 47m 27 ^^ ^ r / | ^ 

1 9.33 

or ^r-— , + sin' <i + 7-; (7 — mV sin' d> + 2 — (7 — m) — (7 — m) sin' <5 
sm' ^ 47* 7 7 

{(7-771) sin' 6 + 2m]' 9 , xo • o . ^ 1 3 r/ v • •. « 1 
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1 - 4m' cos' <l> 

or . , . — 1 = 



sin' <f> (7 — my sin* (f> -h 4fpn * 

1 4m' 

sin' <f> (7 — m)" sin' <f> + 47m ' 

. , . __ 47m 

^ (m + 7) (3m — 7) * 

The value of ^ deduced from this equation will be real provided that 7 < m, 

i.e. 2g<fi. 

Hence if the point of maximum absorption is given by a value of g less than this 
limiting value it is possible for the one component of the doublet to become very faint 
as the corresponding electron system becomes more and more orientated by the growing 
magnetic field. 

Thus as the magnetic field is progressively established, we may get the orientation 
approaching the above critical value, and as this occurs, one of the components of the 
doublet will become weaker and weaker until it may be almost invisible if the orientation 
gets near enough to the value of <f> deduced above. 

Thus the hypothesis of magnetic orientation explains the doubling effects when the 
optic axis is perpendicular to the field, and also explains how one component of a doublet 
may be much weaker than the other. 

It is thus in full agreement with Becquerel's observations. 

Light Rays parallel to the Magnetic Field. 

It is clear that if the Optic Axis is perpendicular to the field we get phenomena 
identical with those considered above. 

Hence we need only consider the case of 

Optic Axis Parallel to the Field. 

The light waves are travelling along the z axis, so that the quantities involved are 
functions of z, t only. 

Thus using the values of 7,, 7^, 7, given on p. 297 we get 

cdt~ dz' cdt iz' ^ ' 

1 / ax . aF\ 9/8 1/ 8F az\ aa 

iK^Tt''''''ur'Tz^ ~cK''W''''^tr'dz^ 

Eliminating a, ^ and putting 
we get eilf + ti',iV = i/pV, 



Digitized by VjOOQ IC 



314 Mr page, ON THE VARIATION OF THE ABSORPTION BANDS 

Eliminating p we find Jf« + iV« = or M=± tN, 

Therefore we have M ^^ tN and p*d" = €i + j/i, 

or Jf = — tiV and p'c" = €i — Vi. 

M=iN corresponds to a left-handed circularly polarised wave, and M^ — iN corre- 
sponds to a right-handed wave. 

Thus a plane polarised wave is split up by the magnetic field into two circularly 
polarised waves of opposite senses. 

For the left-handed w^ave the index and absorption are given by 

p^^ = n'^l^iKy = €, + v,, 
and for the right-handed wave by 

Remembering the values of €i and Vi, we have 

N0 



ej + I'l = 1 + 2 
€j — j/j = 1 + 2 



X — ft' 
N0 



X + fi 
If T lies close to a 'natural* period Ti of a system of ions we put 

and for this system we have X = 25r + i . - , while for the other systems X = 1 — =- . 
Therefore if 2' refer to these other systems, we have 






- 6 ^ a 

Hence the absorption for the left-handed wave is a maximum when 2g=fi, and for 
the right-handed wave when 2g = '-fjL, 

Thus any absorption band in the spectrum is split up into two components by the 
action of the magnetic field. 

These bands are circularly polarised in opposite senses. 

Thua far the development of the theory of the variation of the bands is identical 
with that for isotropic bodies, the crystalline quality of the medium not having entered 
into the equations. 

We shall now suppose the Optic Axis to be slightly inclined to the direction of 
the field and shall find the states of polarisation of the bands composing the doublets. 

Suppose the Optic Axis to make an angle ^ with the field. We obtain the equations 

of motion of an ion from those on p. 304 by writing « "" ^ ^^^ ^• 
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Thus the equations of motion are 



3"? « /47re» , . . 47re» ." . \ ^. . . , /47re» 47re«\ , 3? 
m^=cZ-(-^co8»<^4--^ sin«<^jf- sin <^co8<^^(-g7 —j^r^^. 

If everything be supposed to vary as « '', we derive from these equations exactly 
as on p. 304, the equations 

efX. — lefji/T) = -J— X, 

erj (X + <r' sin" ^) 4- ea' sin ^ cos <^f + le^ = -— F, 

e^(\f — <r sin* ^) — ea sin ^ cos 6*7 = — Z, 

4*7r 

where the quantities involved have the same meanings as on p. 304. 
Correct to ^" these may be written 

efX — lefjLfj = -r—X, 

erj (\ + a(f>') + e<r'<t>i + lefi^ = ^ F, 

Solving these equations for ^, i;, ^, and neglecting povners of <f> above the second, 
we get for the components of current 

,dX ,dY ,dZ 

where e^^l+^Nd . ^'^' ^^^''' '"^^ ''''"> '^\ 

P 

p 
p 

^ = 2^^^=-2^^^^'. for ea^ff-e^-ff^r; 

^ p p 

_ Nyida ^ NiJjB'a' 
e»=2. = — 2,—^^ , 

P P 

p = \' (V - fi^) + (XXV - a\' + <r/*« + \aa') ^'. 

Vol. XX. No. XIII. 43 
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Consider waves travelling along the axis of z. Then the quantities involved are 
functions of Zy t only. 

Putting (X, F, Z)^{A, By C)e^^~^^ and substituting in Maxwell's Equations as before, 

we get 

€jA + LViB + i<o4>C = A . pV 

- L(oif>A 4- x</>5 + 6,'a = 0. 
Eliminating p and between these equations, we find 

v\ €j - «x9 
From this equation we derive two values for the ratio of A to B\ complex in 
general. If either of these values be substituted in the immediately preceding equations 
we get a value of ^ to correspond, giving us the index and absorption for each component. 

The states of polarisation of the components are determined by the values of the ratio 
A to B. 

Thus when the Optic Axis is parallel to the field, we have ^ = and -4' + £*=0, 
or -4 = ± 4-B, indicating that the components are circularly polarised. 

We must evaluate ^;(^/-04-(x'-a>^)»' 

Vi ea - fi)X0' 

We have €/- €/' ^XNd. V^J?!^ . ^2. 

P 

Now ^ is small, and for all systems of ions except that under immediate considera- 
tion \, X' etc. are not small. 

Hence for these systems we may put 

= VX* approximately ; 
fi being small compared with X for these systems. 

Thus if 2' refer to all the other systems, we have 

6,' - e/' = <^' 2' N0a' . ^ + N& . ^^f^±I^ A». 
W p 

Suppose that the impressed period is almost equal to a natural period of. the system 
we are considering, and put t == Ti (1 + jr) = V6l (1 + g) where g is small. 

Then for the particular group of ions 



From p. 309 we have 



'^1 



\ + o- = -^ \. 
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For the particular system of electrons considered X is smalU and we may sometimes 
use Vs= — (T as an approximation. 

For this group of electrons 

\ifffT' 

= - o- (X* - fi^) (1 + ^^) + -3— 4>^ approximately 

= — 0- (X' — fi^) — XV<^* approximately 

= — o- (X- — /A*) approximately ; 

X^ 

= ^'™-'-W-^^^xr^^^*' 

since ^o-' = — ^<r. 

Again e.- = H-2w /'-^';"'->' 

where €2 = 1 + 2, -r-7- , 

-c KTiy X(T - X* -f /I* 
Kp 

Also v^^tN^e.^-"^" 

=''>-^3;»^«- — ^ — * 

= ^ -x'--^xr^»-^ -X- -xf-"^ -^'^^•(v--^/"^' 

43—2 



x..^ 
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^^ NfjL0a _^, Nfida Nfi0 

^ ^, Nfida Nfi0 
XV \»-.^«' 
^ N\0a 

^ P 

^^,N0a_ N\0 . 

V * XV X^-^VV"* ' XX' X«-/aV^' 
The terms in the expressions for i/i', e/, etc., which depend on the particular system 
of electrons, become complex when the impressed period approaches the free period. We 
may suppose the real part of these terms negligible in comparison with the remainder 
of the expression for Vi ^ etc. 

Thus we may regard the quantities i//, etc., as made up of a real part, and an 
imaginary part which is small compared* with the real part. 

Hence we may write 

N,JL0<T^, N0<T\ 

+ 4.0, 
where is small compared with €a2' -^ . 

At 

If it be remembered that 



6' 


-1 


-I'-. 


-^ 


-1 


=^•. 


x-.-i, 




— .^ 


-^-l 




-^ 



so that <r, <r', X, X' are all fractions of much the same order of magnitude, it will be 
seen that each of the three terms 

6,2 -~j- . -^j^ , etc., 
composing the coefficient of ^» in (iz/e,' - ©x^") is of the same character as €,2' -^ . 
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Hence we may suppose this coefficient of ^' to be fairly large compared with 

Thus we may write 

where F is large compared with E and G is small compared with E, 

Again, owing to the presence of the factor ^, cd is small compared with ;^, and will be 
neglected. 

Neglecting the small imaginary part arising from the particular system considered, 
we therefore have 

= D^\ say. 
Therefore we have 

I'l'fa' - wx*' E-F(t>'-hLG^* 

where D is large compared with E, since A^ contains the small factor /jl. 

When ^ = the state of polarisation of the bands is given by 4* + jB* = 0. 

Thus the bands are circularly polarised in opposite senses. As <f> increases, the 
coefficient of AB also increases, remaining almost purely imaginary, since G is small com- 
pared with E, 

But now suppose that ^ takes one of the values given by ^ — F^^ = 0. 

Then the coefficient of AB becomes equal to —75^", which is large and real. 

Thus the equation giving r= is 

Since ^ ^' is large and real, it follows that the two values of -^ are real. 

Hence for this value of ^ the two components are plane polarised. 

IE . 
When 4^ changes from the value± . /■« this state of polarisation abruptly alters from 

plane to elliptic; for the term iG may now be again neglected compared with E — F^^, 
and thus the coefficient of AB again becomes imaginary. 

A 
The ratio -^ is now given by 

A^-ik.AB-^'B'^O, k real. 



A 


ik + V-X-» 


-4 


B~ 


2 




^ 


kt^/h' 


+ 4 
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This shews that the two bands are now elliptically polarised in opposite senses, 
since ^ + ^^"+4 is positive and fc — VA:* + 4 is negative. 

E 

The value of ^ for which we get plane polarisation is given by <^^ = ■= , 

where E = CjS' -^ 

p_ ^, iV>^' V4-0- ^^NfJ^e ^,Nff<T <t'-\ , ^, Nfi0a ^^NBa 

Since E, F both contain throughout the factor fi, which depends on the field, it 
follows that ^ is independent of the strength of the field. 

Moreover, <^ will be practically the same for all the bands, since the summations 
which occur in E, F refer to all the systems except the one giving the band. 

According to Becquerel the direction of polarisation of the bands is independent of the 
strength of the field. We will now deduce this from our theory. We shall also shew 
that the directions of polarisation of the components are perpendicular. 

The direction of vibration depends upon the term 0. 

The imaginary part of iz/e/— w^^' is contained in 

X«-^»V' ^ X'* X /^X«-^>^ X» * '^^(X»-^«)* 

^(X«-/i*)»^ ^X«-^«^ VX« ^X«-/A«^ XX' (X»-/A«)»^ 

The terms ± t— ~ 6^ cancel. 

(X* - ^^}f ^ 

Now X = 2^^ -h tA where A = * - , and the positions of the bands are given approxi- 

mately by 2^^ = ± /*. (Their positions will be altered by an amount depending on if>\) 
Therefore X is of the same order as fi for our particular electrons. Hence it appears 

that the term ^ e, is the only one we need retain, for the other terms are all small 

compared with this. 

Now If^e ^-f"^ ■ e 

If we take 2g = iJ. this becomes 5-^ «» or — t-jjr-e,, and if we take 2gr=— /* it becomes 

_2f0 
Therefore we have G = + -nr ^*» ^^^ ^ is independent of the strength of the field. 

[It is to be noticed that whether the above is the only term to be retained or 
not, will be independent of the field strength, since this will cancel out in each term.] 

Thus the direction of the polarisation, which depends on ^ ^", is independent of the 
field strength. 
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s s s 

Again, suppose that ~r> ~T ^^ *^® values of -j for the two components. The 

positions of the components are determined very approximately by 2g = fi and Zg^-^fju 

For these values of g, takes equal and opposite values. Since the two values of G 

are of opposite sign it follows that •— and -~ are of opposite sign. 

Ai A^ 

Further, since the values of G are equal in magnitude, it follows that if we reverse 

B B 

the sign of one of the ratios -^ , -p they will both be roots of the equation 

Ai A2 



N0 

2h 



^»-i^r €2.^^4-^=0. 



Hence we have (|)(-Jj=.i or | 



^-^=-1. 



-^1 -^a 

If the normals to the planes of polarisation of the components make angles 0j, 6^ 
with the axis of x we have 

- = tantfi, ^ = tantf„ 
Ai A^ 

.'. tan ^i.tantfa== — 1, 

Hence the handa are polarised in perpendicular directions. 

Again, the direction of polarisation will turn through 90° when the field is reversed. 

For the displacements of the bands are given by 2g^ ± fi. 

Thus the bands change places when the field is reversed, since fju changes sign ; 
the component that was accelerated being now retarded, and vice versa. 

Hence, since the direction of polarisation of a given band does not change with the 
field, it follows that the direction of polarisation of the band which occupies a given 
position turns through 90^ since the bands are polarised in perpendicular directions. 

The results thus deduced for the states of polarisation of the components when the 
axis is slightly inclined to the field agree fully with Becquerel's observations. 

He, however, observed that the angle ^ depended on the thickness of the crystal. 
The above theory seems to leave no room for such a dependence. 

With the Optic Axis parallel to the Rays and to the Field it was found that in 
a large number of the resulting doublets the direction of displacement was contrary to 
that observed in the Z^eman Effect. 

According to our theory the displacement for the right-handed components is given 
by ig^ — fiy and for the left-handed by 25r = + /i. 

Thus for these ' inverse ' displacements the sign of fi must be different from the sign 
for the direct displacements. 

dH 



Now ^ = 



47rtT6 ' 
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Hence ft can only change sign when either H or e changes sign. 

In observations on the Z^eman Effect it has always been found that the vibrations 
are due to negative electrons, and vibrations due to positive electrons have never been 
observed. 

From the separation of the compouents of the band whose wave length is 642*4 /i/i 

Becquerel infers that the vibrations are due to negative electrons for which — = 1*1 . 10^. 

m 

But for the band whose wave length is 52214 /^^ he finds almost the same value 

for — , but considers it due to positive electrons. 

771 

The coincidence of these values for — leads us to suspect that the electrons are, 

m 

however, negative in both cases, for it is well known that the ratio -* is approximately 

constant for negative electrons. 



m 



Also values of — for positive electrons, so far as known, are always much smaller 
m 

than this. 

Hence it seems preferable to conclude that the vibrations are due to negative elec- 
trons in all cases, and to suppose that in the neighbourhood of the systems which give 
'inverse' displacements the magnetic field changes sign, i.e. that these inverse effects are 
diamagnetic in character. 

M. Becquerel* and Herr Voigtt have recently given explanations of the observed 
phenomena, starting from a hypothesis rather different from that used above. 

* J. Becquerel, C. i2., 19 Nov., 8, 10, 24 Dec. 1906. 
t W. Voigt, Qdtt, Nack, 1906, Heft 5. 
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XIV. On the Asymptotic Approximation to Functions defined hy 

Highly-convergent Product-forms. 

By J. E. LiTTLEWOOD, B.A., Trinity College, Cambridge. 

Communicated by E. W. Barnes, Sc.D. 

[Received, June 3, 1907.] 

§ 1. In the present paper we shall develop certain methods by means of which 
it is possible to obtain asymptotic approximations for certain classes of functions defined 

by a product-form of the type 11 l + (— j . In this form we suppose that ai,a„...a,, ... 

is a sequence of numbers arranged in order of increasing moduli, and that | a« | tends 
either to an infinite limit or to a definite finite limit when 8 tends to infinity. In the 
former case \z\ is supposed large, in the latter \z\ is supposed less than, but near, the 
limit to which la^j tends. The earlier part of the paper is devoted to certain results 
which hold only in the former case, while in the latter part the two. cases are treated 
simultaneously. 

§ 2. Throughout the paper we shall employ the following ideas and notation. 

We write F{z)^li \\+[£^^^'^\ ja,| = a„ \z\=r. 

The index f{s) is supposed to be real. When /(«) is an integer for all values of 
8, the function F{z) is uniform. When f{8) has non-integral values, F{z) is multiform. 
In this case we suppose a cross-cut made from the origin along the negative real axis, 

I extending to infinity, if Lt a« = oo , in which case z ranges over the whole plane, and 

j #=« 

extending to the point --c if Lta^sc, in which case z is supposed interior to the circle 

|-?| = c. Then in the cut plane z^^^^ is interpreted to mean exp [/(tf)log-e], when \ogz 
has its principal value, and the function f{z) is uniform in the cut plane. 

} When Ltag = x, we propose to find an approximate expression for F{z) when r is 

, large, and when Lt a, ~ a finite c, to find a similar expression when r is less than but 

nearly equal to c. In either case there is a single integer associated with r, which we 
shall always denote by n, such that On+i^r^an* 

Vol. XX. No. XIV. 44 
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When r is near its limit, n is clearly large. The approximations which we shall 
obtain are expressed practically in terms of ti, and it is the fact that n is large which 

enables us to deal with the case when Lt a^^c. 

<=» 

We shall always use the following notation 

■ -:!:'-[-(r]-:C'-h(^r]' 

We then have, as is easily seen, 

]ogF{2)'^P + R + S ■¥ T.-^-T,.^...^ (1). 

We shall also denote the real parts of P, Ti, etc., by P, 2\, etc. 

It is customary, and it is more convenient, to express such results as we propose 
to obtain, in terms of the function logP(^) rather than F(z\ but we are none the less 
primarily interested in F(z). Now logP(-^) has an infinity of values, diflfering by multiples 
of 27rt, and when logP(^) is given, each of its values gives one and the same value 
of F{z). For this reason we shall regard all possible values of log F(z) as equivalent, 
and we shall therefore not concern ourselves with the proper multiple of iiri which should 
be added to the right-hand side of equation (1). 

Again, the imaginary part of any approximation which we may have obtained for 
log F(z) may have a modulus which tends to infinity as r tends to its limit. But since 
this imaginary part may be reduced, by the subtraction of a suitable multiple of 27rt, to 
an expression whose modulus is less than w, and since it corresponds to a factor of F(z) 
whose modulus is unity, we shall not regard this imaginary part as being a large term 
in the approximation for log F(z\ but aa being a. finite term. 

After what has been said it is clear that we are free to choose any determination 
we please for the logarithms which occur in the above expressions for P, i2, etc., provided 
only that the infinite series for R converge. We determine that all the logarithms in 
the expressions for R, 8, Ti and T^ shall have their principal values. The logarithms in 
the expression for P we shall choose as is most convenient in each particular case *. 
This is clearly legitimate on account of the nature of equation (1). We shall, however, 
sometimes employ the two following variations of equation (I) 

logF(z)^P+R-^S+T, + T, + iy, (2), 

and logP(^) = P-fi2 + S+r, + ra+t7/, 

where we may suppose that |7,|<7r, ,7/ ^tt. 

* For example if a^=8e'^*^ it is clearly most convenient for purposes of calculation to take logag=Iog«+<7c« 
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§3. We shall first establish a general formula for logi^(^)=slogn 1 +( — ) L 
under certain general conditions for /(s) and the a's. We shall then consider more 
special forms of /(s), and shall replace the general conditions by others more precise. 

Theorem, Let ai,a^... be a set of numbers arranged in order of increasing* moduli 
ai, Og.... Let /(«) be a number depending on «, such that /(« + 1) ^/(«) for all values 
of 8, and let the following conditions be satisfied, 

(B) Lt[^](loga.+,-loga,)]=oo. 

(C) Suppose we are given any finite integer p. Suppose r is a positive number, 
ajid let n be the integer such that an^r<a„+i. Let /8,(r)=:f-j , («^n). 

Then the following properties shall obtain when r is greater than some finite value. 

(1) An integer m<n exists, such that 

/Si(r)>A(r)>...>/3,n(r), 
and /S« (r) </3«+i (r) < I3„^(r) < ... < /Sn (r). 

(2) A positive absolute constant c<l, and an integer rn depending on n, exist, 

such that 

(a) A+i (r)/ A (r) < c, when $ < m\ 

and (6)t Lt In (^^^^ rp] - 0. 

Then when z is restricted to lie in a region R of the z plane, presently to be 
defined, we have the asymptotic expansion^, 

where P = T i/(«)l . log ^ - I [/ (s) log a J, 

00 * r /a N^^'H 

and 2 C,/!^* is the formal development of log 11 1 +[— J , arranged m such a manner 

that Vt+i>Vt. 

No asymptotic expansion for logF{z) of the above form can be valid throughout 
the whole extent of any region which contains zeros of F{z). We must therefore confine 
z to some region R which contains no zeros. We shall proceed to define this region. 

Aissign any constant k between and ^, both exclusive, but which we may take as 
near to zero as we please. 

* The oondition (A) requires that ultimately 0^-1 > o^» t n is, of ooane, a fanction of r. 

equality being excluded. t This expansion is clearly always divergent. 

44—2 
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The annulus J,, a,+i*a,'~*^ , ^ | $aH-i^'"*a/ is evidently contained in the annulus 
a^i ^ 1 2r I ^ a«^i. We take the region 12 to be the sum of all the annuli A^, and we 
suppose z to lie in R. 

We have hgFiz)^?-^ R+T,-¥ 8 + T, (1). 

We shall prove that Lt i(12 + ri)r^l = 0, and that S+Tj possesses the asymptotic 
expansion SC,/2^«. 

First consider T^ + R 

Condition (A) may be rewritten in the form 



a«+i = a«^^/(«) , where Lt ;^ («) = x 



Hence, since z lies in i2, 



I Von+i/ 



in+i) 



\On+i/ 






,i-t,a^*N/<n+i) 



\ Ofn+i 









where 

Again 



(2). 



< [a„+/'«)+''<»>]-*x*"'<a„+r*"'"* <»'^'"' 

vr ' • Wn+l • ^n+2 •••Wn+«-l 

by a proof similar to the above. 

Now if X(n)>f{n\ « (n) > ^^ > i/(n), 

and if x(^)</W. c«(n)>XW 

Hence in all cases Lt q> (n) = x . 

nsao 

Then if p be any integer, there is a finite fi such that, when n>fi, we have, 

kw (n) >p+ 1, and also ft)(n + «) > 1, (« = 0, 1, 2 ...). 
Hence, when n>/i, we have from (3/ 

) I < r-*+^) . r-t'-^, (« = 1, 2...). 



.(3). 



•(3)'. 
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Choose n so large that we have r>2, so that 



i«i-i(^) 



<j. 



Then |log[l + (-f-p^-], = l.-Hi«.. 



'*' <2|a;l 



1-1*1 
< 2r-P- (4). 



Hence |2', + Je| = | 2 log(l+a;)| 






4-1 






<4r-P-S (since r>2) (4)'. 

We shall now consider the term (Ta + /S^, and shall determine for it an asymptotic 
expression in descending powers* of z with an error of order less than z~^^ p being any 
assigned integer. 

Let q be the greatest integer such th&t f(q)^ p. 

For a value o{ 8<q, let a be the greatest integer such that <rf(8)<p. 

(a \/<*J 
— 1 < J. 

We have r. + S= i^log [l +(j/*'] + J^^ log [l +(?/"*]•; (5)- 

Now when « < y, I ^-* j | < ^-'j < ( ;) < i 

Tien 4=i.«g[x.(r] 

* These powers are of course not integral, except in the case when /(«) is always an integer. 
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1 1 1 _j_ 1 

^<r + l'^<r + 2'2''"(r+3'*'2»''""" 
<2. 



(T+l 



Then 2 d^.a^^'+^-^^'J is finite and is less than a finite. iT, and ^ d,Mj i^pT' 

where /c is the minimum value of (o- +!)/(«). 

But by the definition of <r, (<r + l)/^5)>j> for all values of 8 considered. Hence K>p, 

Then from (6). ^ = i^|(j/'" - ^ (^.)^% ...| + x.r^ (6)'. 

where | \ | < jK'. 

w 

We may arrange the finite sum on the left-hand side of (6)' as 2 C,/^*, where 
^s+i > Vfy ft^d ^t is clear that this expression consists of all the terms of the formal 

development of log fl 1 + ( — ] , arranged so that the indices of z"^ increase, which 



are such that Vt^p. 
Hence 



Si= 2 a,//» + x7« 



#«i 



.(6)". 



where v^ is the greatest v less than or equal to p, and K>p, 

Call the second term on the right-hand side of (5), 8^. We divide the sum S^ 
into the two parts, 

'-.i'-[^^(?)'"]'-'-.i.'-[-(r]. 

where m is the integer provided by condition (C)(2). From the condition (C)(2)(a), we 
have, when fnf>s>q, 



From (8), 



Hence 



<2.c^9-W=^M , (from (7)). 

"■iS!J'^h(?)1l ■ 



.(8). 



, fi9+i) 



2 c?^-^ 



< fir (««+>) ''"■^" •*"'•'■*■" 



•(9). 



where, from the definition of 5, we h&ve /{q + l)>p. 
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We have finally to consider 0-3. 

It is evident from the inequalities by which m, m\ are determined in (C), that m > m'. 

Now by (C)(1), /Sn(r)>/3«-,(r)>...>/3^(r); i8«(r)< A,_,(r) < ... <ft(r). 

Then when n'^s>m\ 

|(5)'"i-AW<.hegr»«r«f(^)""" »d [^)"' ,10). 

First suppose (^j > (^) . 

WeUv. (-") ^(^_4^) .(^^) 

^^„-''<"'/['*?S] (11) 

<i.when n is suflSciently large (12). 

Hence, when n is suflSciently large, 

;(»-m'-l).|log[l-(^f"]. since (^j) 

< 2 (n - m' - 1) . (^) ''"* , from (12), 

< in . a^r'^ (") /(' + tS) . from (11). 



,/•(») 



(?)'". 



Therefore Lt log [r-^/lo-j,] ^ Lt log L- . i 

r=oo n=oo L^'l' 



-p+*x(»)/{l+x(»)//(~)} 



'»+l 



^ Lt 

nsoo 



Since 



h(.(.n) 

A») 



^/(») 



In- 



tends to infinity and is therefore ultimately greater than 2p, 



^^k Lt 



/(h) log «„+; 






-jlog2n 



Hence 

Next suppose 



.i.L.[i,..j /wx,r'"'-' -M!gl}] 

= + 00 , by condition (B). 
|<ra|.r^ = €(/i), where Lt €(7i) = 



m'" >(?)""' 



.(13). 
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By condition (C)(2) (6), 

Choose n 80 large that ( — 1 <5, 

r) 
and therefore Lt [ri* | cr, |] ^ 2 Lt [ n (^)*^^"*' . r^ U 

by (C), (2), (6). 

Hence, in any case, lo-al-^* = e(n), Lt e(yi)=aO (13/. 

Then remembering that fif, « o-i + o-^, we have, from (4)', (6)', (9) and (13)', 

rP. T, + R + T, + 8^ i C,/^»\<^r-' + K.rP- + -A (a^^^)-/(«+i) . ri>-/<«+« + € (n) 
#=1 ' 1 — c 

— €(r), where Lt e(r)a«0, 

r=oo 

since (k — p), [/(g + 1) — p], are positive and do not depend on w. 
Since p > v^, we have 

Lt|riog^(^)-P- i C,/^^'].«''''U Lt !riogF(^)-P- 2 ^/^•l^i'Uo, 

raw I L t=i J I rs« L #«l J I 

and the theorem is proved. 

§ 4. The formula of the last article supposes z confined to the region jR. 

It is easy, however, to see that when z is unrestricted, the expressions R, and 5, 
satisfy the inequalities that we found in § 3 for T^ + R, and T^ + S. 

Hence when z is unrestricted we have the asymptotic formula, 

logP(^) = P + 2\ + j;+ i C,/^, 

,,.,„,[,. (^„)-"]. r.:,;«[:.(^)«]. 

Moreover at least one of the two expressions T,, T^^ is asymptotically represented 
by zero. For if z lies in the annnlus An^ T^ and Tj* are both asymptotically represented 
by zero. If z lies outside the annulus A^j in such a manner that An passes between z and 
the origin, \T^\ is less than the correspouding value when z is inside An and has the same 
argument, and hence 7\ is asymptotically represented by zero. Similarly when z lies on the 
other side of the annulus An, 7\ is asymptotically represented by zero. 

The above extended formula enables us to study the behaviour of F{z) when z is 
near the circle | -? 1 = | an ' . 

* In the coane of the proof in § 8 we proved that Lt l^'f -^) '^1 =0t whence follows the above result for T,. 
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We may remark, in connection with the conditions (A), (B), (C), that (C), in spite 
of its complicated appearance, is usually satisfied, in the cases which arise most naturally, 
when (A) and (B) are satisfied. Moreover in the case of any particular function, it is 
usually fairly easy to determine whether or no (C) is satisfied. It is clear that when 
no further assumptions are made as to /(») than that / (5 + 1) >/(«), we must expect 
complicated conditions. We shall now assume special forms for f{s), and shall replace in 
each case the conditions (A), (B), (C), by other and simpler conditions. 

§ 6. Suppose that /{s) = 8. The function F(z) is the integral fimction 

«=i L W J * 

We proceed to show that the general conditions of § 3 are satisfied, if the two following 
conditions are satisfied: 



,=00'^^^ ,«« I log a, J 



II. a> (5) = log a,+i + 8 (log a,+i - log a,) 

is an increasing function of 8 after some finite value of 8. 

Consequently, under conditions I, II. when z is confined to the region R, we have the 
asymptotic expansion, 

n 

logi'(^) = P+ 2 Cg/z', where P = iw(w + l)log^-- 1 «loga„ 
«-i #=1 

and 2 Cg/z* is the formal development of log II 1 + f — j , arranged in descending powers 

of z. 

The condition (A) is identical with I; we have then to consider (B) and (C). 

We can deduce from I that when 8 is suflBciently large, a, > exp («*), for any assigned 
value of X. 

Let fi be the least integer such that x(«) = « t^-^ — 1 > A. + 1, and also Og > 1, for 

all values of « ^ /i. 

Then 
l.g...-[l^X(0],^..„...,^^.(,^J^))(,,.(M_+l))..,(,^xi£)) 

>,o,..»p[<x1l)(l/^.....l)].|n[(l.^-±i)e.p(-^)]) 

(1). 

n » 

Now the product in crooked brackets, when 11 is replaced by 11 , is convergent. 

Hence the modulus of the product in crooked brackets lies between finite non-zero 
limits, and has a lower limit K, say. 

Vol. XX. No. XIV. 45 
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Again 2 - > — > log — Ti • 

A+l 

Then from (1), log ol,+^>K. log a^ . ^"^"+1 . (« + 1/+^ 

x+i 
Choose 5 so large that (« + l).if loga^.e"i*+i > 1. 

Then loga,+i>(5 + l)^. 

We therefore have 

since Lt % («) = oo . 

# = 00 

Hence condition (B) is satisfied. 

We have finally, then, to consider (C). 

We have )9«(^) = exp[s(loga,-logr)]. 

Then y, (r) = ^^^/Jy = exp [(log a,+i - log ?•) + 5 (log a,+i - log a,)] 

= exp [(o (s) — log r]. 

Now by condition II, <»(«) is an increasing function of 8 after some finite value <r of s. 

When r and n are large co (s) — log r is negative when « ^ cr, and it is clearly positive 
when « = w. Hence since ©(«) is an increasing function, there is an integer m, such that 

6)(«) — logr<0 when «<m, and q)(«) — logr>0 when s>m; that is, such that ^\ J < h 

B (r) 
when 5<m, and '"^^.^ / > 1, when 8>m\ or again, such that Pi{r)> P^{r)> ,..> fS^{r\ 

and )9„,(r)</3„,+i(r)</3„,+a(r)<...<^n(r). 

Thus (C) (1) is satisfied. 

Again, assign any constant c < 1. 

Let m' be the greatest value of $ for which 

Q)(8)-logr<-logf-j. 

Then for s < m', we have ^t^ < c 

If p be assigned we clearly have m>mf > p + 1, when n, or r, is suflBciently large. 

Also we have n < log r, when n is sufficiently laige, since we ultimately have a^ > «**. 

Hence Lt \n . (^T . rp] ^ Lt L . f^')''^' • c"*'"^"' • '•'^ 1 

^a^+jLt (logr.r-0 = 0. 
Hence (C) (2) is satisfied, and our theorem is proved. 
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§ 6. We saw that the condition I involves that «« = exp [n*^'*^], where Lt ci)(w) = oo. 

*=« 

When On is any function of this form which increases vrith n in a regular manner, the 

conditions I and II will be satisfied. It is evident that the function F{z) is an integral 

function of zero order. 

Let us take as an example F(z)^ ft 1 + / — ) , where <o is real and positive. 

-^ L \^J J 

n is determined as a function of r by the relation 

n + 1 > — log log r>n. 

We determine a number a by the relations, 

0<a<e— 1, - [logar + log (1 + a)] = an integer = w + 1. 

The region R is the sum of all the annuli 

exp[e^ {1 + A(e«- 1)}] <\z\< exp[«<*^i)«. jl -&(«-« + 1)}]. 
When z is confined to R, we have 

log i^ (^) = 2^ [log,r + log ^+^]^ log ^ - [log^r + log r+^] . ^^^;^^ 

where C, = «'", (7, = e«^ - ie^e-, c, = e''"- Je8«", C, = <i'*' -^<^ + ^e*^. etc. 
When «=c' ", we have the simple expression 

log F(e) = 2^ . (logs «)' • log ^ - [2^ + ^i^n J '<>g« « • log ^ 

+ (^^-1^- log.-(^^ + log2 + 2(7,/^. 

§ 7. Next consider the case f{n)^n^, g > 1. 

The theorem for this case is the following. 

The general conditions (A), (B), (C) are satisfied provided the following conditions 
are fulfilled: — 



(.) L.x(.).L.^[!^-l].», 



(^) Lt j— [log a,+i - log aj = cx) ; 

(7) '^W = [(* + l)^ log a,+i -«^ log «,]/[(« + l)^ — s«] is an increasing function of « when 
8 is greater than a finite a. 

(S) One or both of the following conditions are satisfied: — 

(a) A positive non-zero constant p exists such that when 8 is sufficiently large, 
a, >«^. 

45—2 
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(b) A positive non-zero constant A?i<l, and a positive non-zero h, exist, such 
that if 8 be sufficiently large, and if 8 be any integer less than ki8, then 

[(«' + 1)9 - 8'9] log a, - («' -h 1)9 . log a^+i + «'* log a,' > A. 



The conditions (A) and (B) are here identical with (a) and (/8). It remains to 
consider (C). 



We have 



^-^={'^f^''/(^)''---vUis+l)^-^ms).logr)] (1). 



The expression in square brackets is negative when 8^ a, when r is sufficiently large, 
and it is easily seen to be positive when 8 = n, 

Moreover [(^-hl)^--*^] and i|f(5) are increasing functions of 8 when 8>a. 

Then it follows, as in the last article, that there is an integer m such that 

y3i(r)>/8,(r)>... >)8„,(r), 
and ^m{r) ^ fim+i{r) << Pn{r). 

Clearly also m, which diflFers by less than unity from the single positive root of -^(5)= log r, 
becomes infinite with n and r. 

We see, then, that (C) (1) is satisfied. 

Now suppose, in the first place, that S (a) is satisfied. The integer p being assigned, 

we choose a constant ^i' ^5'a/(p + ") > where p is a number provided by S (a). When r is 
large we have m > m\ 

From (1) we see that when r is sufficiently large, then, when 8 < w', ^]\ < c, where 
c is any assigned constant less than unity. 

Again 

Lt \n C^T' . rp] ^ (a^^r" . Lt — ^ . nrP ^ (o^^r' . Lt -^r = 0, since a^^^^ > n. 

Then (C) (2) is satisfied. 

Next suppose S (6) holds. 

Choose m* to be the greatest integer contained in kiti. 

We have from equation (1), 

^^^ < exp [ - [log a^ [(8 + ly - ^] - (* + 1)9 log a,+i + 8^ log a,}]. 

Then from the condition 8 (6), we have, when 8 < m\ 

k 2 

Again m' = \kin\ ^ k^n — 1 > -^^ n, when w > r- . 
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Hence 



(?r<(v-) 



ft)-.. 



smce 0^' < r 



<(?f- 



iCi) 



Then 



< , 1. V " , since z lies in R 

L«» *-a»+i*J 

i . U log [l/l» (°f )-'. ^)] * L. log [l/(» (-'^J''. **.l] 



^ Lt [Kn^ . (log 0^+, - log an) -p log exn+i - log n] 



^ Lt 



jiinL 



■log fln+i - p log a„+i - log n 



Now 

Hence when 
Hence 



1+3^) 

Lt — ^ I ^. =* 00 , since Lt x(^) = <» 

n is sufficiently large, p<^. — sStL-L.. 
^2 ^ ^ x(n) 



Z> Lt 









loga„+i-logn 



^ Lt [iA;i.n«(logan+i-logan)-logn] 

n=oo 

> Lt 12*3 1^ C^g «n+i - log a„) - 1| . log n = + X , 

since, by condition ()8), Lt , (log On+i — log «») = + oo . 

»sao log n 

Hence in this case again (C) (2) is satisfied. 

Thus (A), (B), (C) are satisfied when (a), (fi), (7), (S) are satisfied. 

§ 8. The functions considered in the last article are integral functions if 9 is an integer 
gpreater than unity, but not otherwise. We obtain integral functions, however, if we take 
f(n) = [n«], q>l, where [x] is the greatest integer contained in x. If the conditions (a) to 
(S) be modified by replacing s^, wherever it occurs, by [s^] it can be proved, by slightly 
modifying the analysis of § 7, that the general conditions are satisfied, so that we may still 
apply the general formula. 

With regard to the conditions (a) to (S), we may remark that they are satisfied when 
^1,02,... is any sequence whatever whose terms increase to infinity in a regular manner. 

In support of this statement we shall make the following observations. 



Digitized by VnOOQ IC ^^^ 



336 Mr LITTLBWOOD, ON THE ASYMPTOTIC APPROXIMATION TO 

In the first place if ai, aj, ... increase in a regular* manner to infinity, we have 

loga,+i-loga.>^.. 

For if not we should have log a^i — log a, < -5^ , 

for some value of e. 



Then, adding, we have 



i<>g«.<,TH+7rirr.+' 



<a finite number, which is contrary to our suppositions. 

It follows at once, since q>l, that conditions (a)^ (fi) are satisfied. It is, moreover, 
evident that (7) is satisfied when ai, aj,... increase in a regular manner. 

Concerning (S) we observe that with our suppositions, either ae>8^ for some p and all 
values of s suflBciently large, or else a, < 5** for every value of p, when 8 is suflBciently large. 
In the first case (S) {a) is satisfied. 

Suppose then, in the second case, that a^ = s^^xW where x(^) increases in a regular manner, 
and let us consider the condition (S) (6). 

We wish to show that, for some constant A?i, when a' < ks, and 8 is large, we have 
y^(8\ 8) = [(^ + I )« - «'«] . log a, - (s + 1)9 log a^ + 8 9 log a^ > A > 0. 

If 5' is supposed less than any particular finite limit, then, by choosing 8 sufficiently 
large, we can ensure that the above inequality is satisfied. We shall suppose, then, that »' 
is large. 

Let ^(0==^.(loga^). 

Since log a^ = — -t-r log s' is of less order than log «', 0{8*) is of less order than - . 

Let ^(0=^-7^/y and put 8'=e^. Let ^(O^V^Wi and ^^^ f y^""^^^^' ^® clearly 
have Lt 'i^(^) = oo. 

t-oe 

Then loga^ = /'' d(x')da/ = j' -^ = [l(t). 

Since Lt loga^=oo, we have Lt n(^) = oo. 

Then log a, - log a^ > log a^^' - log a,-, (A/ = 1/k,) 
>n{t-\-logk')-il(t) 

>\ogk'axt) + i(iogi(/yci'\t + \iogk'\ \<i (1). 

Now £l\t) = -j-T-7 is positive and decreasing, and hence ft"(0 ^ negative, and decreasing 



in absolute magnitude. Also Lt tvTTx =0. 



The word "regular'* is used above in a rongh sense, and the analysis following is only roogh. 
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We have then from (1) 

tloga,-loga,.j>(l-e)logA;'.ft'(0>(l-€)logA;'.;p^ (2) 

>(l-€)logA;'.»'^(»') (2)'. 

Again log a,.+, - log o^ = [1 -t- €(«)] Bis'), since 5(«') = ^, (log o^). 

and tends to zero with !/«'. 

Hence log « ^-^. - log a^ (^ + ^) < ^ when6<i 

^®'"'* log a.- log (V *^(l-e)logA'.»'<logik'.»" ^*»e'»«<3- 

Then ^(«', ») = [(»' -J- 1)« - «'«] (log a. - log a.) -(«'+!)» (log o^+. - log a^) 

> (log «. - log a,) \^q8"t-^ - (B- + \yi . i^p^T^] 

(log a. - log a,) [?.'»-• - 2» . «'» . j^^.-,] . 



>( 



29+' 

Choose A, such that . ,, <g/2. 

Then V'(«'.»)>(loga.-loga^).|«'»- 

> (log fli-^ - log (v). !•«'«-• 



>(1 - 6) log A' .| . «'«-' .^^(from (2)). 



Now Il(^)= l-Tjr^teuds to infinity with ^. 

Hence we must have •^(0< ^*<(log«')'. 

1 «'■"* 

Then V^(« ,«) >5(1 - €) logfc' . q. 



(log*?* 

But since o > 1, Lt ,, ,v = » » and hence the inequality which we wished to prove is 
^ ,'»oo(log«)» n / 

seen to hold. 

§ 9. As an example, let us consider the case On = W*, where Rp > 0, and n** means 
exp (plpgn). 

Let p^ p^-\- Lp^ ] then an = r^. 

It is easily seen that (a), ()8), (7) and (S) (a) are satisfied. We may, then, apply our 
general formula. 

The region R is the sum of all the annuli 

(8 + ly^f^^ . «(!-*)'»» < I ^ I < (« + l)<i-*>^' . 5*^«. 

It may be taken to be the sum of all the annuli 
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The number n is determined by 

(n + l)p» > r ^ nft, or w + 1 > H/^» > n. 

We take n=r^''' — a, where 0<a<l (1). 

The restriction that z should lie in R is practically equivalent to the restriction 

k< a<l -fc. 

We have P= S s^. log^-p. 2 *«log« 
L*=i J «=i 

«= 2 s«. (log-8:-/)logn) + p logw. S 5«- 2««.log5 

= 12 ««|(logz-plogw) + p log»2 «*-g- 2 «« (2). 

n 

Now 2 8^ may be asymptotically expanded* as 

5 + 1 r=l 9 + ^ 

where Lt | •/^.n'-^^l = 0. 

Moreover this expansion may be differentiated with respect to j. 
Hence logn.2s«-|- 2 5^=?(- ?). logn + ?'(-9) + r-^TS^'^' 

^!5('|')•|[^']•""-'-^•■ 

where Lt | ^jn'-^-^ | = 0. 

Hence from (2), 

log F{z) = /> [^?(- 5) log n - r (- 9) + (^:^, n^^ + 2^ 5^ . n«+^-^] 

+ [log5~plogn].|?(-9) + -i-.n«+^+ 2 fif/(l|l).;^. n«+^-l 
+ 2 CJz^. + H^ + H/ (3), 



where Lt 



Hi. ,-— 1 = 0, and Lt \Hr\z^i'\ = 0, 



logn 
and where t 5. = S/(l 1 1) . 1 (j±l^) , 

and 'ZCg/z^i is the formal development of log. H 1 + (-] 

The formula (3) provides an asymptotic expansion for log F(z) in descending powers 
(possibly non-integral) of z, and in descending integral powers of n, or of [r^^^ — a]. 

* BameB, Proc. Lond. Math, Soc., Ser. 2, Vol, m. Part 4, p. 262. 

t We dearly have Bi=zSi{l\l).^{l) = 0, and 3^^1=0 (#>1), Binoe /Sf2,_i(l|l)=0. 
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The obvious objection to this expansion is that it involves the number a. This, how- 
ever, is unavoidable. 

If we expand the various terms in n in descending powers of t^^s and arrange the 
whole expression in terms in r of descending order, neglecting, to our order of approximation, 
pure imaginaries, which count as finite terms, we obtain, when q>2, 

log F(z) = ^ . r f'^ '*"'^*'~"12 — '^^^ +-4.r'»« + (lower terms) ; 
when* 5 = 2 

log F(z)^^.7^f^'\'p,. 6a{ l^a)^l ^,^^^ ^ ^^^.^^ ^^^^^ . 

and when 1 < g < 2, 

log F(z) = ^^-^ rV + p, . 6«ilr «) -i . rV + f (- 5) log r + (finite terms). 

It is clear that these expressions cannot be expressed in terms of the ordinary analytic 
functions, since the function a cannot be so expressed, and since it enters inevitably into the 
above formulae. 

When z^nf*, so that a = 0, we can find an asymptotic expansion for logi^(^) in terms 
of known functions. 

We must add to the general formula P -^'ZCg/z^$, the term log 1 + (— J , whose value 
is log 2. 

We then have 

+ ?(-?)log« + pr(-?) + log2+ 2 ajz^. + Hi-^-H/, 

where Lt \ Hi. z ^ | = 0, and Lt | J^/ . j^t | = 0. 

§ 10. By means of the function F(z) of the last article we can give an example of the 
following possibility. 

It is possible to construct two integral functions 4>i{^) ^^d '^i(z\ whose moduli differ 
only by a factor of the form [1 + Ajz"], where A is finite, on the whole circumference of 
circles with centre at the origin and radii as large as we please, which functions are such 
that every zero of <f>i{z) of large modulus is at a large distance from every zero of '^i(^), 
or more precisely, given any number A, as large as we please, we can find a number k 
such that every zero of ^i{z\ which is outside the circle \z\^k, is at a distance greater 
than A, fi-om every zero of '^i(^). 

Let ^-<^>-,^,[l + (S'*]' 

* We have ^(-2)=0, bo that the term i'(-9).logr, which appears in the last expressioii, is in this case absent. 
Vol. XX. No. XIV. 46 
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where j is an integer > 2, p is an integer > q, and p is an odd integer. Fp^p{z) is evidently 
an integral function of finite order. 

From the definition of the region iZ, it is evident that this region is independent of p. 
Clearly also, for a given z, the integer n is independent of p. 

For the function Fp^p{z) we have 

n n 

P^plogz. 2 S^^pp S 5«l0g« 

= pT, where T is independent of p, 

00 * r /^p'^N**! 

Hence if 2 fis/^ be the formal development* of log 11 1 + ( — J , 

\ogF,^p(z) = pT+ 2 ,C;/^, 

and log\F,,p{z)=pT+'Ji[-Z,0,'l^l where f= 9«r (1). 

We have also the particular case 

log\F,^{z)\ = f+iSt[-Z,G;/z'] (2). 

Again, ^{z)^Ff,^p(z)IFi^p{z) is easily seen to be an integral function. 

Let ^{z) = [FiA^)Y^^' 

Then we have from (1) and (2), when z lies in R, 

log|^(^),-logiVr(e)| = 9i2(p(7;-/>.,£?;).^*. 

Thus I ^{z) I and | '^^{z) \ differ only by a factor of the form 1 + — , where \A \ is finite. 

r "1 ?2ii 

Now the zeros of ^{z) are riP . exp — (2* + 1) . e ** , 
where ^«0, l...(n«-l), «=!, 2,...(p-l), and n = l, 2, 3..,. 

The zeros of -^{z) are n^ exp -- (2t + l), each zero being taken (/> — 1) times, where 

« = 0, 1,...(m«-1), and ?i = l, 2, 3.... 

When n^ is not a multiple of p the two sets of zeros on the circle \z\ = 'nP are 
completely distinct. 

When n*^ is a multiple of p the two sets have common members. Let the assemblage 
of these common zeros, for all values of n, be &i, 63..., arranged in order of increasing moduli, 
each common zero 6^ being taken p, times when it is a common zero of order p, for both 
^(z) and '>^{z). 

Let 0{z) be any integral function with the zeros 6,, fta-v a^id ^o others. 

Then (t>i{z) = (l>{z)IO(z) and '^j{z) = y^{z)/Q(z) are integral functions, and their moduli 

only differ by a factor of the form 1 H — . 

* Since q and p are integers, this development proceeds in descending integral powers of z. 



Digitized by vnOOQ IC 



FUNCTIONS DEFINED BY HIGHLY-CONVERGENT PRODUCT-FORMS. 341 - I 

Now on the circle \z\=n^, the least distance cf(w) between a zero of (f>i(z) and. a zero 
of •^i(-?) is greater than or equal to the least distance between two distinct points of the set 



<f>i(2) and y^j(z) he 



2m>» 



e ^ , where ^= 0, 1 ... (n^ — 1), and * = 0, 1, 2 ... {p — 1); for every zero of 

slongs to this set. 

Now the difference of the arguments of the two points of this set for which 8 and t 
have the values s^, fi, and «,, t^, is 

The expression in crooked brackets does not vanish since the two points are distinct, 
hence this expression, which must be an integer, is equal to or greater than unity. 

277- 

'pn^ 



Hence the difference of the arguments >—^. 



27r 
Then the distance between the two points ^ 2n^ . sin ^ — - , and becomes infinite with n 

when p>q. 

Again the shortest distance between the circles j -^ | = ?2^ and \z\ = (n" ly, is greater 
than |)(n— 1)^ and becomes infinite with n. 

Hence when n is large, any zero of <l>i(z) on the circle \z\ = n^, is at a large distance 
from every zero of '^i(z). Thus the functions ^i(^) and yfri(z) have the properties mentioned 
at the beginning of the article. 

§ 11. The functions considered in the last two articles are of finite order. As an 
example of a function of infinite order consider 

^^'> = ,?, [' -^ {(FgTyY] ' "^'" ? > 1' 3ip > 0. 

which is an integral function when g is an integer ^2. 

Let p = />i + *Pa, so that an = (log ny^ 

It is easily seen that the conditions (a), (13), (y), of § 7 are satisfied. Moreover, 
following the lines of § 8, we can prove rigorously that (8) (6) is satisfied; thus we 
can apply the general formula. 

The region R is practically* equivalent to the region consisting of the sum of all the 
annuli 

The integer n is determined by logn <7'^^'*i<log(9? + 1). 
We have then n = exp (r^/^*) — a, where < a < 1, 

and logJ'(^)= riog^.[ i «9]-p. 2 ^^.log^.^ 1+ 2 CJz".. 

L #«3 #=8 J «=1 

* i.e., by choosing k' eafficiently smaU we can ensure general definition of JR) sufficiently small we can ensure 
that the region R' defined above is contained in 12, while that R is contained in R\ 
on the other hand, by choosing k (which occnrs in the 

46—2 
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n 

Now X ^logiS, qua function of n, cannot be completely expressed, asymptotically or 
otherwise, in terms of known functions of n. Hence we cannot obtain a complete expansion 
for logi^(^) in terms of z. We can, however, find an asymptotic expression of the form 

We shall neglect in P finite terms, and pure imaginaries which count as finite, for 
we propose to obtain an approximation for P in which we only retain the large terms 
above a certain order. 

We may then replace P by its real part P, ie. replace log^ by logr, and p hy pi. 

We have | logr-pilog2H| = |pi(loga»-f-a-logjn)|<-^^^ — . 

w> log w 

n I 

Again 2 «* = ——r . w^"*"* + K .n9, where K is finite for all values of n. 

Then P«(-l-^„«-i + ;r.n«)(/,.log.«+^j^)-pJ««log,, 

^ .n«+Mofir,n — D, 
where the ^'s denote numbers which are finite for all values of n. 
Let w (^) «» I ^ logs sds. 

J 9 

Let t =» exp (r^/^0» so that n + l>t>n, and u (n + 1) > u (t) > m (n). 

We have, i*„+i - w„ < m„^i < (n + 1)« log, (n + 1). 

n 

Also u(n + l)>X89 log^s>u(n). 

3 

n 

Hence \'S,^log^8- u{t)\<u(n + l) — u(n), and hence is equal to K^.n^logiU (2). 

s 

Integrating by parts, we have 

"'"-['wFl-^-ii-^ <'>■ 

where ^(0=1 Wlog «) ^• 



-£^.n«+Mog,n-p,2««.log,5 + ir,n«log2n (1), 



P == -^v{t) + K,.n9log^n (4). 



From (1), (2) and (3) we have 

1 

'logs 
This integral, as is well known, possesses the asymptotic expansion*, 



Aogt -I 

Now v{t)-\ e«+^.— (on putting e* = a?). 



Lo+iioir« o + i'(iofir<y o+i'(ioe<y aoetyj 



Iq + llogt q + l (log 0^ ? + 1 (log ty (log ^yJ 

* The expansion follows at once by integrating by parts (2+1) times. 
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Inhere Lt Ji = 0, 

<=» 

or, replacing t by exp {r^'^), 

.,„.,-"^[__+^_^+...^(,-,),^_._^^j-,^,] w 

where Lt Ji = 0. 

Now log F(^)«P + (small terms) 

=B ^ + (a finite expression) 

= ^^(0 + ^5HMog,r?. from (4). 
Also Lt re-<«+»> •^'"^ . r^n9 log, nl < Lt e*"^"*' log (r»/'>') r' « 0. 

raoe L J reap 

Hence changing I into Z + 1 in (5), 

§ 12. We shall not work out the conditions, analogous to (a), (fi), (7), (S), of § 7, by 
which the general condition (A), (B), (C), of § 3 may be replaced, in the caaes of other 
special forms of /(«), e.g. e*, [^/logs]. When /{$) increases regularly and is of order 
greater than n^'^\ where k is any number >0, and when the terms a^, Oj... increase 
to infinity in a regular manner, however slowly, the general conditions will be satisfied. 
This will be the case, for example, when / (s) is of higher order than ^ for all values of q. 
In this latter case it is always easy to find the dominant term* of P, and hence that 
of log F (z), as a function of r, but it is not always possible to find all the large terms 
of P, even qua functions of n. 



For example if /(s) = e*', a, = 6^, p = pi + «pa, 

P= 2 e* log -2— 2 plogs.e" > 



n 

2 

and we easily find that the dominant term of P and log F{z) is 

^,.exp[exp(rJ/p«-a)], 

where a is the fractional part of r^^^'. 

To find P as a function of n, however, we should have to sum or asymptotically 
expand the series Se* and S log^.a', which is impossible by any known analysis. 

§ 13. In §§ 6, 9, 11, we gave examples of integral functions of zero, finite and 
infinite order respectively, for which the general formula of § 3 held. We can also obtain 

* By a 'dominant term* I mean a term Pj, such that P=:(l + €jPi, where Lt |€„|=0. 
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integral functions of transfinite order for which this formula holds. This can be done in 
two ways. 

We may take f(s) = 8^ (q an integer ^2), and for a^ a function which increases 

very slowly with 8, e.g. the inverse function S^H*), where S^(a) = ei*«* , where ^1=6^ =...>!, 
and V is the integi*al part of (c. 

Again we may take ag = s^, and for f(s) a function which increases very rapidly 
with 8, e.g. /(«) = «i^«* , where ^j = ^a = . . . = an integer > 2. 

In each of these cases the function 11 1 + ( — j is of transfinite order. 

§ 14. The functions for which the general formula holds have a certain common 
property. 

We have, when z is confined to the region i2, 

log\ F{z)^^P + mtC,/z-'. 



Now P= [jy(^)]logr- yy(.)log«,] , 



and is clearly independent of the arguments of z and of the a*s. 

Hence on circles lying in the region R, whose centres are at the origin, and whose 
radii are large, |^(^)| varies only by a factor of the form [l + €(^)], where Lt|€(^;)j=0, 
on the whole circumference of each circle. 

Hence, in particular, integral functions exist, of every type of order, zero, finite, 
infinite, and transfinite, which have this property. The property is characteristic of 
functions of zero order*, but quite exceptional in the case of finite order, and probably 
also in the cases of infinite and transfinite order. 

§ 15. In cases where the general formula of § 3 does not apply, it may happen 
that the error committed by taking P as an approximation for \ogF(z\ is finite. We 
shall give a theorem for this case for the particular form 8^ of /(«). 

This theorem applies to a more extended class of functions than we have hitherto 
considered : it applies to cases when the a's do not tend to infinity, but tend to a definite 
finite limit. 

Suppose then that ai, o^... is a sequence such that the moduli ai, Os... increase, and 
such that Lta^^a finite limit, which we may suppose without loss of generality to 

be unity. 

When Lt «« = 1, and g > 1, it is possible for the product fonn 

to converge, and if q is in addition an integer, F{z) will be an uniform function. 
♦ Cf. a paper by myself, Proc, Lond. Math, Soc, Oct. 1907, §§ 4, 6. 
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Since F{z) has s^ zeros on the circle .2j=a«, every point of the circle |^1 = 1 is a 
limiting point of zeros of F{z). Hence the circle ^z\ = \ is a ring of essential singularities 
of F {z\ the function F {z) only exists inside the circle, and the radius of convergence 
of the Taylor series which represents F{z) is unity. 

Let n be the integer such that ctn < ] ^ ; < On+i. 

Then when \z\ is near its limit 1, n is large, and hence, as we shall see, |P| iB 
large. This fact enables us to apply, with a single reservation, the methods which we 
have so far employed, to find an approximation for log F {z) when \z\ is nearly unity. 
The sole modification which appears arises from the fact that since \z\ is finite, the 

formal development of logll 1-ff — j cannot be an asymptotic expansion. This is 

the reason that we have not so far considered functions F{z) of the above form. 

In what follows we shall suppose that 01,03... is a sequence such that a« is an 
increasing function of «, and such that Lt a, is either infinity or unity. In the first case 

\z\ is supposed large, and in the second case it is supposed less than unity, but near 
unity. In any case n is large, and the two cases can be considered together. 

We shall continue to use the following notation : 

~ n "1 

P = 



i^/(«)l . log ^ - [ J/(«) log a.] , 



and P = <8P, etc. 

§ 16. Theorem. 



Let F(.)-n[l + (0]. 



where q>0, and where the a's are subject to the following condition: — 

Lt «?[log5r.+,-IogaJ>/9>0» (1) 






Let R' be the region of the z plane defined as follows. Choose -a positive numbe 
k which may be as small as we please and which we take in any case to be less than 

* This fonnula does not imply that the limit on the left-hand side is definite, hat only that <^[loga^i-logaJ>/3- e 
when B is sufficiently large. 
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both i/8 and ir. When q is not an integer, R is defined to be the sum of all the 
annuli* a.{l +^)<|^;<a,+i (l-^J- 

When 9 is an integer, F{z) is uniform and has tfl zeros on the circle |2^j = a,. 

Let these zeros be A, Jki-.-gnbg. 

, ka 
With centre «6, describe a circle tAg of radius -^ . 

Then, in this case, R is defined to be the region of the z plane or of the interior of 
the unit circle (according as Lt a,aoo or 1), which is exterior to all the circles tA,, for all 

possible values of 8 and t 

Then when z is confined to R\ and n has its usual meaning we have 

logF{z)^P + Q, 

where -^ = 2 «« log r - 2 «« log a, , 

and where | Q | < a finite K, 

Choose a positive number fi' < jS. Then a finite m exists, such that when 8>m, 

««(loga,+i-loga,)>^', 

and hence (^^Y >^' (2). 

We have, when n>rn, 8^2, 

I /_^Yn+.)' I /On^M^ (a^Y^^'^' /On+.-iV'^^'^' 

<^-^'(»-i> from (2) (3). 

Now when |a?|<e~^, — ^^ is finite, and less than a finite K', 



and hence |iJ| «$ 2 I log 1 + {— ) \\<K'l.<rV 



<K'.e-f*-^\ 



<r^ (*)• 

Next consider the term S. 

Assign a number 6 between and 1, both exclusive. 

Let w,= log 1 + f-*j I, N -\0n\ (i.e. the greatest integer contained in 6n\ and let 

m K n-l 

Then | iS|<cri + cra + cr,. 

* We Bball show later that the above inequality is possible and that the region B! always exists. 
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We shall consider o-i, a-,, a-,, in order, and shall prove that they are all finite. 

The finite sum o-i is evidently finite and less than K^, suppose (6). 

C-onsider o-,. 

When m + l<tf<J\^, we have, from (2), 

<"i>[-''-^/!'J] w 

If } > 1, we have 

^ _^ (1 _ 09-x) 

>X,«, where X, >0 (7,). 

If 9=1. 

««/9' j^ J - /S"* (log n - log »)>^8. log {njN) > ffa log (1/^) 

>X,«, where X,>0 (7s). 

When 9 < 1. «« • /S" r $ - f ^ • («'"' " «""') 

-i^,[(r-'] 
>i^,[(r-] 

>X^«, where X3 = (T,). 

Hence in any case, 

««/9'r^>M where X>0 (7). 

Then from (6) and (7), we have 

'e)>(s)'<- <«'■ 

<e-*. 
Hence, as above, | log fl + (|')'' 1 <■«"'. I (7)*' ' < -K"' • e"**- 

Therefore «r,<Z". 2 e-*< . ^" . (9). 

«=m+l 1 - e * 

Vol. XX. No. XIV. 47 
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Next consider o-,. 

When N+l^On^s^U'-l, 

<e-''(»-«), where fi>0 

<e-i^ (10), 

Hence | log [l + g)'] | <Z"'.| (j)' | < K'" . .-(«-'), 



»-A'-l 



T^trt 



<r^ <"'• 

From (5), (9), and (10), ; Si<cr, + (r. + cr, <ir' + j-f^ + ^^^ (12). 

We have finally to consider 2^ and T^. 

Suppose g is an integer, so that R is the part of the z region which is exterior to 

all the circles lA^, 

koL 
The radius of t^n is -—> ^ is exterior to all circles t-4n, and we have further \z\'^an^ 

Let P be the point z, and let the centres of the circles i4n, a^ln-.. be PiPa-.-Pn^. 
Let P' be the point in which OP meets the circle \z\an* 

Then |^»' + a;'|=PP,.PP, ... PPn^. 

We assume, what we shall presently show, that the circles tA^ do not intersect. 
Then P' cannot lie inside more than one circle. If it lie inside any circle let it lie 
inside lA^y and if it do not lie in any circle, let Pj be the centre which is nearest to P'. 
Let ^^f6Pi. 

We have PP^,PP,...PPn^>FP^...P'Pn^>\nFP^lFP,, 

Now by Cotes' property of the circle 

rMPP.]/an"'==2 8in(in«<^), 
„d hence [ S PP,]/(^P.^..-,.«^. 

Now since P, is the centre nearest to F, < ^ , and hence \rfi^ < 5- . 
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Hence 8iD(ing<^) _^ 8iii(^/i^<^) |» 



349 



Hence 



or 



sin (i n« <^) _ sin (^ n^ <l>) 
sini^ ~ * (^n^^) 'sinj^ 







[ n PP^ /<' ^ ^' . [ fi P'P,] /(aj^^ . FP,) 



k n^ k 
> -5 • - > ~ , 



an" 



Hence, since 



kl^l'ttnl, 



1 + 



(?)" 



TT 



•(13). 



The result (18) follows more easily in the case when 9 is not an integer, when 
the region R consists of the annuli o, fl + -j < !z|<a^^, ^1 - -V and we shall omit 
the analysis for this case. 



<2 



(14). 



Again, we have clearly 1 + (— ) 

From (13) and (14) it follows that 

l^aJ = |log[l+(5)"'Jj<a finite K, (15). 



47—2 
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In a similar manner we obtain 

T:<K, (16). 

Now logF{z) = P+vyz + R-\'8-\- Tj + T^ where we may suppose 

|7.I<'^ (m 

From (4), (12), (15), (16), and (17), we have finally, 

\ogF{z)^P + Q, 
where | Q | < a finite K, 

The results (4) and (12) were obtained without supposing z restricted to the region R\ 

Then we see from (4), (12), and (17), that when z is restricted we have . 

log F(.) = P 4 log [l + ( -^3"""] + log [l + [^Y] + Q', 
where | Q' | < a finite K\ 

§ 17. We must show that the region R always exists. If q is an integer, R is the 
region exterior to certain circles t^^. 

Now the distance between the centres of two consecutive circles ^4,, t-^Af, is 



2a 



^.8in(3' 



and the radius of each circle is - \ Since k <2ir these circles do not intersect when 8 is 
sufficiently large. 

Again, the sum a{s) of the radii of one circle tA^ and one circle f'-4,+i, is 

a^tk oLg^ik 2k 
5«""^(7+l)^'^««'**'"^'* 



Hence _.^M^<2^. -i5--,<?^ . (l - ^f 



^W ^2k _??±l__^?* 
V(a,+i-a, 

2k /, -^\-i 
2k ,. .Uff 



<— r(l — e"*») , when «>m, 



<"Y •(! + 0/(^)> wben b is sufficiently large, 
2(1 + €)A: 



2 (1 4- e) ifc 
Since k<\fi, we can choose € and ^ so that a, <1 

P 

Then when 9 is sufficiently large - — ^^-^ < 1, and hence the circles e-4, and ^A 
cannot intersect. 






Hence the region R exists when q is an integer. When q is not an integer it 
is again easily seen that R exists. 

In the case when Lt a, = 1, so that the range of ^ is the interior of the unit circle, 

the area of the region R bears to that of the unit circle a ratio (1 — -^) where K 
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depends oq h, and where K may be made as small as we please by choosing k suflSciently 
small. 

When Lt a« s X , so that z ranges over the whole plane, if we choose a large 

#aa00 

circle of radius />, the ratio of the area of the part of R contained in this circle, to the 
area of the whole circle, is \l — K(k, />)], where, by choosing k sufficiently small, we can 
ensure that Lt K {k, p) < c, for any assigned c. 

paoo 

§ 18. We shall now give some examples of the theorem of § 16. After the detailed 
work in §§ 9 and 11 we shall omit the analysis by which we calculate P as a function 
of r*, remarking only, that as we wish to obtain an approximation to log^(^) in which 
the error is finite, we may neglect finite terms which arise from JP. 

I. As an example of the case j < 1, take the function 

^(^)= n [l + (^^y I , ? < 1, o) = a>i + twa, a>^ > 0. 

F(z) is a multiform function and must be made uniform by a cross-cut. 
The region 22' is the sum of all the annuli, 

^..-.(i+^)<l^l<w+i)>-«. (l-^). 

It is easily seen that the condition (1) of § 16 is satisfied, so that we may apply 
the theorem of that article. 

When z is confined to R we have 

1 1 — a L±i -^ 

log i^ (5) = 2 • fqrJ-<»i"i-<'-(logr)i-9+Q. 

where \Q\ <K. 

II. As an example of the case 9=^1, take the function 

Fiz) ^U ^1 + (jyj . p = p, + cp, , p. > 0, 

which is an integral function of finite order 2/p,. 
R is the region exterior to all the circles 

Iz-si'.e' '''\^k.sf^'\ ^ = 0, l...(5-l), « = 1, 2. 3.... 
The necessary condition is easily seen to be satisfied. 

When z is confined to R we have 

logF{z)^ip,.i^^^^^logr + Q, 
where \Q\<K^ 

* The oalonlation in the examples given below depends are given in § 9. We determine in each case a function t 

-i- ,"., |_ . , of r, such that »=t-a, o<l. 

on the asymptotic expansions of 2s* and Za* log s, which 
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III. The case g > 1 is chiefly interesting when we have Lt «, = !, for, as we have 
said in § 8, when Lta«»x and q>l, we can usually apply the general formula 
of §3. 

Consider the function 

F(z):^n[l + {z, exp (a)«-<«-«)}*^, 

where g>l, and <o is real and positive. 

This is a uniform function whose Taylor series has a finite radius of convergence, when 
q is an integer ^2. When q>l and is not integral, F(z) is multiform. 

The condition of § 16 is satisfied. 

In this case the most convenient function of r, which tends to oo as r tends 
to 1, in terms of which we can express the large terms of P, is | — ttt^- W'e find 
that n = t — a, where 

Calculating P in terms of , — 7r/~v» *^^ neglecting finite terms we obtain 

2 

^ ^ ^ 2 g+1 llog{l/r)j 

where | Q | < if. 

IV. Consider F (i^) = O 1 + | exp ^-V ^l' , q>2, o positive. 

The condition of § 16 is satisfied. 
We obtain, when z is confined to R, 

logF(z)= !^^^,. \ , \, . %ig(l-a).a)g-^ r }. J '"% terms of lo>^ o«J«^> 
^ ?(?+!) [log (l/r)J UOg(l/r)] ^^ 

where* a = the fractional part of ^ — 7T-r\ • 

^ log(l/r) 

§ 19. In the class of functions for which the theorem of § 16 holds, and for w**^ 

the general formula of § 3 does not hold, there are two types of functions for wf^ 

we can obtain the finite term, as well as the large terms, of logF{z). \ 

^1 

The first case occurs when Lt a,= x, y^l, and when (— ^) tends to a definite nori. 

zero limit, whose modulus is less than unity, when 8 tends to infinity. The finite terms ol 
logF(-s:) can then usually be expressed by the use of the function 

*(-.«)-n(n.i).n(i+ji;). 

* In the last artiole of this paper we shall consider the reason why terms like a appear in Case IV. and not in 
Cases I. to UI. 



Digitized by 



GotJgle 



.^ 



FUNCTIONS DEFINED BY HIGHLY-CONVERGENT PRODUCT-FORMS. 353 

The general case is somewhat complex, and we shall content ourselves with finding 
the finite term of 

'»«fth(F)']. 

whose large terms are given in the last article, in the case when p and z are real and 
positive. 

We suppose z confined to the region R. 

In the first place we must retain the finite terms arising from P. 

We find p = eL2/p«jLiog^-j + 4f'(-l)+2a-a«l + €(^), 

where a is the fractional part of «^'^, and where Lt \€{z)\^0. 
We have n^z^f^ — a, ^ — (n + orV*. 
We must consider the terms Tj + ii and T^ + S. 

We have T. -H ii - 2^ [l + ( — ) ]-2 [l + („^) J (D- 

We proceed to show that 

l(ri + i2)-iiog(i + (?pt--'>)l 

tends to zero when \ z \ tends to infinity. 



Let u, = log [l + (^^"'■"'J - log [I + e-x-')]. 



Choose a small positive 17. 
When « < 17 . w*, 

= exp [/)(« — 5) + /c], 

<p(i7» + i;»-f ...) 
<2fyn\ if i7<i. 
Hence | u, | = | log (1 -f e^(— ')+*)- log (1 +«'(•-•>) |, 

and we deduce that | w,|< (e* - 1)[- log (1 -6^ (*-•>)] 

<5./tf.eP^*-*), where B is finite. 

Hence 2 I w, I < — - — ^ .B.k< Ar)\ where A is finite. 

Choose 17 so that -4 17' < e/S, where € is arbitrarily small. 

Then 1 lw,|<€/3 (2). 
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Again, when « > 17 . n*, 

<exp(-pn.|ri~4)* (when Ji;n"*< i) 
<exp(-ii7.w*). 
Then when n-\-2a>8>ffn^, 

i/,|^|log|^l + (J±?) J + |log(l + eP<— 
< 2 exp (- Irjn^) + 2 exp [p (a - lyn*)],* 

[«+2a] 

and 



2 I w, I < (n + 2a) (2 exp (- {vn^) + 2 exp |>(a - lyn*)]} 



<o' when n is sufficiently large 

Lastly, when « > n 4- 2a, 

< 2 S h e****^ 



<^, when n is sufficiently large 

o 

It follows from the relations (1) to (4) that 

I (jR + TO - 2 log [1 + ep<*-*)] I < €, 
when 71, or r, is sufficiently large. 

In a somewhat similar manner we can show that 

I (S + TO - 2 log [1 + e-p<*+«)] I < €, 
when n is sufficiently large. 

Hence \{R^S-¥l\+ T^^log<l>{e'P-, p)\ 

tends to zero as r tends to infinity* 
We therefore have 

logi?'(^) = |[^2/P-llug^ + 4r(-l) + 2a-a*l+log(^(6-P*, p) 

4- terms tending to zero with 1/z 
* When I j; !<J, we have \\og(l+x) |<2 \x 1. 



'in 



.(4). 
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When z and p are complex we can still find an expression for the finite part of 
log F{z\ but it contains additional complicated imaginary terms, and the e^^ which occurs 
in ^ {e'^, p) is replaced by a more complicated expression. 

§ 20. The second case occurs when 

Lt««(logor,+|-loga,)«oo (1). 

*=• 

When q>l, and Lt a« = oo , we have seen in § 8 that the complete asymptotic 

«asao 

expansion of § 3 usually holds. 

When (1) is satisfied, 9^1, and Lt a« » x , we can prove the following formula, when z 
is restricted to lie in iZ': 

logF(z)^P + €{z\ where U\€(z)\^0. 

When (1) is satisfied, and Lta«sl, we can prove the following formula, when z is 
restricted to lie in R': 

logjP(^) = P+ log n [1 + a,^.e-^^] + €(^), 

where Lt | e («) i « 0. 

We shall omit the proofs of these formulae, merely remarking that in the first case we 
prove that liJ + Til and jfif+T, | tend to zero with 1/r, and in the second case that 

|i2 + Ti| and [(fif + Tj)- 2 log[l +a,««.e-<«*^]; tend to zero as r tends to 1. 

§ 21. When Lta«al, and a« increases slowly to its limit 1, it may happen that 

does not converge for any value of q. We are thus led to consider functions defined by 
a product form of the type 

where Lt /(«) . r^ « x for all values of q, and Lt a|»8 1. 

For functions of this type the following theorem applies. 

If Lt -^ (log «.+!-. log a,) >)8>0 (1), 

then, when e is restricted to lie in the region R, defined (as in § 3) as the sum of 
all the annuli 

«.+i* . «.'-* < I « 1 < ai^:? . «.*. (A- < i). 

we have log F(z)^P + T+e(z), 

Vol. XX. No. XIV. 48 
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where P has its usual meaning, 

r = 2 log [1 + a/ w . «-/<*^*«], 

and Lt! 6(^)1 = 0. 



r=l 



Choose ff<fi. Then when 8 is greater than a finite cr, we have, from the condition (1), 






Al80 .iL^ <^1?«*< (_?«.)*< fWrlV . 

Hence ( - — < exp [— k/3' (n + s)], 

-t 



whence it follows that 



< 2 S exp [— kfi' (n + «)], when n is sufficiently large, 

<K.e-^> (2). 

Next consider the expression S+T^, 

Let i; be a large integer independent of 7i, which we shall presently choose, and which 
we suppose for the present to be greater than a. 
Then, when n^8>v, we have 

(?) ^(.-^t^') <(ii?) <•-*■. &«"'<') (»). 

and «/">< ("'y'" < «-*<»'• (4). 

From (3) it follows that 

..l/'^h(?)'"] '<'■■-'• *»^ 

and from (4) it follows that 

I jlog[l+a/<*>.e-*^/w]j<if".^4^v (6). 

Again we clearly have 

i^ log 1^1 + g)'"'] - 2^ log[l + a/<'> .«-•'<••] I < x('')(l -\z'd (7), 

where x(y) ^ ^ constant depending on v. 

Now if any positive e be assigned, we choose v so large that 

K'-e-^'Ke/* and if " . e-*^' < e/4. 
We then choose n so large that K .e"'*'^ <e/4i, and ^^(l — |*l)< «/*• 
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It then follows from (2), (5), (6), and (7), that 



•=i 



<\R^T,\ + \ i logfl+f-yn ! + l i log[l + a/^*^er^f^'^]\ 

+ 1 2^ log Tl + (^')^^'n - i^ log[l+a/<') 6-^/<*>]| 

< €. 

Hence the left-hand side tends to zero as r tends to 1, and we have the formula of 
the theorem. 

We notice that | J2 + 7\| tends to zero as r tends to unity, as is seen at once from (2). 

As an example consider F(z)=^ H [1 + {^.exp (6~^)}**^, which is an uniform function 

#=1 
if ef^ is an integer. 

When z is restricted to the region JB we have 

1 / 1 \ * 

where t»-log/ =-V ^«arg(z), a is the fractional part of ^, T=s 2 log [1 + c"* . «~''**^, 

and where Lt |€(^)| = 0. 

The terms in crooked brackets count as finite terms. 

§ 22. In the case of all the tjrpes of functions we have so far considered, we have 
always had the inequality |J2 + Ti + 5+2^1 < ^, so that the expression P represents logi?'(^) 
with an error of an order at most finite. It may happen in the case of certain functions 
defined by product forms of the type we are considering, that IQI^IiJ + Ti + S+Tjl tends 
to infinity as r approaches its limit oo or 1, but is of less order than P. If we then can 
calculate P as a function of r, with an error which is of the order of |Q;, obtaining 
Pi{r) say, then we have log JF'(^) = Pi(r) + terms of the order of |Q|, and Pi(r) gives an 
approximation for logF(^). We shall not develop a theory of this kind in detail. Any 
particular case can usually be worked out quite easily, and we shall content ourselves with 
a single example. 

. 48—2 
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Consider the integral function 

where p^ p-^-\- ip^, p^ > 0, and [x] is the greatest integer contained in x. 
For the present we suppose z unrestricted. 

The integer n is determined by n + l^r'^'>w, so that n = r^^' — a, where O^a^l. Let 
V be the integer such that (v'^iy>n + l>n^v\ Then v + l>t>v, where t=sr^^^, and 

Consider the expression R. 
We have \R\^ 1 u., 

*. ,.,.|,„,[.-l(_^y»-i]:|.j,«4.-(^)— -]|. 

Now when 2^«^n, we have 

<e,p[-ift„".'-^] 

< exp [- K . n"^^ . s] (since 5— l>i5, n4-«< 2n), where iT is finite. 
It follows easily that 

u,<\log(K,n"^ ,8)\.exy['' Kn~'^ .81 where 2^5^[n"] (1), 

and that m,< jfiTjCxp [-jK'n'"^'^.«], where n^8>[n^^] (2). 

From (1) it follows that 

2 Us < n'^ . log K, + ; log [r {[n^1}/{[n^'^]}«'^] , 

<K^.n^^ (as we see by the help of Stirling's theorem) (3). 

From (2) we have 

2 ii,<^ ^V--,^ <ir..n^ (4). 



«=[nva] + i " ' I - exp (- Kri^) 



Finally when 8>n, 



( n -H a y 



' / 1 \«- 



< e""^'*, where X is a positive non-zero constant, 

< i, where w is large. 
Hence w, < 2 . e"^''', 

OC 00 

and 2 tt.<2. 2 «r*^ 



J 

<a finite constant (6). 
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From (3), (4), aud (6) it follows that 

R\<A'n"<Av 
where ^ is a constant. 



(6), 



In a similar way we can prove that 



\ii.<Bv 



.(7). 



We now proceed to determine the region % in which 2; is to be restricted to lie, 
in such a manner that |7\{ and \T^\ are less than C,v for some finite C. In this 
manner we obtain the most extensive region possible, within which our approximation 
is valid. 

The function F{z) has [«*'*] zeros on the circle \z\^s^^. They are 

2f + l 

Choose a positive number k^ which may be as small as we please, and let tA^ be the 
circle with centre Jb^ and radius k.^"^'^. It is easily seen that when 8 is greater than 
some finite value, all the circles tA^ are external to each other, and that when A; is 
chosen sufficiently small, all the circles, fdr all values of «, are mutually external. We 
define the region 9t to be the part of the z plane exterior to all the circles lA^. 
Then when z is restricted to lie in 91, it can be shown, by considerations similar to 
those employed in §16, that |Ti + rj,<Ci;. Then if vy^ be the imaginary part of P, 
and 1 7, 1 is supposed less than ir, we have logi'(-^) = P + Q, where |Q|<if.i', where 
H is some constant. It remains to calculate P as a function of r, with an error of 
order not greater than that of 1;. 



We have 



P= S [^"1.(logr-p,log4 



««i 



It is easily shown that the 2 may be replaced by 2 , when we neglect terms of order p. 



S [«''*] = |i^ + ^i^ + (a term of order v), 



We find 
and 2 [«''']. log«« 2 m[logm« + log(7;i»+ l) + ... + log{(m+l)*-l}] 



.(8), 



msl 



2 mlog[r{{m + iy]ir(m')] 



ni»l 



which reduces, by the help of Stirling's theorem, to 

^i;«logi;-|i/'-h3i;^logi; + iv' + (a term of order v) (9). • 

Substituting firom (8) and (9) in the expression for P, then substituting v = t — l3, 
expanding the terms in v in descending powers of t, and arranging, we finally obtain 



P = 4lhr'*'-ipr"'' + .V 



,y^ 



where |if| is finite. 

Hence when z is confined to the region dt defined above, we have 

log F(z) = ip, . r'^ - ip. . »•'"■ + N.r^, 
where iiVI is finite. 
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§ 23. We have so far only considered functions for which the index /(«) tends to 
infinity with 8. Our methods may also be applied to approximate to \o^F{z) in the cases 
when /(«) is a constant, which may, without loss of generality, be taken to be unity, and 
when /(«) tends to zero with l/«. 

I have shown in another paper* that when f{s) ^ 1, and when a, = fi*^>, where 
Lt <^ («) s 00 , and if> (s) is a non-decreasing function of 8, the expression P is of order 

not less than n^(?i), and [R + Ti + S-^ T^] is of order not greater than the greater 

Kn — 

of K and-ry-t . Thus P is an approximation to logF{z) with an error of order K or 

-Tj-x . This theorem applies to all integral functions of zero order, the modulus of whose 

9W 

8th zero increases steadily with 8. 

We shall then not consider the case /(«)»!, but shall consider the case when /(«) 
tends to zero with 1/^. 



We rewrite the form n U + (~ j as H 1 + ^-. 



where bs^a/^'K The function F{z) is clearly multiform, and must be made imiform by a 
cross-cut from the origin. 

Theorem. 

1_ 
where 16,|=A, and where y8/t*)=-a^ is an increasing function of «. 

Suppose the following conditions are satisfied: 

(J3) jT-z is a non-decreasing function of « after a finite value a of «. 
(y) LtA^x<l. 

Then when z is confined to a certain region R'\ we have the formula 

logF(z)^P + Q, 

where P= [ I /(«)]. logr- i log/3„ 

n is the integer such that oin+i^\^\'^o[n> 

and where | Q | < a finite K. 

We clearly have, from (7), Lt/9, = 00, and hence Lt(7,a»oo, since /(«) tends to zero 
with l/s. Hence the whole range of z is the wliole plane. 

* loc. eit § 6. 
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Choose X' < X. Then when s is greater than a finite m, which we may suppose greater 
than (T, we have ^ < X'. 

Then when 8>2, 






< ^ -, from condition (yS), 



^/<.»+i) 13^^ 



$n 



Ai4i 5n+a Pm+« 

<x*-' 

<x 



Hence 



Consequently 



|log[l + 



^/i«+*) 



l.Ui 



^/(n+ir) 



<L.\*-\ from (2> 



, from (1), 



|i?'^2 log 1+V - 



Again, when m<«^n — 1, 






ig Z 2 X*-> 

<a finite Ki 



A. 






<X~-«; 
whence, by reasoning similar to the above, 



fm) 



2 

»=m+l 



iog[i+,5'«] 



I < a finite ^a- 



Also when n>m^ 



Hence 



"<2 



2 j log Tl + -J^,j 1 1 is finite and < K,. 



•in 

.(2). 



.(3). 



.(*)• 



<a finite ir4 

We now define the region R' as follows. We choose a positive ^, which may be as 
near to 1 as we please, but which must in any case be greater than X*. 
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Then Bf' is defined as the sum of all the annul! 

1 1 



We have 



/f^"^".a^,>U,>/t >''«.o. 



.(5). 



Lt 






/(*+ij 



= Lt L' 



^-^' c/Jlt^^ 



Oi- 



/{») 



a^/W-/(«+i) 



] 



. ^U [m^^^-'] . since /(«+!) >/(«), 



>1. 



It follows that 



and therefore that the inequalities (5) are possible, so that R' exists. 
Now when z is confined to JB", 



^/(n+i) 



and ! 



^/w 



are less than a positive constant which is less than 1. 

If follows at once that ITil and |r,, are finite (6). 

Now we have 

logi'(^)=P + i7, + E+ri+fif+r„ where \yz\^ir (7). 

From (3), (4), (6), and (7), we have 

\ogF{z)^P + q, where \Q\<K. 

It is possible to show by the methods of § 6 of my paper cited above, that if 
^,= ^(*), where ^(«) is a non-decreasing function of «, and Lt <^(fi)=x, and where /(«) 

satisfies the conditions (a), ()3) above, that the ezpres:jion P is of higher order in n or r 
than I 5 + Ti + fi> + Ta |, when z is confined to a suitable region. 

Hence in this case -P is an approximation for logi'''(r) down to terms of a certain order. 

As an example of the theorem above, consider the function 

F{z) = n 1 + — - , where j > 0, © = a>i + ^©a, »i > 0. 

Calculating P in terms of i\ we find : 

When q<\, logF(2:)= i. ^.a)i"i+«.(logr)i^^ + ^(5) .logr + (fin^ terms). 

When g = 1, log JF* (^) = ^ log log r . log r + [7 — ^ log (ecoi) Jlog r + (finite terms), 

where 7 is Euler's constant. 

When J > 1, log ^(2:) =?(?). log r - ^ . ^^ . ftii«+i . (log r)«+i + (finite terms). 
Thus when 5 > 1, | F{z) \ behaves asymptotically like r^^^\ 
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§ 24. The methods which we have used may be applied to obtain approximations to 
other functions than those we have considered. For instance, in the theorem of § 16, we 
may substitute a function like «^(log«)^» (logs «)«•... (log,««)«ni for «^, wherever the latter 
expression occurs in the statement of the theorem and in the condition (1). 

In general our methods may be used to approximate to the function 

t=i L ^* J 

where ^(-s:, s) is such that Lt | ?--*— ^ ' = 0, 



for all values of z, where <f> is such that there is always a single n, such that 

^1, 



C^n I «n+i 



and where the product form converges sufficiently rapidly. 

The latter condition will generally be ensured, ^ and x being supposed given, when 
I a, I increases sufBciently rapidly with 8. 

The approximation which we obtain is 

P=^^ [X(^)0og <l>(z,s)^ log a,)l 
and the general rule is as follows: 

When the product form converges as rapidly as or more rapidly than Ilfl4--^)» 

JRP is an approximation for log F(z) with a finite error, and when the product converges 
as rapidly as, or more rapidly than some integral function of zero order, fftP is of higher 
order in n or r than [log i^(») — 9iP], and ?liP is an approximation for logF{z) down to a 
certain order. 

In certain cases we may possibly obtain some more extended formula analogous to 
that of § 3. 

We shall not develop this theory further, but shall now show how we may 
approximate to certain products which are of a different type to those which we have 
80 far considered. 

§ 25. We shall consider functions of the following type: 



where u ^^^^^^ ^ 



1) 



where | w, ;^1 for all values of 8, and where 2 w, is divergent. 

In the case where /(«-f l) = m,/(«), where m, is an integer which becomes infinite 
with 8, F(z) is an uniform function, and the radius of convergence of its Taylor series 
is evidently unity. It can be shown, moreover, by a proof similar to the well-known 

Vol. XX. No. XIV. 49 
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proof in the analogous case of the Taylor series* Sa,^**^""^, that the circle |^| = 1 is 
a ring of essential singularities of F{z\ and that the function consequently exists only 
inside the circle. Since | i^t I ^ 1 the function has no zeros inside the circle, and is of a 
completely different type to that of the functions we have been considering. 

Let us consider the general case when 

and z is real and positive, less than unity, but near unity. 

There are two cases in which we may obtain an approximation. 

I. Suppose that for each value of 8, one or each of the following conditions is 
satisfied : 

(a) |t*.!^/8<l; 

(6) |argw,|^^-7<7r. 
With z (which is real and positive) we associate an integer n defined by the relation 

^/(n+i)^^i^^/(n) (1)^ 

n is clearly a function of z which is large when z is nearly unity. 
Then we have 

Fi,z)^A{z). n(l + w.), 
where for some value of K we have 

^<\A{z)\<K. 



Since 2wj, is divergent, 11 (1 + w,) becomes either infinite or zero with n. It may 

be possible to approximate to this product in terms of n and hence, possibly, in terms 
of z. 

We proceed to the proof of the theorem. 

If follows from (a) or (6), that, for all values of «, 

|l + iif| is greater than a non-zero constant c (2). 

Let *^ ^ . V =mgy which is here not necessarily an integer. Assign a large positive 
constant A > 1. Then when 8 is greater than a finite fi, m, > h. 
Hence when n > /*, ^ > 2, 

^/(«+*, ^ exp ([log {z/<«+«}] . win+i . mn+2... mn+,) 

^exp (— mn+i... m»^), by the definition of n, 

< exp (- A*"*) 

< exp [-(«-.!) log A] (3), 

<exp(— log A) (4). 

* Cf. for example Vivanti, Theorie der Eindeutigen analytiichen Funktionen, pp. 411 — il2. 
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From (4), | log(l +tAn+,^-^^'*"^0 k I log (1 --?^<«+*0| < H . >|/<»+') 

< J5rexp[— («-l)logA], from (3). 

Hence 2 | log[l + tt,H.*'^-^^**"^'^] I< -H'. I exp [-(«-l)IogA]< a finite iT, (5). 

Again, when n >«>/*, 

1 > «/w > exp [log {-?/<»>) . I{ni^^ ni^... m,)] 

> exp ( ) 

\ m, ... m,»-i/ 

>exp(-A-<'»^*-"). 

Hence [1 - ^^^ w] < 1 - exp (- A-"»-*^»>) 

< 2A-(«-^^), if h"^ <i* 
Hence, when n < « < /*, 

1 - -TTt~J I 



|log[l- -- f*],. from (1). 



|iog[i-2A--!!rLn 

4 



Ji 



Hence 



Again 



< - . A-^*'"'-'^ provided A >-. 
c c 



""X log(l + M,)- "S log [1 + w^-gr/w] : < ^ "i^ A-<»— ^» <a finite iT, (6). 

% log(l + t«,)-i log[l+w,^^w]i</A.-.A-<»-'*-^><a finite^, (7). 



Finally, it follows at once from (a) or (6), and the fact that ^<**^ and ^r-^^^+^J are 
poBitiye and less than unity, that 

log[l+w„<8/<»^>] + log[l+tin-8^<'»+«]<a finite K^ (8). 

Prom (5), (6), (7), and (8), we deduce that 

2 log [1 + u,zf^^] - I log(l + ii,)\< a finite K^, 
*«i A«i i 

whence we at once obtain the formula of the theorem. 

When Lt { ti, | ss 0, it is easily shown that the following more precise formula holds : — 

fssOO 

F(^) = [l + €(^)] n[l+iej, where Lt|€(<?)| = 0. 



We 



have l-<j-«=a;ri+|+...l<2j-, if a;<i. 



49—2 
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QO 

11. Consider the case t/, = -l, so that F{2)=U [l-^-^*')]. 

We shall prove that when z is real and positive and nearly unity, and n is 
determined as above, we have 

log [l/i^(^)] - n log f{n) - i log/(*) -^B{z). n, 

where \B(2) < A", 

We can prove, just as in the case I, that 

i log[l-^/*»+"]<a finite if, (1). 



Let i;/<»' = e-», so that 0<^<1. 

When « < n, 1 - «>"<« = 1 - exp [ "^pl 



where j C7, | lies between finite constant limits, of which the lower is not zero. 

-(.-V<'>{*^^. (2X 

where \Bi\ is finite. 

From (1) and (2) the formula of the theorem follows. 
We shall give one or two examples. 

00 

As an example of I, take F{z)=^ 11 [1 + ^'], and suppose that ^ tends to the circum- 

ference of the unit circle along any radius vector whose argument bears a commensurable 
ratio to tt. 

Let this argument be = -^. Then when «>2j, <^.«! is a multiple of 27r and ^^ 

is real and positive. The first 2q factors of F(z) only give a finite factor in the approxima- 

n 

tion, and we obtain the same approximation, viz. n [1 + 1] = 2**, as when z is real and 
positive. 

The integer n is determined by 

\z\n\^^-0^ 0<^<1, and |^;<"+i)« = 6"^', ^>1; 



or 



»!-»/iog(lj, (i.+i)i=<r/iog(i/i-). 



whence we obtain n = [1 + €'(r)] —rj — - , where Lt 6 (r) =s 0. 

log'og(nr-r) 



r=l 
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Substituting for n in terms of r we obtain 

{! + €(«)} 
r- , -, log a. log log rj-—'] 

'^(^) = |_]4;:J ' ^he'^e Lt I 6 (z)\ - 0. 

For the function F(2)— 11(1— ^'),arg«= — , which comes under case II, we find 



«=i 



jF'(«) = exp 






For the functions n 1 ± - a*' , which belong to case I, we find, when arg z= ^ , 

log 



n(l + i^.) = 4(.). 



log 






where 'r^<\A(B)\<K, and -B (-sr) satisfies a similar inequality. 

The application of these methods to the case of Taylor series of the type Xu^z^^^ 
is obvious, 

• We find for example, when axgz^—, 



S^' = [H-6(2r)]. 4-tS' 

loglog[i-i-] 



Ji J ^' = log log [j^] - log log log [j^] + (7(^), 
where Lt | €(2r) | « 0, and 1 0(z) \<K. 



r=l 



§ 26. We shall conclude with some general remarks on a certain phenomenon which 
presents itself in the subject of this paper, and of which the various particular functions 
which we have considered afiford illustration. We consider for the present only those 
types of functions considered up to § 24, ie. the functions which have zeros. It will 
have been noticed that in the final approximation in terms of r, sometimes, (A), none 
but the ordinary analytic functions of analysis, powei-s, exponentials, and logarithms, occur 
in the expression, while in other cases, (6), we require a function a, defined as the 
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fractional part of some analytic function of r, or in some analogous manner, for the 
complete expression of our approximation*, or else we found that we could in no way 
express our approximation completely in terms of the ordinary functions. This fact appears 
to be governed by a certain rule, to which I have not found any exception. This rule 
refers to the rapidity of the convergence of the product form, and may be roughly stated 
as follows. 

When the product-form + converges more rapidly than the form 11 1 + — , we are in 
case (B). 

When the product-form converges less rapidly than 11 ^ + -^ , the circumstances are 
as follows. 

It may be possible to invert the relation an^r<a„+i, into an equation, »s«x(r) + ct, 
where ^(r) is an expression in finite terms containing only the ordinary analytic functions, 
and where the modulus of the undetermined number a is less than some finite constant. 

When this is the case, the problem of effecting the substitution is practically soluble, 
and we obtain an approximation for log F{z) in finite terms, and containing only the 
ordinary analytic functions. The number a disappears from the final approximation. 

On the other hand, we may not be able to invert the relation ofn^^'^On+i ^^ the 
above manner. In this case we cannot find an approximation for log F(z) with only the 
theoretical error, but the approximation which we do obtain (which usually takes the form 
of an asymptotic expansion in descending powers of some function of r, in which we can 
determine any numerically assigned number of the coefficients) never contains a terms. 

Concerning the question as to when we can, and when we cannot, invert the relation 
On^r^an-hi ii^to the desired form, we may give the following examples. 

If log «« is equal to w' + an expression of order not greater than «*»', where />' < p, 
we can effect the inversion with the necessary degree of approximation. 

If log On =s n^ (log ny\ we can only obtain an equation w = ;^ (r) + ;^j (r), where xi (^) 
is of order (log ry^/(log log r)P, p being any numerically assigned integer. 

The statements concerning the rapidity of the convergence may be made more pre- 
cise, as follows: 

In the product form 11 1 + f — j , if w,= ( — 1 L there is an integer n such that 

Wn^l, ^+1^1- We say that the product converges more rapidly than Fo(z)-n (l-^ -^, 

when we have Lt -— * = (the z which enters into the expressions iin+n "n+j, of course 
depends on n), and we say that the product converges less rapidly than Fq(z\ when 

Lt^^^l. 

* Only one instanoe of this case occurs in this paper, of «, and are not defined, e.g., by a Taylor series in $, The 
Tiz. in § 11. It is easy, however, to multiply instances. above properties, however, continue to hold when /(<) is 

t It is assumed that a, and /(«) are analytic functions such a function as [9^. 
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When we have Lt -^^ = /8, where < /8 < 1, we say that the product converges 
like Fo(z). 

There is a simple criterion for these cases. 

When F(z) converges less rapidly than F^(z), Lt |-B|=sx. 

r=oo 

When F(z) converges like Fo(z), jJSj is finite. 

And when F{z) converges more rapidly than F{z), Lt|i2|aO. 

We might expect that when the convergence of the product form is like that of 
Fo(z)y intermediate characteristics will present themselves, and this is in fact the case. 
The terms of P which the general theory permits us to retain are all the terms which 
tend to infinity. But we have seen that it is sometimes possible to find the finite term 
of log F (z). Now when this is the case, this finite term involves terms in a while the 
large terms are ordinary analytic functions. 

We should add to our statement of the behaviour of the functions in case (A), the 
remark that a terms (or unknown functions), always appear in the large terms of the 
approximation. 

Moreover when the rate of convergence of F (z), while remaining more rapid than that 
of Fo(z), approaches the latter rate, the terms in a occurring in the large terms of log^(^), 
are of less and less order in r when compared with the dominant term. Thus the nature 
of the approximation is subject to a certain amount of continuity. 

With regard to the functions of § 25, which have no zeros, we may remark that 
they converge more rapidly than Fo(z\ and also that they require unknown functions or 
a terms* for the complete expression of our theoretical approximation in terms of r. 

I am not clear, however, as to how far the general rule applies to this type of 
functions. 

The appended table gives all the particular functions with zeros, which have been 
considered in this paper, and in my previous paper f on integral functions of zero order, 
with the nature of the approximation, the order of |jB|, and the article where the 
function is considered. The number I. refers to the previous paper, and II. to the present 
paper. 

* Sach terms do not ooour in the particular oases con- given have an error of greater order than that of tn 
sidered in § 28, bat the approximations which we have theoretical error. f loe, cit. 
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exp 



[(a + «u,)*]' ^^^ 






W 



(a + t;«)*e*' 
q>l 



Order o{\R\ 



Nature of the final approximation 
for logFW 



I R I tends to infinity \ Only known functions occur 



exp («•) 



ri » ^ > 1 



exp [(a + «w)*] 
Lexp («*'-)J 

[« exp («-")]«" 



g>2 



I J2 1 is finite both ways 



I R I tends to zero 



Tho large terms contain only known 
functions 

In the cases marked with a star 
the finite term contains terms in a 



Article 



w Terms in a occur in the large terms 



P requires new functions for its 
complete expression 



I. §15 
I. §16 

II. §22 
I. §12 
L§U 

11. § 18 

II. §§ 18, 19 

II. § 18 

II. § 23 

I. §16 

I. §15 

II. §6 
II. §9 

II. § 18 
II. § 21 

II. § 11 
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XV. The Reality of Ike Roots of certain Transcendental Equations occurring in 
the theory of Integral Equations. By H. Bateman, M.A., Fellow of Trinity 
College. 

[Received May 4, 1907. Received in revised form Octob&r 16, 1907.] 

§ I. In a former paper* I showed that if ^k{8) is the solution of the integral 
equation 

f{8)^ft>k{8)-\^\{8,t)ft>k{t)dt (1), 

the coefficients in the expansion of an arbitrary function ;)^(«) in a series of the form 

X(«) = 2ax^x(«) :(2), 

where the summation extends over all values of X for which ^a(«) satisfies a given linear 
condition 

are given by the formula 

where K{8y t) is the solving functioi) of the integral equation and F{*) is a convenient 
symbol for the result of imposing a linear condition of a distributive nature upon the 
function F{8). 

The results obtained, however, were in some respects incomplete because the roots of 
the equation 

are not necessarily real and there is nothing to show that they are infinite in number. 
The latter Condition is necessary if the expansion (2) is to be used to represent a very 
general type of function. The object of this paper is to carry the analysis a step 
further. The particular case that is considered still leads to a very general class of 
expansions which is seen to include many of the expansions which occur in the boundary 
probU^ms of mathematical physics. 

* Camb. Phil Trans., Vol. xx. No. xii. 
Vol: XX. No. XV. 50 
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372 Mr BATEMAN, ON THE REALITY OF THE ROOTS OF 

The particular condition that is chosen is 

ff{s)Ms)ds=^c (4), 

and we limit ourselves to the case in which k («, ^) is a real symmetric function of 
s and t which is continuous for a^s^b, a^t^b. 

On this supposition the equation (1) is analogous to the system of linear equations 

Vr^lprsE,, (r=l, 2, ...n), 



to (\) = c, 



.(6). 



which connect the potentials and charges of a system of electrified conductors. The 
function 

w(\)=^j'j{s)<f>,(8)ds (5), 

corresponds to twice the energy {2W=%ErVr), 

We shall show in the first place that if c is either negative or zero, the roots of 
the equation 

are all real. 

If possible let \ = \i + i\2 be a complex root and let <^(«) = <^i(«) + »^(«) be the 
corresponding complex expression for ^a(«). 

Substituting in equation (1) and equating real and imaginary parts we obtain 

/(«)=<^(«)-Xlf K{8,t)<k{t)dt + \^r K(8,t)il>,{t)(U' 

J a J a I 

J a J a ^ 

Also equation (4) gives 

rb \ 

I f{s)<l>iis)d8 = c 

J a 

y • 

Multiplying the first of equations (6) by <^a («)i tte^^cond by ^(«) and subtracting we 
obtain on integration* 

\f f'iC (8, t) [<l>, (8) <Ih (t) + <l>, (8) <A, (0] i 

J a J a 

Similarly, if we multiply the first equation by ^ («) the second by »\^(5), integrate and 
add, we obtain 

= l\<h' {8) + ^/ (8)] d8-\r f\ (8, t) [<f>, (8) 4H(t) + <th (S) ^ (0] ^ 

J a J a ' a 

Now I [<^« («) + ^' («)] (& - c is positive since c is not positive and 6 > a, h^^ ^^^ 

double integral on the right-hand side cannot be zero. The previous equation theny^^^® 
that Xs must be zero, that is, \ must be real. 

* This method is used by Picard for a different purpose. Palermo Rend. t. xxii. (1906). 



.(7). 



|d«(tt^ 
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CERTAIN TRANSCENDENTAL EQUATIONS. 373 

If K {Sy ^) is a definite faiiction*, that is a function such that the double integral 

[ [ K{8,t)x{8)x{t)d8dt, 
is positive for every continuous function a?(«); the equation 

C=-( f(8)4>A(8)d8^f 4>K'(8)d8'-\f f K(8,t)4>^(8)<l>K(t)d8dt, 

shows that \ is necessarily positive. 

Our next step is to find how the roots of the equation w (X) = c are distributed. 
We recall that if K {8, t) is the solving function of the equation 

f{8)^<i>K{8)''\\\{8,t)if>^{t)dt (1), 

we have ^;^ («)=/(«) + X f K{8,f)f{t)dt (8), 

^Mt)^jy('>.t)M'>)ds (9). 

Now ^ «'<'^> = //(O ^ <^* (0 d« 

^n''K(8,t)4,Ki8)fit)dsdt, 

J a J a 

or ^{w{\)]=^j^J\(8,t)<l>K{8)<f>K(t)d8dt (10), 



since [ K («, t)/(t) dt^i k («, <t>^ (t) dt, 

from (1) and (8). 

If K {8, t) is a definite function the double integral is positive and so w (\) increases 
with X. Now <f>K(t) is finite except possibly at the singular values of X for the integral 
equation, these being the poles of the function K(8,t). The function w(\) may become 
infinite for one of these values and change sign in passing through it. Since it increases 
continually with X it must pass through every real value before it can become infinite 
again. Hence a root of the equation w{\)^c lies between every consecutive pair of poles. 
This is true whether c is positive or negative, but when c is positive we cannot assert 
that aU the roots of the equation are real. 

When K (8, t) is not necessarily a definite function a somewhat similar procedui'e may 
be adopted. In this case we calculate the rate of change of the function \w(\). Since 

w (X) = f V W <f>^ {8)d8^f il>K'(8)d8-'\( f K {8, t) if>x (8) if>K (t) dedt 

J a J a J a J a 



= [%x»(«)efo-X~-t(;(X), 



we have ^I^^^^^H/ <^^'(*)*^ (l^)- 

♦ Hilbert, Gott. Nachr. (1904), Heft. i. 

50—2 
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374 Mr BATEMAN, ON THE REALITY OF THE ROOTS OF 

The integral on the right-hand side has a positive value since b>a and so the function 
\w{X) increases continually with \. The points where \m;(\) becomes infinite are singular 
values of X for the integral equation but it does not necessarily become infinite for every 
such value. As X passes through a pole \w(\) becomes infinite and changes sign and 
will then take every value between — oo and + oo as X passes from this pole to the next. 
We thus have the theorem. 

The zeros and poles of the function Xk;(X) — c occur alternately*. 

As X passes from one positive pole to another or from one negative pole to another, 
w (X) will pass from — oo to + oo and so will assume every real value at least once in the 
interval. Hence we have the theorem. 

Between every pair of positive poles of the function w (X) there lies at least one root 
of the equation w{\)=^c, also between every pair of negative poles there is at least one 
root of w (X) = c. In the interval between the smallest negative pole and the smallest positive 
pole the number of roots is either zero or an even number. 

Since every pole of w(X) is a singular value of X for the integral equation, we may 
conclude that if the equation Xt^(X) = c has an infinite number of roots, the number of 
singular values of X is also infinite. 

The expansion of an arbitrary function in a series of the form 

^aK<f>k{s\ 

A 

where the values of X included in the summation are given by \w (X) = c may be investi- 
gated as follows. 

1*6 

Since f{s) = ^^ (s) - X ic (s, t) <f>K (t) dt, 

J a 

and c = X [ f{t) <^a (t) dt 

J a 

we have = ^, (») - \£ T* (», t) +-^W<«)j ^, (<) dt. 

This is a homogeneous integral equation of the form 

4>^(8)-\j h{8,t)<f>Kit)cU = 0, 

J a 

in which h(s,t) is a symmetric function, consequently the values of X are all real and 
Hilbert's geneml expansion theorem f may be applied. 

* If K («, t) is a dejivite function the singular values of X When c is negatiye there can only be one negative root 

are all positive and the roots of Xtc (X)=c are all positive of the equation, for Xtc (X) takes each negative value once In 

when e is positive, the interval ( - oo , 0). 

To prove this we observe that \w (X) is zero when X is f Gdttinger Nachrichten (1904), Heft. i. See also a 

zero and decreases continually as X recedes to - oo . Now paper by Erhard Schmidt, Diss, O'dtHngen (1905) and Math. 

\w (X) cannot become infinite for a negative value of X and Ann, lxii. (1907), in which a limitation introduced by 

so will not change sign. Consequently, it cannot take Hilbert is shown to be unnecessary, 
the positive value c for any negative finite value of X. 
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CERTAIN TRANSCENDENTAL EQUATIONa 375 

This theorem tells us that a function F(8) which can be expressed in the form 

F{8)=j\(s,t)ir(t)dt, 

where '^(^) is a continuous function, is capable of being expanded in an absolutely and 
uniformly convergent series of the form 

the coeflScients being determined by Fourier's rule. 

The theorems we have just proved may be illustrated by means of Hilbert's integral 
equation* 

f(8) :^<f>(s)-\f\ (s, t) <f> (t) dt 

Jo 

The solving function is in this case 

sin V\ (1 — g) . sin Vx . t 



.(12). 



K{8j) = 



Vx sin Vx 
sin Vx (1 — • sin Vx . 8 



VX . sin Vx 
and the singular values of X are the roots of the equation 

sin VX 




.(13), 



S(X) = ^ 



VX ' 



i.e. the positive quantities tt*, 2hr^, 3%*, .... 

Since the function 1 — « decreases as 8 increases the function k («, t) is definite^ for it 
is of the form 

^(, ,x_«(»)y3(o. «<«! 

*^*''^-a(«))8(«), t>8}' 

and we have shown elsewhere f that such a function is definite if a («) continually decreases 
and fi(8) continually increases as 8 increases; both functions being constantly positive. 

If in the first place we put /(«) = 8, the formula 

<^ («) =/(«) + ^C K (8, t)f{t) (fe, 
Jo 



gives 



*(«)= 



sin 8 yx 



Thus 



sin Vx * 

w(X)=| /(«)^(«)d« = cosec Vx / «sin«Vx.d« 
Jo Jo 

_ 1 cot yx 
"X VX * 

* Gotttnger Nachrichteti, Heft, nu p. 277 (1904). 
t Mestenger of Mathematics, (1907). 
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Putting X = m', we have 

t(;(\)-C = — -C-- (14), 

\w{\) — c = l — cm' — m cotm (15). 

The theorems that have been proved tell us in the first place that if c is negative the 
values of m* which satisfy 

cotm^ cm (16), 

m ^ ^ 

are all positive and lie in the intervals (0, tt*), (tt*, 271^).... 

The corresponding values of m are thus all real and lie in the intervals 

... (— TT, 0), (0, tt), (tt, 27r) .... 

The class of expansions is of the type 

F{8)-%Cmsiu'ni8 (17), 

where the summation is for values of m' which satisfy the above equation. Our theorem 
enables us to determine the coefficients in this expansion. 

Secondly we learn from the other theorem that the values of m^ which satisfy the 

equation 

1 — c — m cot m = 0, 

are all real and that if c is positive they are all positive. Further, if m satisfy this 
equation the functions of type sin ma form an orthogonal system of functions and we may 
deduce from Hilbert's expansion theorem that if F(8) can be expressed in the form 

^(»)=£[*(«,0+f]V'(<)*. 

where '>^{t) is continuous in the interval (O^^^l) then F{8) can be expanded in the form 

^(5) = 2 Cm sin m*, 
the expansion being absolutely and uniformly convergent for the interval (0^«^1). 

Putting 1 — c = /A the equation in m becomes 

moot m =/x, fA<l, 
and the definite integral takes the form 

F(8)^j\(8j)ylr(t)dt, 
Jo 

where h(8,t) — t{l + :.^ J, t^8 

The coefficients in the expansion, are obtained by multipljring it by sinm« and inte- 
grating between and 1. 
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CERTAIN TRANSCENDENTAL EQUATIONS. 377 

^. f^ . o J m — sinmcosm 

Smce • I sin* ms ,08= s , 

Jo 5im 

we have Cm = = I P(s) sin ms.ds. 

?n — sinmcosmjo 

Next, if we put /(«) = 1 in the equation 

<^(5)=/(s) + X rZ(«, t)/(t)dt, 
Jo 

^ , . cos VX (i - 8) 

and r/(»)<^(«)<fe = 2tan^. 

The equation \w{\) = c is in this case 

2VXtan^ = c. 

Putting ~ . and applying Hilbert's expansion theorem we find that any function 
F{8) which can be expressed in the form 

F(8) =[\{8,t)ylr (t) dt, (0 < « ^ 1), 
Jo • 

where A(«, 0= (^ ■-«)^ ■+- t— » ^^*| 

and "^{t) is continuous in the interval O^^^l, can be expanded in an absolutely and 
uniformly convergent series of the form 

2 Cm cos m (1 - 2^) = F{8\ (0 ^ « ^ 1), 

in which the summation extends over the values of m that satisfy the transcendental 

equation 

m tan m^fi. 

The coeflScients as determined by Fourier's rule are 

2m 



Cm — 



I ^(«)cosm(l -28)d8. 

In 



m + sm m cos mjQ 
§ 2. The fact that the function 

rb 

\w(X) = \i /(«)<^(«)(fo, 

increases continually with X may be used to obtain some properties of the solving function 
K (s, t). This function is the solution of the integral equation 

f(8)=^<l>(8)-\j\{8, t)<l>(t)dt, 
J a 
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in the particular case when /(«) = k («, r), accordingly we have 

K («, r)^K («, r) - \ \\ {8, t) K (t, r), 



and in this case 



\w(\) = \ I k(8, r) K (8, r)d8 ^ K (r, r) - K(r, r). 



Our theorem thud tells us that the function K (r, r) increases continually with X. It 
will in general be infinite at the singular values of \ and so will take every real value 
once and once only in passing from one infinity to the next*. 

Next, let ft (\) = [ [ K («, t) x («) x (t) ds dt 

The formula ^ K («, t)^\^ K («, x) K {x, t) d.r, 

which is deduced from 

8 



3 /•* 

g5^<^x(«)=j K{8,x)fj>K(x)dx, 



by putting f{8) — K{8, t\ 4>k{8) — K{8, t\ enables us to calculate the rate of increase of ft(X). 
We have in fact 

^£l{\)^^^^'^K{8,t)x{8)x{t)d8dt 

= f f [^ K{8, r)K(r, t)x(8)x(t)drd8dt 

J a J a J a 

Now K{8j t) like k(s, t) is a symmetric function of 8 and t and so the triple integral 
on the right-hand side may be written 

[X(r)]»dr, 



where 



X{r)=rK(r.t)x(t)dt. 

J a 



* If 8 (X) is the determinftnt of the integral equation the it is easy to yerify that the solving funotion is 
relation 



m'=-/><""* 



shows that the funotion ^ {log d (X)} decreases as X in. 
creases. 

Again, if with Fredholm's notation 

k{8, t), «(», yj), ...,«(«, yj 



\yi-yj 



Uyi...yJ 

we form an integral equation 



«(«n. Vn) 



Now when a?i=yit ... a?»=yn» *^6 function 
h{8 






'/: 



in which 



/(*)=0(.)-XJ h(s,t)it>{t)dt, 



rs,x,...x,\ 



is a symmetric function of s and t. The theorem that 
£f («, s) increases with X thus tells us that the function 
j^(s.x,..,xy 

\8,Xi...xJ 

increases with X. The roots of iff'* ^^ ■*'^*)=0 are 

\», x^...xj 

therefore separated by those of K\^ ■* *" ) =0. 



Digitized by vnOOQ IC 



CERTAIN TRANSCENDENTAL EQUATIONS. 379 

Also, X (^) cannot be identically zero for all values of r in the interval (a, 6) unless a 
function x{t) exists for which 

0=f K{r,t)w{t)dt, 

J a 

for this equation is obtained by putting X^O. 

The quantity I [x(r)p(ir is thus positive and so 3r^(^) is positive, this implies that 

n(X) increases continually with \. 

If il{\) is zero for X=s — oo this theorem can be used to determine a range of values 
for which the double integral is positive and consequently for which K(8,t) is a definite 
function. n(X) will clearly be positive until the first singular value of X is reached 

The values of X for which n(X) takes an assigned value are separated by the 
singular values of X. This fact is of some significance in connection with the problem 
of representing an arbitrary function ^(X) in the form 

if(X)=[ j Q{\\8,t)x(8)x{t)d8dt, 

where ^(«) is a continuous function*. Thus in the particular case when Q(X; Sy t) has the 
form K{8, t) the equation can only possess a solution if ^(X) increases continually with X. 

§ 3. We next inquire whether any information can be obtained with regard to the 
values of X for which the homogeneous integral equation f 

= j"^* [/(«. t) - \g («, 0] <t> it) dt, 
can be satisfied. 

Let us suppose that /(a, t) and g (a, t) are real, continuous, symmetric functions of 
a and t for (a^a^b), (a^t^b) and that /(tf, Q is a definite function. 

If X and fA are two different singular values for which the equation can be satisfied 
and if>x(a), ^/^{a) the corresponding functions, we have 



0- f* f <^m(«)[/(«, t)^\g(8, 0]*a(0*, 

J a J a 

0=1' I' *x («) [/(«. t)-tHf (». t)] 4>^ (t) du 

J a J a 

[b rb 

Consequently, (/a - X) I I f{a, t) (f>x (a) t^^ (t) dadt = 0. 

J aJ a 



* If we attempt to solve a non-linear differential eqna* t An equation of this type occois whenever we attempt 

tion such as to solve a linear functional equation 

F{\) = a (X) ^gy+/5(X) y g + 7 (X) y^ I-.ti-Xa (») tt=0, 

by a definite integral ^^ °^«^« ^' • ^^^""'^ ^*^8~^ 

y(x)= [Vex. t)x{t)dt, tt(*)« r^C*, t)ip(t)dt. 

we are evidently led to an integral equation of the above 
^ype. 

Vol. XX. No. XV. 51 
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Let us suppose now that XseX^ + tX, and that /a = \i — tX^, the conjugate complex value, 
then if 

rb ,'b 
we have = X^ /(«, [(f>i (s) + i<Ih («)] [<^i (t) - i<f>2 (t)] ds dt 

J a J a 

Equating real and imaginary parts we have 

= X^ f * f V(«> t) [4h {s) <fH (t) + <f>, {s) <^ (0] dsdt 

J a J a 

Now the double integral is positive since /(«, is a definite function, consequently 
X, = 0, in other words, the singular values of X are all real. 

If g (s, t) is also a definite function the singular values of X are seen to be all positive. 

§ 4. It is known that when k («, t) is a real symmetric function, the * values of X 
for which the homogeneous integral equation 

<^(5)-X| fc(s,t)<t>{t)dt--^0 (1), 

can be satisfied are all real. When fc («, t) is not a symmetric function the singular 
values of X may be complex quantities and some assumption as to the character of /c{8, t) 
must be made if further information is required. 

Let us suppose in the first place that 

K(8,t)^'-K(t,8) (2), 

we have then 

<f>{t)-^\ I /e{r,t)<f>(r)dr=^0, 

hence </>(«)+ >^' f I '^ (*. t) « (^. <f> (^) drdt = 0. 

J a J a 

Now I /c{8ft)K(r,t)dt is a symmetric function of r and t, consequently X' and <^(«) 

J a 

are real. 

Further, the above equation gives 

I <f>H8)d8 + X'( I I K ($, t) K (r, ^ (s) <l> (r) drdsdt = 0, 

J a J a J a J a 

or f <f>^(s)d8 + \^ ( ylr'(t)dt^O, 

J a J a 

where "^ (0 = I ^ (*» ^ (*) ^• 

J a 

This equation shows that X* is negative, consequently the singular values of X are purely 
imaginary quantities*. 

* This is simply an extension of Weierstrass's theorem for a bilinear form. 
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Next, consider the case in which 

k(8, 0= I /(«, ^)g(^, t)dx (3), 

J a 

f(8f x) and g (x, t) being definite functions. 

It is clear that if 

<l>(8) = \(\(s,t)(l>{t)dt (4), 

J a 

the function y^(x)»j g{x,t)<f>(t)dt (5), 

J a 

is a solution of the adjoint homogeneous equation 

ylr{r) = \f'ylr(s)K(s,r)d8 (6), 

for we have 

^(r)=f g(r,t)<f>(t)dt^\f f f g{r, 8)f(8, x) g{x,t)<f>(t)d8dxdt 

J a J a 

= \ I y^{x) te (Xy r) dx. 



Now let 



then 



<^(s) = <^i(tf) + ic^W h (7), 

b 



Also since 



we have 



ir,(x)=l g{x,t)it>,(t)dt (8), 

^«(^)= I g{x,t)<i>r{t)dt (9). 

J a 

» X f ' f /(«, x) g {x, t) <t> (t) dxdt, 

J a J a 

<f>(8)^\j /is,x)ir(a!)dx (10). 

J a 

Equating real and imaginary parts we get 

(^ («) = Xi I /(s, x) ^1 (a:) cte - Xa I /(«, a) ^a («?) da? 

4>i («) = ^ I /(«, «) '^a (^) cb + Xa / /(«, a;) ^^ (a?) da? 
Now it follows from (8) and (9) that 

f [<k (^) ti (^) - *i (^) t» (^)] d^ = 0, 

J a 



(11). 
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hence if we multiply the first of equations (11) by '^a(')» the second by '^1(8), integrate 
and subtract, we obtain 

= ^£/ V^ ») [^1 («) ^1 (^) + ^« («) t»(^)] dsdx. 

The double integral cannot be zero since /(s, x) is a definite function, consequently X^ 
is zero, that is X is real. 

Again, the equations 

ir(x)»rg(x,t)il>(t)cU, 

J a 
4>(8)--\Jy{8,x)ir{x)dx, 

give I / g(Xyt)<f>{x)(f>(t)dxdtsal (f>(x) y^(x)dx 

J a J a J a 

= >■ f * [*/(». «) ^ («) ^ («) dsdo!. 

J a J a 

The double integrals are both positive, and so X is positive. Thus we have the 
theorem 

If K («, 0=1 /(«, i^)9 (a?, dx, 

J a 

where f(8, x) and g(x, t) are definite funcHone the singular values of X for tiie homogeneous 
integral equation 

<f>i8)-\f K{8,t) 4>(t)dt^0, 

J a 

are all real and positive. 
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XVI. . On the Solutions of Ordinary Linear Differential Equations 
having Doubly-Periodic Coefficients. 

By J. Merger, B.A., Trinity College, Cambridge. 

[Received, November 13, 1907. Read, November 25, 1907] 

Introduction. 

The systematic study of linear diflFerential equations, having their coeflScients doubly- 
periodic and solutions all uniform, owes its inception to Picard, who, in a note to Comptes 
Itendus* shewed that, in general, the integrals of such equations are linear combinations 
of doubly-periodic functions of the second species. A subsequent note from Mittag-LeflBerf 
pointed out the theorem, now known by Picard's name{, to the effect that in all cases 
there is at least one solution which is a doubly-periodic function of the second species. 
Neither of the writers however gave an account^ of the effect which multiple roots of 
the fundamental systems of period equations have on the analytic form of the integrals. 
This remained for Floquet|| who, by means of an induction, is able to establish that in 
the most general case the integrals are linear functions of polynomials in u and v (I, § 35) 
having coefficients which are doubly-periodic of the second species. But the investigations 
of this writer have the defect that no precise information as to the degrees of these 
polynomials in u and v is attained: we are never sure how many of the coefficients 
are evanescent. Since Floquet many writers have dealt with the subject, notably Jordan IT, 
Picard**, Schlesingerff and Forsyth JJ; but nowhere is the point just mentioned made 
definite. 

In section I. of the present memoir we attempt to make good the omission just 
noticed. The method used may best be described as the two dimensional analogue of 
that which would have to be employed for the case of a single period, supposing the 

• t. xc. (1880), pp. 128—181. VEc. Norm, Sup., ra."« aeries, 1. 1. (1884), pp. 181—238. 

t Comptes Rendtu, t. zc. pp. 299, 800. f Coun d^Analyte, i, m. 

X This is only just since Picard in a previoas note ** TraiU d^ Analyse, t. m. (1896), pp. 406 — 117. 

to the same publication (pp. 293 — 295) shews it to be true ft Theorie der Linearen Differentialgleichungen, n. 2 

for equations of the second order. (1898), pp. 403 — 424. 

§ We refer to equations whose order is general. Picard Xt Theory of Differential eqtuUiofu, Vol. iv. (1902), pp. 

in the place just quoted considers equations of the second 441 — 477. In addition to the writers quoted mention may 

order. be made of a paper by Stenberg, Acta Mathematica, b. 15, 

II Comptei Rendus, i. xcmi. (1884), pp. 82—85 ; Ann de pp. 259—278. 
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theory of elementary divisors unknown. There are however two directions in which we 
make the problem more general than that considered by previous writers. In the first 
place we do not limit ourselves to the case in which the coefficients of our equation 
are mere elliptic functions. We adopt the wider condition that they should have for 
their singularities a reducible set of points, and then, thanks to the theorem quoted in 
I, § 1, we are able to obtain our results with no more difficulty than when their number 
is finite. The second generalisation follows as a result of our investigations in §§ 1 — 5, 
where we find that the relation 

aJa-»6-» = 1, 

on which depends the theory of the equations studied by Picard, is true of a much more 
general class. The only drawback is that we are limited to the consideration of particular 
branches of solutions, localised in a doubly-periodic region (§ 7) and are therefore unable 
to define precisely the nature of the remaining ones. 

The defect, just mentioned, being kept in mind, section II. is devoted to the 
consideration of a very particular class of solutions — exclusive solutions as we call them 
(§ 8). A detailed discussion of Halphen equations (§ 10) is given, and as a result of it 
we are able to see that Halphen's conclusions in respect to the particular case are still 
true of our more general one: we are able however to state our results in a somewhat 
neater form, by the aid of the artifice of § 12. Finally we consider the most general 
possible exclusive solution these equations can have; finding that it must be a solution 
of one of Halphen type (§ 22). 

We may observe in conclusion that the results of section IL justify in some measure 
the more general point of view adopted in section L: in effect the solutions dealt with 
are integrals of equations of the type there discussed. 



§ 1. Suppose that we have a linear differential equation of order m, say 

where pij^t -^ Pm are doubly-periodic functions (common periods ©, w) which are (1) uniform 
and (2) such that their singularities are a reducible set of points: in the sequel we will 
describe functions of this t3rpe merely as uniform doubly-periodic* functions. 

Instead of restricting ourselves to the case in which the solutions are all uniform, 
it will at least be instructive if, in the first instance, we consider the most general kind 
of solutions possible. Take therefore any base point Zq, which is not a singularity of any 
of the coefficients }>], Pa, ...^m- At this point there will exist m linearly independent 
power series in (z — Zq) which are solutions of the equation ; and the radius of convergence 
of each will be 4: | c — -?o I where "c" is that singularity of the ^'s which is nearest to z^. 
Let us call these 

* These fnnotions include elHptie fanctions as a where fp is the asnal WeierBtraBsian elliptic fnnotiozi, are 
partioalar case: the fanctions fp{fp(it)), jp(jf^(^)) etc., doubly-periodic but not elliptic. 
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where Pr(z-Zo)= 2 \m(^-^o)'*. 

Any one of them Pr (z — Zq) together with its continuations will constitute a certain 
monogenic* function (fr) whose singularities are among those of the coefficients of the 
equation. As the latter consist of m reducible sets they are themselves a reducible set 
(8); and so the points of the plane, other than these, form a completely open region 
or domain f (H): obviously (11) is doubly-periodic J. In general the set of singularities 
of each function fr coincides with (S); but in particular cases it may happen that the 
points of a certain component of (S) are apparent singularities, so far as regards (fr)', 
the set will then consist of those points of (S) which do not belong to this component. 

It is a fundamental property of monogenic functions that if cor{z — \) be an element 
of (fr) whose base is \, that is to say an element derived by continuation from Pr(z — Zo), 
then it also satisfies § the equation. This property of (f) is expressed shortly in the 
statement that (f) is a solution of the equation. 

§ 2. Let us now fix on a definite path (7) from ^0 to z^ + co, which passes through 
no singularity of the coefficients; and let us continue the series Pi(z — Zo), ... Pm(^-«o)|| 
along it so as to obtain new power series in ^ — (zq + co) say 

i'r (^-(^o + «)|7|^o)= 2 /irnM^-(^0 + w))". 


(r =x 1, 2, ... w) j c- 2:0 1 > I -? - (-To-I- ©) I 

Each of these, as we have said, satisfies the diflFerential equation of § 1. Thus, if we 
write z=€0'\-t, we see that 

l/jLmHt-^o)'' (r = l,2,...m) 


are solutions of the equation 

^^ = ;)i(« + a))^^_, +...+^,^(^ + 0,), 

i.e. Of _^_=^^(0-^-^^-+...+^^(0, 

since the coefficients are periodic. It follows therefore, replacing t by ^, that each of the 

00 

power series ^ it^ (z — z^^^ (^y Qr(z-ZQ)) which have Zq for their base and a radius of 


convergence ^ \c — Zo\ are solutions of our equation. 

* "Monogenic fanotion" is herensed in precisely the same general one. 

sense as *< analytic function*' in Harkness and Morley's X ^ region or domain is sai<} to be donbly-periodio 

Introduction to the Theory of Analytic Functions (e.g. (periods 01, en') when it is such that if t, be a point of it 

p. 154, § 90 of the 1898 edition). Gf. Baker, Proc, Lond, Xf^^Uj z^^ta' are points of it. 

Math. Soc. 2nd series, Vol. iv. p. '116. § At all points which are not singularities of the 

t These words are used in the strict sense of Toung, coefficients, i.e. not apparent singularities above-mentioned. 

Set$ ofPointt, Gh. ix. The reader who is acquainted with In such a case the expression— in the strict sense at any 

the theory of regions will not find much difficulty in estab- rate — ^is meaningless. We always suppose this taken into 

lishing, by means of an induction, that if R is any region account when speaking of a function as satisfying a 

and /3 a reducible set of points internal to it, then the differential equation. 

set of points {R - /3) which belong to R but not to /3, is ;| This continuation is possible because (11) is a domain, 
a region. This theorem is a particular case of a more 
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These series are all linearly independent For if not we would have a relation of 
the form 

1 

where the Vb are certain constants which do not all vanish. Consequently we would have 

1 
or tlrPr(Z''(Zo + (o)\y\Zo) = 0. 

1 
Continuing the left-hand member of this equation back along the path (7) to 2^0* we 
deduce 

1 
which is contrary to our hypothesis that the series P{Z'-z^ are linearly independent. It 
follows from the general theory that we have 

Qt {^ - ^0) « OnPx {Z - Zo) + OrtPa (-f - ^o) + ... + ClrmPm (^ - ^o)f 

(r = l, 2, ... m) 
where the a's are constants and the determinant of the matrix 



/ «a Oa (hm \ 



fln «« Cbrm 

\Clrni ^7»2 (^'mml 

called af matrix of the system for the period w is not zero: symbolically this result 
may be expressed as 

where (a) is the matrix just written. 

§ 3. It is obvious that a similar result applies to the other period (©'), viz. if we 
take a definite path (7') from z^ to z^^ + o)' and continue along this, the series Pr {z — Zo) 

becomes 

Pr(z^{Zo + a>')\y\z,): 

(r=l, 2, ... m)lc--?o|>|«-(^o + w') 
the latter gives rise to a power series 

lpLm''\z-Zo)^ 



* We can always suppose that oar continuation along f Of course it is obvious that this matrix may, and 

(7) &om Zq to (zo + u) has been by a standard chain, in general will, vaxy with the path 7. 
fiarkness and Morley, op. cit, § 90, p. 156. 
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say Qri^'-^o), which is a solution of the equation, and such that 

(r = l, 2, ...m) 
or briefly Q' (z - z^) ^bPiz- $,), 

where b is a matrix of the S}r8tem for the period (a>'). 

§ 4. Consider now what happens when we continue the series Pr (-r - (^o + ») 1 7 1 ^o) 
from (^o + «) to (2^0 + «) + »' along the path 7'" congruent* with 7'. Since 

Pr{^-(eo + o>),y\Zo\ 

is obtained ftx)m Qr{x — ^o)y i-©- froro 




by writing z — (d for ^, it is clear that 

Pri^-izo + a> + «') I 7" I ;?o + o> I 7 I -^o) 
is obtained from OnPi (^ - (-^o + »') 1 7' I -s^o) 

+ a„P«(^-(^o + «)|7'l'^o) + 

+armPm('^-(^o + «')l7'l^o), 

by the same substitution: i.e. is obtained from 

or from 2 Or* 2 bttPtiz — ZoX (r = l, 2, ...m) 

by the substitution of (^ — o) — «') for ^r. This result may be sjrmbolically written 

P (^ - (<?o + a) + ©') I 7"' I ^0 + a> I 7 I -^o) « abP {e-(Zo + (o + «')). 
In a similar manner if (7") is the path congruent with (7) which joins (^o + «') and 
(^» + « + «') we prove that 

P(Z-{Z^ + C» + «') I 7" I -^0 + C»' I 7 j 2^0) = 6aP(2:- (-Jo + O) + ©')). 

Moreover, since P{z — Zii), continued to (-?o — o)) or (^o-"fi>0 along a path congruent with 

* i.e. y oonaists of points oongruent with those of y\ Morlej, op. cit, p. 243. 
For the definition of oongraent points vide Harkness and 
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7 or y h4iC4fttifm a"'/^(^ — (^, -i#)) or hr^P (z — iz^'-w)) as the case may be, we shew 
nirnilarly that 

I 5. From tho iM\\xnX\OTi just written it appears that if the integrals of our equation 

lifo all uniform wo mufit have 

a6a"*6~* = 1; 

hut thn convdrMo ih not necessarily true. We proceed to find a necessary and sufficient 
conilition thai thin relation between the period matrices a and b may hold. 

Imagino tho pMOudo-parallelogratn, whose sides ^re y,y\y*",'/, shrunk in any manner 
MO as not to paMH over any singularity of the coefficients ^i, j)s, ...^mi iii this way the 
intcirior will booome a certain region or set of points O. Since the set (S) is closed 
H may bn ohoHun so that tho points external to it and congruent sets is a region : for 
inHtiinon, if the singularities in a parallelogram are finite in number, say Ci,C3...Ce, O may 
Im taktMi to bo the linos joining CjC,, CgCy, ...C(-iCe provided they do not cross. In any 
oiiNti howovor this region is doubly-periodic: let us call it 4>. The necessary and sufficient 
Ciindition above referred to is that the branches of /i,/^, ... fm» deduced by continitaiion 
fivm the nenes i^ (' — <fo), ••• Pwi^ — ^o) ci^ considered as localised in 4>, should be 

Tho oonilition is obviously sufficient; for by hjrpothesis the series P{Z'-z^ when 
oontinuod n»un(l 7, 7'", 7", 7' returns unchanged, i.e. by the last equation of the last 
tmmgrapli 

As to tho noooHsity of tho condition, consider any closed path V passing through z^ 
and l}'ing within ^, Without passing over any of the points of jS>, this may be deformed 
into a )wth consisting of, fii^stly a path joining z^ to «o+|hfl^> which consists of |j»|l paths 
congruent with 7; thon a path joining r«+j*x« to (*o + l>i«) + 9i«' consisting of IgJ paths 
congruent with 7'; thou a path joining *^+^» + 5i« and (-fo + pi« + ?i»)+l>i« consisting 
of 1 1^1 ^uiths congruent with 7; tmd so on. Thus the series P(^ — s«) when continued 

(lis 6t» ois hf. ,,. oF. 6t, P{z- r,), 
whcix^ ^ Ur "• « 9r * 0» siuce the path' is closed* 

Sup^H^ng now that «6<i~*6~* » 1> 

we have of c\mr^> a^'"6(K As matrices obey the associative law it is easUy shewn 
iWui thi^ that a (.mniuct i^" X uV aiui /a 6s written in any order is equal to a^. Thus 
the !^nn\>* V\^i--i^ when cvrntimuni round P become 

• • 
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Equations which possess this property will in future be called generalised Picard 
equations: they include ordinary Picard equations, i.e. those whose integrals are all 
uniform, as a particular case. 

§ 6. It is an easy matter to express the condition 

aha-^b"' = 1, 

in terms of the behaviour of the series P {z-- z^ when continued round the various 
singularities of the coefficients when the number of the latter contained in a given period 
parallelogram is finite. For we have seen that when they are continued round a closed 
path enclosing O, the series P{Z''Z^ become aba^^h'^P, But this path may be shrunk 
so that it becomes a series of loops enclosing successively the various singularities 
Ci, c, ...c« contained in ©. Consecjuently, if the series P(^-^o) become 7nrP{Z'-z^) after 
continuation round the loop enclosing Cr, they will become 

ffiim^ ... m^P {z — z^f 
after describing the series of loops just mentioned. Thus we have 

The condition that the equation should be one of generalised Picard type is therefore 

expressed by 

TtiiW^ ... mt = 1. 

In particular, if there is only one singularity Ci we must have 

i.e. in the case of a single singularity the only generalised Picard equations are those 
for which the integrals are all uniform functions, i.e. those of the ordinary Picard type. 

§ 7. Suppose now that our equation is of the generalised Picard type and that 
4> is the region within which the branches of /i,/j, ...^ are uniform: 4> may be called 
a doubly-periodic region for the equation or simply a doubly-periodic region. Denote by 
gi{z\ g^iz), ... gm(z\ those branches which are deduced from Pi(z — z^), ,,, Pmiz — Zo) by 
continuation within <E>*. These localised functions will be single- valued and will have 
a definite value for each value of the argument z corresponding to points within this 
region, though of course /i,/i, .../m may have any number. We say ihat the g's are 
a fundamental system of solutions of the equation, localised in <l>, or briefly a fundamental 
system of solutions, it being understood throughout that such systems are so localised. 
From what has been said in §§ 2 and 3, 

g{z-^w) = ag (z), 

g(z + ci>'):=-bg(z), 

where now we can speak of a and b ss the matrices for the periods a>, w respectively, since, 
as we have remarked, the ^r's are single-valued. 



We sappose z^ a point within $. 
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Now consider any linear combination of the ^s, say 

or as we can write s3mibolically 

Fiz) = \g{z). 

The function F(z) is of course only defined in 4>; but since the g's are expressible as 
power series about any point of the region, ^ is so expressible, and so can, like the g% 
be regarded as a branch of a monogenic function localised in 4>. 

Obviously F {Z'\'a>) = 'Ka g (^), 

F(Z'{-(o')^Xbg{zy 

Let us enquire whether we can choose the numbers X in such a way that F (z) is 
a doubly-periodic function of the second species. If F (z) is of this character we 
shall have 

F{z + o^)^dF{zl F(z+(o') = ffF{z), 

where d and 0* are certain constants. Recalling that the ^'s are linearly independent, it is 
seen that we must have 

2 XrOre = ^ X, | 

Z' \ (8=1,2,. ..m) (i). 

2 Xy>6fY = r X, 



r=l 



It follows then that if the X*8 are not all zero — ^and this is the only case of any use — 
and ff are necessarily such that the system of determinants 

Oii — O (ha «i8 (hm hu — ff b^ bim 



(hi 



a^ — d CUa 
Chi Ota-O 



(hm 
(hm 



b^ 

bn 






6«n 



Ctrt 



arr—0 dr 



6rr— ^...fcr: 



Chn\ CLfna ^hna ^hnm " ^mi ^m2 ^tnm — ^ 

or as we write for brevity 

\\(hm>0ib,„,,0'\l 

all vanish. Conversely if we can find values and 0* so that this actually does happen, 
we can choose at least one system of values X which are not all zero, and which satisfy 
the system of equations (i). 

We are led therefore to consider systems of determinants of this type. This is our 
object in the next few paragraphs, where, in view of future applications, we consider these 
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systems apart from the theory of differential equations, in order that we may appeal to 
it, not only immediately, but also at a later stage, when the circumstances are somewhat 
different. It would be interesting to consider the theory of these systems for its own 
sake; but as we have in view its applications to generalised Picard equations, we here 
confine ourselves to the bare minimum of properties necessary for our purpose. 

§ 8. Let a and y* be any two matrices of m rows and columns, so that Wn is 
the 8th element of the rth row of x, and i/ra the corresponding element of y. The 
system of determinants 

il ^im, ff ' Vim, ff II 

will be called a conjoint system, provided that neither | x \ nor | y |t ^re zero and that 

xy==yxl. 
For example, the system 

II (htm : 6im> ^' II 

considered in the preceding paragraph is conjoint. In fact we have seen that j a j :^ 0, 

I 6 I 4 and as 

it follows that ah = ba. 

If for any values k oi and k of ff the determinants 

II ^m, fC : y,m, fc' II 

are all zero, we will say that k, k are an associated pair of roots of the system of 
equations 

jkm, e : ym, ^'11=0. 

It may happen in any particular case that not only all these determinants but also 
all their minors up to the (i — l)th inclusive vanish, whilst the tth do not all do so ; 
we then speak of "t" as the index of the pair of roots (k, k') of the above system. 

§ 9. We proceed to prove that associated pairs of roots of conjoint systems exist 
and to give a method of finding them and their indices. 
Using the notation 



a?i, 



e 



for the determinant 



Xn — d Xi2 SDii ... X^fn 

ajji x^ — d Xn ... a^mh 

X^ ^S9 ^W 



^m 



^ma 



^mm — ff 



* The matrices a and 5 will be nsed to refer to period t | x | is a shorthand notation for the determinant 

matrices only. To prevent confusion we use x and y, ( and ij of the x's. 

80 long as the theory of conjoint systems is considered t It is on account of this intimate connection between 

without reference to the differential equation. the x's and y's that the adjective conjoint has been used. 
Vol. XX. No. XVL 63 
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it is clear that if (/c, k') is an associated pair of roots of 

II ^m, e : yi^^|| = 0, 
then K must be a root of 



a?m, ^l=»0 



« 



Suppose, therefore, that we take k to be one of the roots of this equation, and let 
the minors of order t in 

i «ii», fc I 

be the first which do not all vanish; moreover, let one of these non-vanishing rth minors 
be contained in the rzith, 713th, ... fim-rth columns and in the Pr+i^h, Pr+ath, ...p^th rows of 
the determinant; 711,72^, ... ti^, Pujhi "• Pm* e^h consisting of the first m integers arranged 
in a certain order. 

Every set of values of the X*s which satisfy 

Xn,#c = Xia?in^ + X,ar,nr+--- +>'m«mnr (»' = 1, 2. ... 7/1 - t) (ii) 

will necessarily satisfy the system 

Vtf = X,a?i,. + Xaa?«-+... + Xma?mr (^ = 1, 2,... m) (iii). 

Hence this latter system may be solved by taking any numbers we please for 

and then determining the remainder of the X's as definite linear functions of them, say 

^^ = *nXp^ + *«Xp2+... + A:^Ay^. (« = 1, 2, ... 7m-t) 

Now let us write 

AV = ^Vir + Xayar + ... + Xmymr- 

Then if we take the system of equations (iii) and multiply them by yin^ar -•• ymr 
respectively and add, we obtain 

+ Xs(a:jnl/,r-H^a2y2r+ ... -^^WiVmr) 
+ \{ ) 



+ Ki (^mi yir + ^m2yv\- "-+ ^mm Vmr)' 

Since xy = yx, 

it follows that 

m m 

2a?rtyt»= 2 ynXu* 
t=\ t=\ 

Consequently /V« = Xi ( y,i aii^ + y,a a^j^ 4- . . . + yim Xmr) 

+ Xa(yjia?,r + y22^2r+ ... +y2tnXmr) 



+ Ki{ymiOCir + y,mX^'\- ... + i ymm + Xmr\)» 

or Atr^ = /^a;ir + /i3a?5M.+ ... +/Uwfl?w (iv). 

* It may be unneoessary to point ont that as { x^^ ,0\ = \x\^0 then k^O, Similarly k' ^ 0. 
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Now comparing the systems (iii) and (iv) we are not justified in assuming — as we 
might at first sight be tempted to do — that Xr//^ has the same value for rssi, 2, ... m. All 
that we can conclude is that 



If however we have 



it clearly follows that 



/^^+, = *«i/Ai»j + A„/iy^ 4- ... + Kiip^. 



^^ff (r=l,.2,...T). 






= ^ (« = 1, 2, ...m-T). 



..(V) 

.(vi). 



't+« 



§ 10. Let us see whether we can choose the numbers \ so as to ensure this. Take 
the r equations 

Xiyii)^ + Xay55,^+...+X,/yp^^-^) + ... + Xmymp, = (r = l, 2, ...t) 

together vdth the system (ii); we have thus m equations; label them (vii). 

In order that we may be able to choose numbers Xi,Xa...\,» so as to satisfy (vii), we 
see that d' must satisfy 






y^P2 
yn>. 






^2»« 






^tijtij fC 



ypiPi^^' ypiP^ ^p^^ ^i>i«m-T 

ypzPi yp^p^^^ ^p,«m-T 



ymp^ 



ymp^ 



ympr ^mnj^ 



X, 



«*««- 



^0 (viii). 



As the coefficient of (O'y in this equation does not vanish it is clear that it is of 
degree t in O'. Let k be one of its roots, and suppose that k is written for ^ in the 
determinant which is the left-hand member of (viii), the o-th minors are the first which 
do not all vanish. 

The system of equations (vii) may be satisfied by taking arbitrarily a of the Vs, say 
\ ,\ , -" \^, cLnd then determining the remainder as definite linear functions of these, say 

\^+^ = ^r,\ + ir,\, + ... + Zr^X5^ (r = 1, 2, ...m-<r); 

where gi,5j, ...Jm are the integers 1, 2 ... m arranged in a certain order. Now whatever 
values have been chosen for \^ ,Xg , ...X^^, the system of equations (iii) is satisfied since that 
labelled (ii) is; moreover, from the first set of the equations (vii) we have 

~^^K (r-1, 2,...t). 

53—2 
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From the remark made at the end of the preceding paragraph it follows that 

^ = k' (r = l. 2,...m); 

and therefore that any system of values of the X's, chosen as above, satisfies the system of 
2m equations 

KK=^\iyir + \2y^+ + \nymr) 

We see from this that the system 

II a?im, >C : JTim, ^' II 

all vanish, i.e. with every root k of 

km, ^ I = 

we can associate ai least one number k\ so that (k, k) are an associated pair of roots of tlie 
system of eqrwMons 

II x,^, e : y,^, ff II = 0. 

The number k is of course a root of 

I yim, ^1 = 0. 

It is not difficult to prove that the index i of the pair is equal to <r. In the first 
place, since o- of the Vs can be chosen arbitrarily and then the rest determined as above, 
so as to satisfy the system of 2m equations (ix), we see that t^o*. Again, since there is 
at least o-th minor of a particular determinant of the system 

II sc^m. fc : y^my ic II 
which does not vanish, viz. a crth minor of the determinant on the left-hand side of (viii) 
after & has been replaced by k\ we cannot have a > <r. The only remaining alternative 
is therefore t = <r. 

§ 11. One more point has to be attended to : we must convince ourselves that if we 
take all the roots of 

I «im, ^1=0 

in succession and proceed as above, we determine all possible pairs of roots. 

Let (/c, ic) be an associated pair of roots, no matter how determined, so that we have 

II ^im, IC : y^rn, K || = 0. 

In the first place it is clear that /e is a root of 

I ^m, ^ I = (x). 

Suppose that the rth minors of | a:„„, k \ are the first which do not all vanish ; and, 
adopting the notation of § 9, let one of these non-vanishing minors belong to the 
riith, n^th, ... rfij^r-r^ columns and the />T+ith, |)T+jth, ...p„^th rows. Since the determinant 
which the left-hand member of (viii) becomes after writing k for Q\ is one of the system 

II ^im> ^ • yim» ^ j| 

it vanishes, i.e. k is a root of (viii). The method of §§ 9 and 10 may therefore be 
regarded as a practical method of determining all associated pairs of roots. 
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In passing we may notice that associated pairs may be arrived at in a similar way 
by starting with any root k of 

iyim, ^i = (xi), 

and then determining k on lines analogous to the above ; in fact the system is not altered 
if we interchange x^ and y's, B and ff. The remarks we have just made prove con- 
clusively that the pairs arrived at in this way are the same as before. 

In particular, on referring back to the results of the preceding paragraph, it becomes 
apparent that if either of the equations (x) or (xi) has all its roots unequal, we shall 
have m distinct associated pairs of roots of the system 

II ^m, B : y,„,. 0' II = 0. 
The converse of this however is not true : for instance, if m = 3 we have the three 
distinct pairs (/t,, Ki)y (/Cj, /c/), (/Ci, k^), which are associated roots of 



K,-e K^-ff 

K^-e 

K^-e 





#c;-tf' 



= 0, 



but «i is a double root of 



K^-e 

K^-e 




and ic/ is a double root of 



-e 



K^-ff 

K.'-ff 

K^-ff 



= 0, 



= 0. 



In any case however we are certain of the existence of at least one associated pair 
of roots. 



§ 12. Having considered these associated pairs we pass on to consider a class of 
conjoint systems whose members are all closely connected with one another. 

Let p be a matrix of m rows and columns 

Pw Pii Pi3 ••• Pim 
p2i P92 Pjb -•• Ptm 



which LS such that \ p\ = R 
matrices such that 





Pn pn Prt •• 
pm\ Prm Pma "» Pn 

not vanish. Suppose, moreover, that f and rj are two 
VP = py- 
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The system || fi«, : %«, ff \\ 

is said to be a transform of the system 

II a?im, 6 : yitn, ff ||. 
Since xp~^ = p""*f, 

yp-'=^ P"'Vf 
it is obvious that the latter is a transform of the former. 

We proceed to prove two theorems of considerable importance. 

§ 13. Theorem /. The transform of a conjoint system is a conjoint system 
Adopting the notation already used, let 

il ^m, e : yim, ff II 

II fc«, :i7im, ^'11 
its transform. In the first place we observe that 

lfi = l«N \y\=\v\. 

Ifl + o, li/l+O. 

vp = py, 

Tfpx = pyx, 

px^^p and xy = yx, 

V^P=pxy, 

V^P = ^py 



be the original system, and 



so that 

Again we have 
and so 
i.e. since 



Consequently 



As jpl + O we must have 
which proves the proposition. 

§ 14. Theorem IL The associated pairs of roots of any conjoint system are the same 
as those of all its transforms and the index of any pair is the same for each. 

Take a determinant of the original system which involves p columns of the x*q and 
m-p columns of the ys, say 



*'ini 



*'2ni 



*'in2 



*'2?l2 



^»p yinp+i 
X^np Vftnp+i 



yinp+2 



y^mm 



Xmni " 



ynp+inp+i -" 



' *^nan2 " 



*'»nni »*'mn3 



^tntip ymnp+i 



ymtim 



and call it D. 
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We have 



RD= 



Pn Pi2 Pu ••• Pim 
Pn pn />2S ••• Psm 



Pn Pm 



Prm 



Pna Pma 



Pmm 



*^ini ^sni ^sni 



•''nini "~ ^ • 



•'mni 



^in2 



^"iwa ^nim"^ ••• ^1 



mnj 



yinp+i J/anp+i < 



ynp+itip+i"- ^ ^mnp+i 



J/inm ytnm 



ymnm 



«b1 Usl tt=] 

2 Pau^tfni — Pwi ^ 2 Psu^ana — P2»»s^ 2 />2uyt«np+i— panp+i ^' •• 

«=1 f*=l «=1 



2 Pru^tMi — Pr»i ^ 2 Pru^ung - pma ^ 



— PruJ/unp+i — Pmf>4-1 ^ 



*- Pmu^uni"^ Pmni" ^ pmu^uni'^ Pmnz" ^ Pwiuyunp+i"~ Pwinp+i ^ , 

Recalling that px = f p /^^ = T/p, this determinant is equal to 

nt m III 

2 fiuPuni — Pim^ 2 fiuPunj — Pinj^ 2 ^yiuPiinp+i — piiip+i ^ 

tt=l u=l «=1 

Tit IW YH 

2 fiapuni — P2ni ^ 2 fauPun, — ^21*, ^ 2 VtuPunp^i — Ptnp+i ^ 



«b1 



«=»1 



« = 1 




^ imuPuni'~ Pmni" ^ imuPun^^' Pmui" ^ VmuPunp+i~' pmnp4.i" 

The determinant just written may obviously be expanded as a sum of multiples of determinants 
of the transform-system 

II fim, ' Vim, & II . 

If then (/c, ^') are an associated pair of roots of the latter, it follows that, as | p | + 0, we have 

where Df is the determinant derived from i) by writing k for Q and k for ff . Similarly every 
other determinant of the system 

II «?im, ^ : ym, ^' I! 
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vanishes : in other words {k, k) are an associated pair of roots of the system of equations 

II ^m, 6:y,m. ^11 = 0. 
Now from a remark made above (§ 12) the system which is the left-hand member of the 
equation just written is a transform of 

II fm. e : v.„, ff II 
and so by an application of the above reasoning we prove that every associated pair of roots of 
the former are a pair for the latter. We conclude therefore that the system of associated pairs 
of roots is the same for each. 

§ 15. We have next to prove that the index of the pair (>c, k) is the same in each. Take 
any wth minor of the product (RD). When the latter is written in the second form of § 14 it is 
clear that we can expand it as a linear function of the nth minors of determinants of the system 

II U, ■■ V^n., & \\. 

Let n be less than il the index of the pair (/c, k^ for the system just written. Since the 
nth minors of determinants of the system 

II fim, /e : ^im, td II 
all vanish, it is clear that the nth minors of the product Rlf all vanish when it is written in 
the first form. 

Now the nth minors of a determinant of m rows and columns are ^ in number, where 

m ! 
fn-^n\ n! 
suppose them to be A^y, R^y, P^y (ly = 12 ... fi) when formed from J9', JB, RD' respectively. 
We have 

i ly = R^lAyl -f- XttJ-O.^ 4- . .. + R^y^Ayy^ . 

As the numbers P,y are by hypothesis all zero it follows that 

= RiiAyi + RyiAyz + ... -f Ri,„Ayy,^ 



— Rfj^iAyi + Rft^^Ayi + . . . + Rfin Ayf,^ . 

m-1! 



The determinant of the coefficients of the A'9 is equal to i2*+, where v = 

m — n — 1 ! n ! 
and consequently does not vanish. It must therefore be that 

A A A 

are all zero. In a similar way we prove that the nth minors of every other determinant 
of the system 

II ^im, fc : yi«, K II 

vanishes. This proves that the index (i) of the pair (/c, k) for the original system is ^ i\ 
Since the original system is a transform of the second it follows that 

We have therefore i = *', which completes the proof of the theorem. 

* Scott and Matthews, Theory of Determinants (2nd edition, 1904), p. 58. f Ibid, pp. 65, 66. 
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§ 16. The relevance of the work of the preceding paragraphs (§§ 8 — 15) will be best 
appreciated as we proceed ; but before doing so it will be well to make one or two observations 
which will be useful to us later and which at the same time bear testimony to its close 
connection with the subject before us. 

In § 7 we were led to consider the conjoint system 

II dim, ' 6im, ^ II , 
where a and b are the matrices for the peiiods q» and q»' respectively. We will call it the 
fundamentdl period system and the system of equations 

II (hmy ^:6m, ^'11 = 
we will call the furidamental system of period equations corresponding to the system of solutions 

gM^gM, "-gmiz)' 

In § 11 we saw that this system of period equations has at least one pair of associated 
roots say (k, k); and so, from what was said in § 7, we can choose at least one system of values 
for X], \,, ... Xm (which are not all zero) such that 

' (« = 1, 2, ...m) 

r=l 

It follows that F{z){^\ g{z)) has the property 

F{z + ft)) = ic F{z\ Fiz^- ft)') = k' F{z). 

In other words we have Picard's theorem or rather a slightly more general one, viz., every 
generalised Picard equation has at least one solution, a branch of which considered as 
localised in the periodic region of the equation is a doubly-periodic function of the second 
species. 

§ 17. The following theorem throws light on the bearing which the theory of transforms 
has on our work. 

Theorem. Of any two fundamental period systems corresponding to two different fiin- 
damental systems of solutions of the equation of § 1, considered as localised in the same 
periodic region 4>, each is the transform of the other. 

Let one fundamental system of solutions be 

gM, g2{z\ '"gm(^\ 

and let any other be 

The period matrices of the first system are a and 6 : suppose that those of the second 

are a and B, so that 

7(2r + fi>) = a7(£r), 

7(^ + a>') = y87(4 
The ^s and 7s being each fundamental systems we must have 

Vol. XX. No. XVL 54 
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where p is a matrix such that { p \ does not vanish. In less condensed form, the equation 
just written expresses, of course, that 

7r(^) = Pn gi{z) + />« g^{z) + . . . 4- prm 5^m(4 (r = 1, 2, . . . w) 

We have 'iiz-^ (o) = ay{z)^apg{z), 

and again 7(^ + 0) = pg{z + to) = pag{z). 

Remembering that the ^'s are a fundamental system, it follows that 

ap = pa. 
Mutatis mutandis we prove that 

The theorem is thus established. 

Referring back to Theorem II, §§ 14 and 15, we conclude that all associated pairs of 
roots of a fundamental system of period equations and their indices are independent of 
the particular fundamental system of solutions from which they are derived — they are 
functions merely of the coefficients of the differential equation and the region 4>. 

§ 18. We now take up the thread of our work as it was left in § 7. Suppose that 
{k, k) are a pair of associated roots of the fundamentcd system of period equations 

II Oim, ^:6im, ^'11 = 0, 
and that o-j is their index. We will call 0*1 the first invariant of the pair, when considered 
in connection with the differential equation : ' invariant * implying the property at which 
we arrived in the previous paragraph, viz. that 0*1 is the same for all fundamental 
systems localised in ^ : the reason for using the word ' first ' will become apparent as 
our method develops. 

From what has been said above (§§ 9, 10) we can solve the system of 2m equations 

Xx 

by taking arbitrary values for o-j of the Vs and then determining the remainder as definite 
linear functions of these. Without loss of generality we can suppose the o-/ X's to be 

the other X's will then be determined by 

X<r.+it = ^«Xi + kn'K + . . . A?,^,X^, . (5 = 1, 2, . . . ??i - o-i) 

Then taking any values we please for Xj, Xj... X^^, 

F{z) = KgM + X, gM + . . • + x^ g,n{z) 
= S \t(gt(z)+ 1 lc^g,+a,(z)) 

t^l \ 8=1 / 

= 2 \tOtiz) say; 
where Gt (z) = gt (z) + 2 k^ g,+^^ (z). 

9=1 

* Ijt 18 dear that the interohange of any two members of corresponding rows of the system of period determinants, 
a fundamental system of solutions merely interchanges two 



y (r = 1, z, ... m) vxii)> 

Xi6,r -f Xa^ar + ... +X^Omr = Xr« J 
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Since the equations (xii) above are satisfied we have 

^(2r+G)) = >cF(ir), F{z-^to')^K'F{z\ 
whatever Xj , X^-.-Xo-, J^ay be. We must have therefore 

G,(^ + o,) = /c Ot{z\ Gtiz + to') = K Gt(z). (t = 1, 2, ... a,) 

From the form of the functions it is clear that any non-evanesceot linear relation 
among them would involve one of a similar nature between the g's. As the latter are 
a fundamental system no such relation can exist among them. It follows that the 0'& are 
linearly independent. 

We conclude that corresponding to any associated pair of roots («, k') of the fundamental 
system of period equations we have a^ solutionis of the equation which are such that one branch 
of each considered as localised in ^ is a doubly-periodic function of the second species with 
muttipli-ers («, k). Moreover these branches are all linearly independent 

In particular if the equation is one of ordinary Picard type these solutions will be 
single- valued doubly-periodic functions of the second species, whose domain* is the whole 
plane with the exception of some or all of the singularities of the coefficients. The total 
number of integrals of this kind will evidently be equal to the sum of the first invariants 
of all associated pairs. It will be proved below (§§ 29, 30) that these are all linearly 
independent. Consequently whenever the sum of the first invariants is equal to m 
every integral will be a sum of multiples of doubly-periodic functions of the second 
species. For instance this will be the case whenever either of the equations 

i Oim, i = 0, I 6i^, ^1 = 
has all its roots distinct (§ 11). 

§ 19. Take the system of solutions 

Gj{z\ G^{z), ... G^S.z\ g^,+^{z\ g^,+2(z), ... gmi^)- 

As any linear relation between these would involve one between the g's it is clear 
that this system is fundamental. It will be convenient to say that any such system is 
normal with respect to the first invariant of the associated pair («, #c'). 

Re-label this system 

hi(z), h^{z\ ... K^{z\ K^^i{z\ ... }lni{z) 
respectively. 

As before we shall have 

h{Z'\- (o)=^ch{z\ 

h(z + (o')=^dh{zX 

where c and d are new period matrices. But now we have Cr, = dr« = provided r^s and 

r ^ <7i, whilst Cii = Caa = = c^^ffj = K : dii = dn = sscJ^^^ =^' so that the new fundamental 

period system is 

* The domain of a aingle-yalned fanction is the com- other of the drdes of convergence of its elements, 
pletely open region whose points are internal to one or 

54—2 
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K-d 



K-e' 

k'-0' 








K-e o.^K-d 

Cff,+i,i ^^i+i,a ^^1+1,8 Cff,+i,ff,+i"" ^•••Co',+i,m rf*,+i,i Ctff-j+ijj Cto',+i,ff,+i-- V ...Cl«^+i,wi 

Ca,+2,i ^<r,+2,2 Oo^^2,m C&o-i+j.i ao-i+j.a <*<r,+2,i» 



Cmi 



Cmm " (^mi (*mi (^mm"" 



From the theorems proved in § 17 and § 13 or by a direct appeal to the theory of § 5 
it is clear that this is a conjoint system. But before we consider it in detail it will be 
necessary to make a further excursion into the general theory of such systems. 

§ 20. Consider a conjoint system 

II «im, ' Vimy ff II, 

where a?r« = y« = provided r^s and ^n(^m\ whilst 

^ii=«22== ^'^nn^'C, ^11 = ^22= ^Vnn^'fC, 

We will say that the first n rows of this system are regular with respect to the associated 
pair {k, «')*. For instance the period sjrstem considered at the end of the preceding 
paragraph has its first o-j rows regular with respect to the pair (/c, ic'). 

The system of determinants of m — n rows and columns, obtained by erasing the first 
n rows and also the first n columns of a?'s and y's, viz. the system 

^n+i, n+i ~" ^ ^n+1, n+2 ^^n+i, w yn+i, n+i ~ ^ yn+i, n-|-a Vn^i^m 

^n+2, n+i ^n+2, n+a ~" ^ ^n+s, m yn+2, n+i yn+2, n+2 **" ^ y«+«, t» 



^fH^, n+i ^»+r, n+2 • • • ^n+r, n-^r — v . . . ^n+rm J^n+r, n+i 



J/n+r, n+a yn+r, n+r — u . . . yn+r, i 



^m, n+i 



^>n, n+2 ^fmn "~" " ^m, n+i 



^w, n+2 ymm "~ ^ 



will be found to be of particular interest: we will call it the irregular cornponent or briefly 
the component'^ of the original system. For brevity we will denote the component by 

||a?n+i,rrt,^ ' ynfi.wi, ^ ||. 

We proceed to prove certain theorems about these components. 

* It is of ooone quite clear that (kk^) are an associated so that when we speak of a component it will be under- 
pair of roots of the system. stood that it is obtained from a conjoint system as above. 

t We ase the word in no other sense than the present 
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§ 21. Theorem I. The component of a conjoint system is a conjoint system. 
Adopting the above notation we have to prove that 

is conjoint. 

Since xy^yx we have the relations 

«» til /j» \ 

2a:^y,« = 2y„.ar„,, ( =1,2, ...m 

which in the case before us become eflFectively 

m-n m-n 

»=1 «=1 

(r= 1,2,... w-??, « = 1, 2, ... m) 
In particular we have 

^ ^n+r,n+tt yn+ii,n+« — -^ yn+r,n+«^n+tt,n+*» I = 1, ... Wl — W I 

which proves the theorem. 

§ 22. Theorem IL Any associated pair of roots of the component of a conjoint system 
whose first n rows are regular with respect to an associated pair (k^ k) are an associated 
pair for the complete system. 

If (/c, k) are the associated pair of the component the theorem is obvious : we confine 
ourselves therefore to the case in which this is not so. It will then follow that if (Jek') are 
the pair of roots of the component we may have i = /c or A:' = /c', but not hoik of these equalities 
can hold. Suppose that we have A? + /c, and let 

be the complete system, H^z^n+i.m,^ : yn+i,m, ^ II 

its component. 

We see at once that as A; is a root of 

i^n+i,m,^| = 0, 

it is also a root of | iCi,,,, ^1=0. 

Take any joth minor of the determinant 

I "^im » ^ I • 

A little consideration will shew that if it does not vanish identically it must be equal to 

(/c - A:)* X a (p + ^ - 7i)th minor of | aJH+i.m, k |, 

where ^^7i. It follows that if the rth minors of j^n+i,m>A7| are the first which do not all 
vanish, the corresponding number t' for |iri„„A;| is >t. As, however, one particular rth 
minor of |a;imifc| is not zero, viz. one of the rth minors of |a?n+i,tn,A:| which does not 
vanish, bordered by elements of the first n rows and columns of { a?im» A: |, it is clear that r's r. 

Let us refer back to §§ 9, 10, and, in the notation there employed, suppose that the 
non- vanishing minor just mentioned is common to the nith, ri^th, ... nm-rth* columns, and 

* Of coarse r of these numbers are 1, 2, 3, ... r. 
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the p^^ith, pr^thj...pmth* rowa Clearly the determinant which is the left-hand member 
of (viii) § 10 is equal to 

(k — Ky^xs, determinant of the system ||a?^i,m,^ : y*H.i,m, ^||. 
As k' substituted for ff in the latter makes it vanish, we see that (ky k!) are an associated 
pair of roots of 

II ^m,^ : yim,^'|| = 0. 
The theorem is therefore proved. 

§ 23. Theorem III. If of two conjoint systems one is the transform of the other, and 
at the same time the first n rows of each are regular with respect to the associated pair 
{icic\ then the component of the transform is a transform of the component of the original 
system. 

Suppose that Ikim,^ : yimy^W 

is the original-f- system and that |1 ^i,», 6 : 17,^1 ^ || 

is its transform. 

Then by definition ^p — p^t 

VP = pyy 
where p is a matrix of m rows and columns whose determinant | p \ does not vanish (§ 12). 

The first of these relations written at full length gives 

m m 

2 ^rupus= ^ pruOCut (r, « = 1, 2, ... m) (xiii). 

Hence if r^n, we have among other relations 

(« = 1, 2,... m — n) 

Considering this system of m — n equations we remark that the determinant of the 
coefficients of the p's is 

*'n+l, n+i ^n+i, n+s ^n+i, m 

^n+2,n+i ^n+i^n+t ^»H-s,m 

^#H-», n+ 1 ^*^ J, n+a ^n+Stm 



^m, n+i *^m, n+2 ^m,tn 



which is ^ and so, since | x \ does not vanish by definition of a conjoint system, cannot be zero. 

Thus pr, n+i = Pr, n+j = . . . = Prm = 0. (r ^ n) 

* Of conrse r of these nnmbers are 1, 2, 8, ... r. which we regard as the "original" system. The adjeotiTe 

t It will be remembered that each of the systems is is merely conyenient for distinguishing one system from 
a transform of the other, so that it is entirely arbitrary another. 
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The relations (xiii) therefore become eflFectively 



m-n in — » 

-^ S n +r, n+u Pn-hu, *• ^ ^ Pn+r^ n+u ^n+u, t • 
f«=l u = l 



In particular 



(r = l,2,...m-w)(^=l,2, ...m) 



m—n m-n /y. \ 

^ fn+r,n+uPn+w,n+*= 2) Pn+r, n+ti ^n+w, n+« • (=1,2, ...m — n) 

«=1 11 = 1 \o / 



If then we write x' for the matrix whose elements are those of the determinant written 
above, and f, />' for the corresponding matrices in fs and p% we have 

rp'=pv (xiv). 

In a similar way 

Vp'=f>y (xv). 

Again \p\ = \p\x />„ /5,a pi, Pin |. 

I 

P2i pa /E>2S P2n ' 



Pn Pn Pn 



Pm 



Pm Pn2 Pm Pnn 

As \p\ does not vanish it is clear that j p' \ cannot, and so taking this in conjunction 
with (xiv) and (xv), we have the theorem. 

§ 24. We now take up our theory again as we left it in § 19. 
The system ||c„„, ^ : cfi,n,^|| 

has its first ctj rows regular with regard to (/c, k') : its irregular component 

considered in connection with the differential equation will be called a first derived period 
system with regard to the associated pair {k, k). 

By theorem I, § 21, this derived system is conjoint, and so (^ 9, 10) has associated pairs of 
roots. It may or may not be that {k, k') are one of these pairs. In the latter case our process 
terminates; but if they are such a pair let their index be otj. We call <r, the second invariant 
of the associated pair of roots (/c, k) of the system of period equations. The justification of 
the word "invariant" is fairly clear. For it results from theorem III, § 23, and theorem II, 
§ 14, that 0-8 is the same for all first derived systems with regard to {k, k'). 

From the theory of §§ 9, 10 it appears that we can satisfy the system of 2 {m — <Ti) 
equations 

XiTj+i CiTi+i.tf-j+r + X<ri+8Cfl-j+a,<ri+r + . • . + ^i-^r (^i^i+r, o'l+r — «)+... + Am Cm,<r,+r = 0. 
X<rj+iaa^j+i^(ri+r + X<rj+jafl-j+2^<ri+r + • . • + X^i+r (^iri+r.^rj+r — «)+...+ XmawjO-j+r = 0, 

(r=:l,2, ...w-o-i) 
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by taking arbitrarily o-, of the \'s and then determining the remainder as definite linear 
functions of them. Without loss of generality we can suppose that the o-g Vs are 

The other \'s are then determined by 

(r=l, 2, ... m — a-i — o-,) 
where the Vs are definite functions of the c's and d's. 

Consider the function 

F(z) = XcTi+i A<ri+, (Z) + XcTi+a h<r^^ (^) + • . . + X^ A^ (^). 

Selecting the X's as above we have 

where Z^<r,+| (-^) = A<r^+« (^) + ^ Uha,+<r^s{^)' 

Then whatever X<ri+i, ... X<ri+<r2 may be 

jP(^ + 6)) =/c'-F(^) + linear functions of Ai(-^), ... A<rj(-2:), 

F(^ + a>') = /c'F(^)+ „ .,, » 

It follows easily that we must have 

iTcTj+e (^ + a>0 = Ac' Hc.^t (^) + 5Vi+e (-^), (^ = 1, 2, . . . o-,) 

where JSVi+t (^) and H'ff^+t (^) are linear functions of Ai (^), h^{z) ...hc^ {z), 

A little consideration will shew that we cannot have both these linear combinations 
evanescent: for if any pair were, it is clear that we would have at least one more integral 
of the type of h^{z\h^{z),...h^^{z\ which is independent of them. We would therefore be 
able to find a fundamental system such that the corresponding period system had its first 
0-1+1 rows regular with respect to (/c, k*). The index of any such system is clearly > o-j, 
which is impossible as we have proved that it must be o-i for aU fundamental systems (§ 18). 

For a similar reason it is easily proved that there exists no linear combination of the 
functions H<r^+t (z) such that it and the same linear combination of the functions H'a^+t i^) 
both vanish. 

The functions H{z) are of course only defined in *: but as we remarked in § 7, 
any such localised fiinction may be regarded as a branch of a certain monogenic function 
localised in ^. 

§ 25. From the form of the functions H(z) at which we arrived in the preceding 
paragraph, it is easily seen (cf. §§ 18, 19) that they are linearly independent, and further 
that the system of solutions 

fh(z\ h^(z), ... he,(z\ H<r^+i(zX Htr^-i-iiz), ... Hff^^^iz), hff\+<y^i, ... li„,(z) 

is a fundamental system. 
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The members of this system may be re-labelled 

ki{z)y h,{z\ ... ^v,(^), kff^^i{z\ kc^^zX ... kc^^^{z\ ... k„,{z) 
respectively. We will say that any system of this character is normal with respect to the 
first two invariants of the associated pair {k, k). 

As in the preceding case we shall have 

i(ir+ ©) =:ek(z\ 
k{z + a>')=fk{zl 
where the new period matrices e and / are such that 

(1) er»=/r» = provided r^s and r^a-i, whilst 

(2) 6ffi-|-r,<ri+« =/(ri+r, <ri+« = 0, provided r^8 and r^o-^, whilst 

If we consider the first derived period system of 

lk^,^:/im,^||, 
viz. the system || c,r,+,,n„ d : A+i.w, ^ ||, 

it is clear that its first 0*2 rows are regular with respect to the associated pair (/c, k). We 
use the notation 

for its irregular component. Considered in connection with the differential equation we will call 
the latter a second derived period system with regard to the associated pair (kj k). 

It is a very easy matter to see that any such second derived period system is 
conjoint. The proof follows in fact from a double application of theorem I, § 21. For 
the system under consideration is the component of a first derived system: and we 
saw above by an application of the theorem mentioned that the latter was a conjoint 
system. Consequently a second application of the same theorem proves what we desire. 

In a similar way by using theorem III, § 23, we prove that all second derived 
period systems with regard to («, k) are transforms of one another. It follows there- 
fore by theorem II, §§ 14, 15, that the associated pairs and their indices are the same 
for all. 

§ 26. It may or may not be that {k, k) are an associated pair of roots of the second 
derived system of equations 

If not then our process terminates : but if they are, let <t, be their index. We 
call <r, the tkird invariant of the associated pair (k, k). After what has been said in the 
previous paragraph it will be sufficient if we merely remark that a-, is the same for 
all fundamental systems which are normal with respect to the first two invariants of 
the associated pair («, ic). 

Vol. XX. No. XVI. 55 
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From the general theory of §§ 9, 10, it appears that we can satisfy the system of 
2 (m — (Ti — o-a) equations 

(r = l, 2, ...m-o-i-o-,) 

by taking arbitrarily o-, of the Vs — which may be assumed to be X^^^,,,-,.,, \a,+a,+j, .•• 
X^,+,r,+<r, — and determining the rest as definite linear functions of these say 

(r=l, 2, ... m-ay-a^-a^) 
Take the function 

where the \'s are selected as above. 
Then 

F{z)= 2 Xa,+aa+e^<r,+<ra+t (^), 

where 

*w — Wi ~ Wa ~ ^j 

Proceeding in the manner of § 24 we arrive at o-, solutions which* are linearly inde- 
pendent and which have the properties represented by 

where ira,+a,+« C-^) and ^'o^+aa+e(^) are linear functions of A^ (^), k2(z\ ...ka^+9^(z). 

By reasoning analogous to that used in the corresponding case in § 24 we may 
shew that one but not both of these functions may be evanescent, or a linear function 
merely ot ki{z)y k^iz), .,.k^^(z): that is to say one at least must involve members of the 
second set of integrals (of § 24). In a similar way we shew that corresponding linear 
functions of the ICb and if '*s have the same property. 

It is moreover easily shewn that the solutions 

constitute a fundamental system. 

§ 27. The general course of procedure is now obvious : but before stating the complete 
result it will be useful to give a definition. 

We have seen that corresponding to an associated pair of roots (k, k) we have a 
number of invariants o-j, o-g, 0-3, &c. Let o-, be the last of these so that (k, k') are not 
an associated pair of the tfth derived period system with regard to («, k\ The sum 
^j ^.o-j + ... +0-, is defined to be the multiplicity of the pair (/e, k). From what has 
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been said above the multiplicity of the pair of roots is independent of the fundamental 
system from which we start. 

Slightly altering our previous notation our final result then is this: — 

Corresponding to an associated pair of roots (k, k) of a system of period equations 
whose multiplicity is n we have a group of n integrals of the differential equation which 
are linearly independent. This group may be divided into 8 sets where 8 is the number 
of invariants of the pair. The first set consists of integrals Wii(z)yWii(z),...Wi<ri(z), equal 
in number to the first invariant (a^), which have the properties expressed by 

Wir (z + (0) = KWir (^), Wir (^ + ®0 = ^C^r (^), (r = 1, 2, . . . (Ti) 

or as we may write symbolically 

Wi (^ + a>) = KWi (z), Wi (Z + ©') = KWi (z). 

The second set consists of the o-, integrals W2i{z), Wti(z), ...w^9^{z) where o-, is the 
second invariant of the pair. These have the properties 

Vir(zX v'ir(^) being linear functions of the Wir(^)'s, both of which cannot be evanescent. 
Symbolically we may write 

W^{Z + (0)=^KW2(z)'hptiWi{z) : Wi{Z'\'W)^K'Wi(z)+ paWi(z\ 

where pn, p'21 ^^ matrices of era rows and 0-1 columns which are such that if we take 
corresponding rows of each, the elements of both cannot all vanish. 

The third set consists of integrals w«i(5), w^iz), ...Wp,^(z) whose number is equal 
to the third invariant of the pair. These have the properties expressed by 

v»(z) and v'„{^) being linear functions of integrals belonging to the second set of which 
one but not both may be evanescent: Uir{z), u\r{^) are linear functions of integrals 
belonging to the first set. In the language of matrices 

w^{z + a>) = icWt{z)+ pn'i^iiz)-^ pn'^i{z\ 

Wt (Z + O)') « K Wt {z) + p'aWa {Z) + p^W^ {z\ 

where pn^ /)'«* are matrices of a^ rows and o-, columns: and so on. The properties of 
the rijh set have for their expression 

Wr{z + (o) = K Wy {z) + pr, r-i«^r-i {z) + pr, r^i^r^ {z) + ,..+ p^W^ {z), 
Wr {Z + a>') = KWr (z) + pV, r-l^^r-l {^) + pr, r-^Wr^ (-?) + ...+ p'ri^i (^), 

where f)r,r-iWr-i(A f>'r,r-iWr-i(^) ^^ such that no two corresponding functions are 
evanescent and further no linear combination of either of the sets vanishes simultaneously 
with the same linear combination of the other (c£ §§ 24, 26). 

* The matrioes p^, />V« ^^ ^^^ independent (see § 34 below). 

65—2 
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§ 28. The functions at which we arrived in the preceding paragraph, it will be re- 
membered, are only defined in <I>; but from the remark made in § 7 we see that they 
are branches — principal branches it will be convenient to call them — of n monogenic 
functions localised in <I>. In general the remaining branches of any one of these functions 
when regarded as localised in * will have properties different from those of the principal 
branch; but in the case of ordinary Picard equations the solutions are all uniform and 
so only principal branches arise. 

The group of localised functions arrived at in § 27 will be said to be normal for 
the associated pair {k, k'). Since every pair of associated roots can be treated in the same 
way there will obviously be a set of normal groups whose total number is that of the 
distinct pairs of associated roots of the fundamental system of period equations. 

§ 29. The choice of the word "multiplicity" in § 27 will probably have prepared the 
reader for the theorem to the proof of which we now proceed, viz. that the sum of 
the multiplicities of the various associated pairs is equal to m, the order of the differential 
equation. 

First of all we shall require the following 

Theorem. No linear relation can exist between the members of the various normal 
groups of integrals. 

We have seen already that no such relation can exist within a group, so our 
attention may be confined to the case in which the members of more than one group 
are involved. Suppose then, if possible, that a linear relation, embracing the members 
of two or more groups, exists, say 

W,{z)^W,{z)^... + Wt{z)=^0 (xvi), 

where Wi{z\ W^{z), .,.Wt{z) are each linear functions of members of a group corre- 
sponding to a definite associated pair. It will be convenient to define the order of any 
fluch function to be p, where integrals of the pth set are the latest involved: e.g. if 
the integrals involved are all doubly-periodic of the second species, the order will be 
unity. The relation (xvi) above written will be said to be of the pth order when p is 
the greatest of the orders of the various functions Wr{z), 

In the first place let us prove that every non-evanescent linear relation (xvi) of order 
p involves one of order p — 1 provided that p>\. 

From (xvi) we have 

W^{z + to)'\-W^{z^w) +... + Tfe(-^+w) =0) . ... 

Suppose that the order of TTn is > 1. An inspection of the results of § 27, shews 

that 

}fn(^ + a)) = /t„}f„(^)-h Vn{z\ 

Trn(^ + a,') = ^n'TFn(^)+Fn'(^), 

where one at least of the functions V^i^z), V^ {z\ which are linear functions of integrals 
belonging to the same group as the terms in TTn, is of order less by unity (and no 
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more) than Wni^)- Suppose that Vn(z) is such when W„(^) is one of the functions of 
order p. 

From (xvii) we have 

fCiW^ (Z) + K,W,(Z)+... + KtWt (^)+ F, {2)+ ... + Vt(z) = 0, 

where one of the F's at least is of order p— 1. 

In a similar way since 

W, (^+ 2a>) + F,(5 + 2©)+ ... + Wt (-?+ 2«) = 0, 
we have 

where J/j is a sum of functiotis which may all vanish, but if they do not they are of 
order ^ p — 2. 

Generally we have 

K^^W,(z)+...+Kt^Wt{z) + rKr'V,{z) + .,.+rKt''Vt(z)+Ur==0 (xviii), 

where Ur is of the same character as U2* 

Now it may or may not be that all the numbers Kr are different: if they are 

not we can group together those terms for which the multiplier is the same. Let this 

be done. Since the equations (xviii) are unaltered in form we can suppose them as 

written only now the ks are all different, and the TT's and F's may involve members 
of more than one group. 

§ 30. Taking the system of t equations obtained by writing r=l, 2, ... t in (xviii) 
together with the equation (xvi) we can eliminate the TT's. We thus obtain a linear 
relation 

2 A,F,(^)+Cr=0 (xix), 

where U either vanishes or else is a sum of integrals of order ^ ja — 2 and A^ is the 
determinant 

111 

Ki K2 /f 3 1 

K\ K^ AC3 ^Kf 

K^ K^ K^ 3/fr' 






tKi 



t-\ 



It is an easy matter to shew that this determinant does not vanish. For let X 
be the same determinant as above save that its last column has for its elements 
1, a?, a?*, ...of reading downwards. Then as is well known 

X = n (a: - /c^,) X P, 
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where P is the product of all terms (/Cr— fCg)(r^ 8, r, 8=^1, 2y .,,t). Diflferentiating 
with regard to x and then writing x = Kr, it is clear that the left side reduces to Ar. 
Thus 

where 11' indicates that the term corresponding to q — r is omitted. Since the k'8 are 
all different it follows that Ar is not zero. 

Returning now to the linear equation (xix) we know that at least one of the F's 
involves a non-evanescent function of order p — 1 from one of the groups. As no two 
V*B involve members of the same group and none of the A's vanish, (xix) must be a 
non-evanescent linear relation of order p — 1. It appears therefore that every linear 
relation of order p(>l) involves one of order p — l, and so by repeated applications 
whatever be the order of the relation (xvi) from which we start, we eventually arrive 
at a non-evanescent linear relation of order unity. 

§ 31. Let the relation just mentioned be » 

u,(z)'hu^{z)+ ...+ui(z) = (xx), 

where each of the u*9 is a linear combination of doubly-periodic functions of the second 
species which have the same multipliers. 

The multiplier corresponding to the period &> may be the same for more than one 
of the groups u: if so, then we group together those of the u's for which this happens. 
The relation (xx) then becomes 

i;,(^) + V2(^) + ...+v,(^) = 0, (j^l) 

where each member of the group Vr{z) has the same multiplier for the period ©. 

Since we have 

Vi (z -f ro)) + Vg (-2^ + ^«) + . . . + V; (-2^ + rm) = 0, 
it follows that 

ici'' Vi {z) + k{ Va (-^) + . .. + fcf Vj (y) = 0, 

for all values of r: xt being the common multiplier for the period &> of the terms of 
the group Vt(z), 

In particular we have the system of j equations 

Vi(z) + v^(z) +...+ vj(z)^0, 

fCiVi(z) -f- K2V^(Z) +..,+ KjVj{z) =0, 
fCi^Vi (z) -f- /Ca* Va (-e) + . . . + k/ Vj {z) = 0, 



fCi^' Vi (z)+iC^' Va (-?) + ... + Kj^' Vj (z) = 0. 

The determinant of the coefficients of the v's is not zero* so we must have 

Vr(z) = 0. (r=l, 2,...j) 

* Of. § 30 above. 
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Now considering the left-hand member of any one of these relations we perceive 
that it is equal to 

where iVi{z\ ...Wk(z) are each linear combinations of integrals belonging to the first set 
of integrals of different groups. SincQ each of them had the same multiplier for the 
period a> they must have different multipliers for the period co'. Applying an argument 
similar to that just used, it will follow that the w*9 are all zero. But this is impossible, 
since as we have said they are linear combinatious of integrals of the same group. 
Our initial assumption that there exists a relation of the form (xvi) is therefore 
proved false, i.e. no linear relation can exist between the various members of normal 
groups. 

§ 32. We are now in a position to prove the theorem mentioned in § 29. 

Theorem. The sum of the multiplicities of the various associated pairs of roots of 
a fundamental system of period equations is equal to the order (m) of the differential 
equation. 

Obviously the sum mentioned cannot be greater than m: for if it were the theorem 
of ^ 29 — 31 would shew that we had more than m linearly independent solutions of 
the equation which is known not to be possible. 

Suppose that it should happen that the sum is n where n<m. As these n are 
linearly independent we can find m— n other integrals which with them constitute a 
fundamental system. Let this latter be 

7ii(^)» 7m(«)» ••• 7in,(^), 731 (^). 72J W» ••• 72n.(^), ... 7einr^(^), 



where the 7's are integrals of one group, for which there are ^ sets, the first consisting 
of Ui integrals, the second of Wg, and so on, the total number of sets ti being the 
number of invariants. Similarly for the S's ... x^- -^s f^^ ^^^ '^'s they are the m - n 
integrals mentioned above. 

Let the period matrices for this system be g and A, so that the period system is 

Wgim. : Kn, ^11 (xxi). 

By blotting out the first n rows and the first n columns of ^r's and A*s from this 
it is clear that we get a system of m — n rows and 2 (m — n) columns ; for brevity we 
call this the residuary system. It is easy to see by repeated applications of theorem I, § 21, 
that this residuary system is conjoint. It will therefore have at least one pair of 
associated roots (^, k'). There are two cases a priori possible — either («, k) may be an 
associated pair of roots of the system (xxi), or they may not. The latter cannot be 
the case, for by repeated applications of theorem II, § 22, any associated pair of the 
residuary system is an associated pair for (xxi). Suppose then that («, «') are an 
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associated pair both for the complete system and for the residuary. Without loss of 
generality we can suppose that the group of 7's belongs to this pair. Repeated appli- 
cations of the theorem just mentioned shews that («, k) are an associated pair for the 
system obtained by blotting out the first (/h +7ij+ ... + Wt^) rows and the corresponding 
columns of the system (xxi), i.e. a ^ith derived system of (xxi) with respect to the 
associated pair {k, k). By using theorem III, § 23, we prove that all such systems are 
transforms of one another : and further, from § 27 it appears that one of them has not {k, k) 
for an associated pair of roots. It follows therefore from theorem II, ^ 14, 15, that («, k') 
cannot be an associated pair both for (xxi) and the residuary system. As we have seen 
already that there is no pair for the latter which is not one for the former, the only 
alternative is that the i/r*s are non-existent, i.e. M = m, which proves the theorem. 

Summing up our results thus far, we conclude that if we take normal groups corre- 
sponding to each of the various associated pairs of the fundamental system of period 
equations, they together constitute a fundamental system of integrals of the differential 
equation. 

§ 33. The reader will now perceive the analogy that exists between the theory we 
have developed and that of the corresponding one dimensional problem in which the 
coeflScients are simply periodic. It is true that our investigation is more cumbrous, but that 
is to be expected both from the nature of the case and from the fact that we have 
not had anything like the theory of equations and of elementary divisors on which to 
fall back. Moreover, we have not obtained anything analogous to Hamburger's sub- 
groups. Two facts seem to conspire against this. The first is that the integrals are 
connected together in a much more intimate manner. For instance, if we consider the integral 
w^{z) of § 27, the functions v^riz) and v'v{z) may be distinct linear functions of integrals 
belonging to the second set, and similarly Vir{z) and v\r{z) may be distinct linear 
functions of integrals of the first set. Consequently, when we wish to express 

w^r (-2^ + ^&) 4- 1'(0) 
as a function of integrals whose argument is z we will in general require two inde- 
pendent integrals of the second set and four from the first, besides w^{z). In the 
corresponding one dimensional case we would have to replace two and four by one 
and two respectively. The second fact is that the numbers <Ti, era, ... o-, may be an increasing 
set. All that we can be sure of is that 

^B ^ 2<r,_, < 2V,_a ^ . . . i^ 2«-^<ri. 
In the first place we will shew that 

(rj^2(ri. 
Take the period system of § 19 and use the notation there employed. 

From the definition of o-i we know that there is a certain o-jth minor of a deter- 
minant of this system which does not vanish. Suppose that a of its columns have 
elements belonging to the first cti columns of the c's and that ^ of them have elements 
belonging to the first ai columns of the d's. The minor (Jf) in question may then be 
expanded by Laplace's rule as a product of minors belonging to these a 4- ^ columns 
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and their complementary minors which belong to the remaining columns. These latter, 
if they do not vanish identically, are minors of determinants of the component system 
and cannot all vanish, since M does not do so. It follows therefore that as they consist 
of m — (Ti — a— ^ rows and columns we have 

m — 0-1 — a — /8<m — 0-1 — o-j, 
i.e. 0-2 ^ a + /8, 

and as a^o-i, /S^o-i, 

we have a^^2cr^. 

In a similar way we can prove that 

hence <r, ^ 2o-2 < 2Vi ; 

and so on: the final result being as is easily seen 

0-, ^ 2cr^i < 2V,_a ^ . . . < 2«-*o-i. 

§ 34. We proceed to give some indication of the analytic form of our integrals, or 
more precisely of their principal branches, which we recall are considered as being 
localised in *. 

As a preparation for this we will consider the relation, to which reference was made 
in a footnote attached to § 27, as existing between the matrices p and p. 

As the functions Wr{z) are uniform in * we have 

Wr {{Z + ©) + ©') = Wr {{Z + ®0 + a>), 
ie. K Wr (-? + (»)+ p'r,r-i W'r-i (^ + ») + pV,r-« Wr-2 (-^ + ©)+... + pVi ^i {z + ©) 

= KWr(z-\' fo) + pr.r-i 'M^r-i (z + fo) + Pr^r-^ Wr^(z + ® )+•••+ f>rl ^i (z + (0% 
or K (k Wr (Z) + /5r.r-l W^-i (-2^) + • • • + /^n »! (^)) + />V.r-i (^ Wr-l (^)) 

+ />r-i,r-a W^8 (^r) + ... + pr-i,xW^ (z)) + pr,r-^(/CWr^(z) + ... + pr-^iW^ (z)) 
+ ... +/>'r.i«t(;i(^) 
= fC {k Wr (Z) + /)'r.r-i ^t-i (-?)+...+ f) n ^i (z)) + pr (r-i) (« W^-i (2:) 
+ />'r-i. r-« «^r-« (-^) + . . . + />'r-i. 1 Wi (z)) + /»,., ^--2 (/«' Wr-2 (^) 
+ ... +/5'r-i,lt^l(^))+... + f>r.i't'Wi(4 

The functions w being linearly independent the equation just written must be an identity. 
Equating coefl&cients of the various v/s we obtain 

p'nptt^pnptt, (r>8>t) 

which are the relations referred to. 

It is a very simple deduction from this to prove that if we take any product of 
matrices 

Pr,»i PsiH Putt ... Pipt, {r>8i >8i>...>8p>t) 

and write dashes over any I of them, the product is the same as 
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§ 35. Consider now the functions 

where f is the usual Weierstrassian f function and rf=^^{a>), rf' = ^(a>'). If we adopt the 
usual convention that the imaginary part of f— j is positive, we have 

u{Z'\-<o')=su(z) + l, v(Z'hm) = v (z). 

Let us write 

AF = K'-'F(z + w)'-F(z), 

A'F=tc'-'F(z + to')^F(z): 

then if ^(2:) is a doubly-periodic function of the second species whose multipliers are 

(k, /c')y we have 

A (^) = iic~^^ (£: + (») u{z + ci)) — ^ (-a;) w (<?) =5 0, 

A' (4>u) = tc'-^if) (z+ a>0 M (« + ©')- ^ (^) u(z) = (f> (z\ 

and similarly A(<^) = ^(5), A'(^t;) = 0. 

More generally if we write 

^ "■ rl 

r I 
where w = w (z), v = v {z\ we easily prove that 

A {if>u^) = 0, A' (^<')) = ^<«^^), 

A ( ii>v^^^) = ii>v^^\ A' (i^v*'^) = 0. 

§ 36. Referring now to the results of § 27, and adopting the notation there used, it 
appears that the first set are doubly-periodic functions of the second species localised in <E> 
and having multipliers («, k'). The second set satisfy 



Consequently (§ 35) 



i.e. the functions 



A {w^ « - p^W^ {z\ A' (Wa) = -, /) a Wi {z). 
A' \W% - ^ f) fflWi - - pa^i) = 0, 






are doubly-periodic functions of the second species, localised in <I> and having multipliers 
(Ky K')y say they are W^{z). It appears therefore that the integrals of the second set 
can be represented by 



^i{z) + -, P fl Wi {z) + - paWi {z), 
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or if we replace Wi by Wi in order to have a more symmetrical notation, we have 

w. W - W, iz) + 5 /„ W, (z) + Ip^W,(z), 

K IC 

there being, of course, o*, integrals of this kind. 
Again, for integrals of the third set, we have 

Aw, = - Pa Wa (5) 4- - Pa Wi (^) 

= \ [pnW, (*) + p„ W, {z)] + ^ p„p'^ W,{z) +1 p^ p„ W, (z) ; 

similarly A' (w,) = ^ {p'„ W, (z) + p'„ W, («)} + ^, p'„ /)'„ W, (z) + J^, p'„ p^ . 

From the first of these it is easy to see that 

\ iC /c tc tc 

-^ p>ipnW^-—,p*,pnWi- -^ PaPnW^j 
= 0, 

and similarly (since pnp'n'^p'npa) 

We deduce from this that 

w. (z) -F.(^) + 1 pnW,(z) +^,p„W,(z) + ^ P..F. {z) + ^, p'„TF. (z) 

+ '^p'nP'^W,{z)+^ p„p'^W,(z) + '!^p^p^W,iz), 
where TF^i(-^) are (t, localised doubly-periodic functions (multipliers k, k), 

§ 37. Generally we say that we can form an expression for Wr{z) by the following 
rule : 

Take any product p^^ p,^,^ />«a», • • • />»p-i . « » 

where r > 5i > «» > ... > «p_i > « (p < r - 1). 

Write dashes over all but the first x of them. Then the symbolic expression for the 
integrals of the rth set is the sum of all possible terms 

where Wt{z) are <Tt functions which are doubly-periodic of the second species localised 
in ^ and having multipliers («, k'). 
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The sum just mentioned will be denoted by 

it includes a term Wr{z) corresponding to p = a? = 0. 

To prove this we first observe that the results of § 36 shew it to be true in the cases 
r = l» 2, 3. Assume the formulae true for Wi{zX w^(z\ ... Wr^i(z), and consider the efifect of 
the operation A on the functions F(z) which have for their symbolic expression the symbol 
above written with the term Wr{z) omitted: evidently 

1 ( t4(P-«) t;(»-i) ) 

^ ^^ " /^ r ^"^ ^^ ®^^ possible terms like ^^/^ ^, Pn, Ps,s^ - - • p'#,#^, • • • Ps^,, t Wt (^)| . 

Noticing (§ 35) that the terms for which x = disappear when operated on by A, we 
see, by collecting together all terms in which pj,g^ is the first matrix of the product, that 

where 9(=p — 1) is the total number of p% in the matrix product in the bracket ( ), which 
corresponds to the general term above written, and y (= a: — 1) is the number of them undashed. 



It follows that A (i?0 = - r^ pff^ w,^ {z)\ , 



and therefore that 

A{Wr''F) = (xxii). 

Again, we see that 
^' (^ = ;? 1 ^^"^ ^^ *" possible terms like ^ -^^z^zr^ Prs, • • • />'#.#^, • • • /> Vi, « ^< (^)| ' 

where of course the terms corresponding to products of matrices which contain no undashed 
letters disappear (§ 35). In virtue of the remark made at the end of § 34 

A'(F) = —\ sum of all possible terms like 

where now there are p — x—l dashed letters at the tail of the matrix product. Collecting 
all terms for which p'„ is the first term of this product, we see that 

where 9(=p— 1) is the number of p'Q in the matrix product of the term in the bracket 
( ) corresponding to the general term above written, and x is the number of them undashed. 
Hence 



A'(^ = i|2V„,«'^(^)}. 



and therefore 

A'{wr-F) = (xxiii). 
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From (xxii) and (xxiii) it is clear that the functions Wr{z) — F{z) are doubly-periodic 
functions of the second species, say Wr{z)- Then 

which proves the formula to be true for Wr{z\ But we have seen that it is true for r = 1, 2, 3; 
therefore it is true for ra=4; and successively for r = 5, 6, .... The rule given above therefore 
suflSces for the determination of the integral belonging to the various sets. 

§ 38. We proceed to make an important deduction from the analytical forms at which 
we arrived in the preceding paragraph. It is embodied in the following: 

Thecyrem, The analytical expressions for the rth set of integrals belonging to the group 
associated with the pair {kk) are aU predsdy of degree r — 1 in u{z) and v (z). 

In order to prove this it will be necessary to shew that none of the functions 
are evanescent, i.e. that there exists at least one matrix 

Pr,r-i pr— i,r— a • • • Pr-«+i,r— a; p r— «,r— as— i •••Pa 

such that if 9 is an integer ^ o-^ the elements of its qth row do not all vanish. 

We saw (§ 27) that there exists no non-evanescent linear combinations of the functions 
Pt^i-iWi{z), such that it and the same combination of the functions p'/»,»-i 1^1(0) both vanish. 
Since the functions Wi{z) are linearly independent, this amounts to saying that if m, is 
any matrix having o-« columns, which is such that the elements of its qth row do not all 
vanish, then the elements of the qth row of one at least of the products m, p,,,_,, m, p',,,-, 
has the same property. 

Referring again to § 27 we see that at least one of pr,r-i, pV,r-i is such that the elements of 
its grth row are not all zero: denote this one (or either, if both have the property) by 
Pr,r-i so that pr,r-i is Pr,r-i or p'r,r-i as the case may be. An application of what has been 
said above shews that one at least of 

Pr, r— 1 Pr— 1, r— 2 > Pr, ir— 1 P r— 1, r-a 

is such that the elements of its qth row do not all vanish ; we can deuote this by 

Pr,r-i Pr~i,»^-ai 

where pr_i,t^ is either pr-i,r-« or pM,r-a« Proceeding in this way we get a product 

Pr,r— 1 Pr-i,r— a Pr-^r-i • •• Pai > 

such that the elements of its qth row do not all vanish. This product is equal to 

Pr,r-i Pr— i,r-a • • • pr—x+itt—x P r-«— 1 • • • P ai » 

where a is the number of the p's undashed (§ 34), and so the theorem is established. 
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§ 39. Thus taking any generalised Picard equation whose solutions are uniform in 
a doubly-periodic region <I> we can say, as a result of our investigation: — 

Corresponding to an associated pair of roots («, k) (multiplicity n) of the fundamental 
system of period equations we can find n monogenic functions, whose principal branches 
are linearly independent polynomials in 

with coefficients which are doubly-periodic functions of the second species localised in * 
and having multipliers {k, k). 

These polynomials divide into a sets where a is the number of invariants of the pair 
(/e, k\ the rth of the sets consisting of polynomials (equal in number to the rth invariant 
of (/c, k)) which are all of degree r — 1 in u and v. 

In the particular case of ordinary Picard equations, <I> may be taken to be the whole 
plane with the exception of the singularities of the coefficients of the equation; and what 
has been said of principal branches applies to the complete function, the coefficients of the 
polynomials in u and v being now single- valued doubly-periodic functions of the second species. 

Still dealing with ordinary Picard equations, if we make the further limitation that 
its integrals are all regular at the various singularities of the coefficients, which are isolated 
so far as regards the finite part of the plane, then the coefficients of the polynomials in 
u and V will be the meromorphic doubly-periodic functions of the second species usually 
considered in treatises on elliptic functions. 

IL 

§ 1. It will be observed that in the previous section, when we were considering the 
monogenic functions which were solutions of generalised Picard equations we had to confine 
ourselves to particular branches — principal branches as we called them. The remaining 
branches (possibly infinite in number) when regarded as localised in ^ will certainly be 
expressible as linear functions of some or all of these principal branches, but that is about 
all we can say in general. 

Difficulties of this nature seem to shew that it is only, by restricting the nature of the 
solutions that we will be able to attain definite knowledge of all branches of any given 
solution, and if this is true of a limited class of equations it will be d fortiori true of the 
general class. The present section is devoted to the consideration of a class of solutions 
which, though very particular when looked at from a general point of view, includes the 
solutions of the ordinary Picard equation and of that of Halphen. As a preparation for this 
it will be well to resume for a little while the genersd considerations of (I, g 1 — 4). 

§ 2. Suppose then that we take the equation of I, § 1, which is not necessarily assumed to 
be of the ordinary Picard type. Using the notation of the paragraph referred to, we saw that 
if we continued any power series Fr(z — Zo) to the point (zq + ©) along a definite path (7) we were 
able to deduce from the resulting series one Qr(z — Zq) which was a solution of the differential 
equation. The method we employed is obviously applicable if, instead of a>, we take any 
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other period ft (= n© + n'®') where n and n are any integers positive or negative. It follows, 
therefore, that corresponding to each point Zo + n(o + nV we obtain one or more power series* in 
(z — Zo) which are solutions of the equation. From our general theory we know that not 
more than m of these are linearly independent ; so there will be a certain minimum number c of 
them such that all the others can be expressed as linear functions of these c. Any such 
c series — say Wi(z'^Zo)yWi{z — Zq), ... Wc(z-Zo) — must obviously be linearly independent: we 
call them a basic system at the point Zq for the monogenic function fr whose initial element 

is Priz-Zo). 

§ 3. Suppose now that we take any other point fo which is not a singularity of ^. Instead 
of considering the elements of fr at the points 2^0 + rw» + n'w' as above, let us study the elements 
of the function at the points fi + no) + n'©'. 

Let Z be a definite path from Zo to & which passes through no singularity of the coefficients, 
and let the series Wi{z — Zo\wt{z — Zf^)y ... Wc(z — Zo) continued along this path by a standard 
chain become ©1(2^— fo), ^(^ — ^o), -^ ^ci^ — ^o)'- it is not difficult to see that the latter 
series are a basic system for the point ^q. In the first place, since we can find periods 
fti, fta . . . ftc such that Wi (z - {Zo + fti)), w^ (z - (^0 + ilj)), • • • ^c(^ - (^0 + ^e)) are elements of /r, 
it is clear that ®i(-?-(?o + ^i))»S>8(^ — (fo + ^j)), ••• ®c (^ — (?o + ^c)) are also elements of it. 
Again, let 11 (-2: — 5o) be any element of fr whose base is Jo, and p be any path between Jo 








to 

and 5o + fi» ^ being any period noD + n'©'. When the element 11 (^ — £,) is continued along 
L from 5o to ^0 we get a power series in (z^Zo)y say P(z''Z^), Imagine that this last 
series is continued along the path LpL' where Z' is the path congruent with L joining 
Zo-hil and ^o + il: the resulting power series P' (2^ — (2^0 + ft)) is equal to 

miWi{z-(Zo + ft)) +7WsWa(^~ (^0 + ft)) + ... + ^WtfWc (^ - (Zo + il)), 

by hypothesis (§ 2) the m's being certain constants. 

Now if n' (« - (g, + ft)) is the power series, we obtain by continuing 11 (z^ g,) from 
^0 to fo+ ft by a standard chain along p, P'(^ — (0© + ft)) when continued along L' to (fo + ft) 
will become n'(£r — (f;, + ft)); also the series Wr{z''(zo + [l)) will become ©r (^ - (So + ft)) when 
continued along the same path. Hence 

n'(-^-(ro+ft))=m,©,(^-(ro+ft))+...+m,©e(^-(ro+ft)). 

* We ahall describe these, in fatoie, as the Q series for z,. 
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If therefore 7 be the number for the point fo corresponding to c for the point Zq, we have 

Mvtatis mutandis we prove 

c^y. 

It follows from this that the number c is the same whatever base-point is taken: it 
may be defined to be the content of the solution (monogenic function)/,.. After what has 
been said above it will be evident that when any solution of content "c" is given we can 
find, at any base Zq^ c linearly independent power series which are solutions of the equation. 

§ 4. We now prove the following: 

Theorem. Every solution of a linear diflFerential equation (order m) whose coefficients 
are uniform doubly-periodic functions, is a solution of an equation of the same type whose 
order is "c" the content of that solution. 

Let us adopt the notation of the preceding paragraphs so that 

Wi(z - Zo\ W^{Z - Zo) ... Wc(z - Zq) 

are a basic system at the point Zo for /y. It is easily seen that, as every element of/^ at 
Zo is of the form 

liWi{z -Zoy + l^Wiiz -Zo)+ ...-^-leWciz-Zo), 

they all satisfy the equation 

d^w d^Wi d^W2 dhve 



dz" 



'w 



dz^' 



dz9 
dz^-'' 



dz' 



dz^' 



"^w 



'^Wi 



^Wc 



dz'-^ dzf-"^ 



dze 



w 



Wi 



We 



= 0. 



.(i). 



d^w 



The coefficient of -t— on the left-hand side of the equation is the determinant 



A(^-^o)= 



dzT-^ dz^^ 



*Wm 



dz'" 



dz^ 



d^-^Wc 
dz"-"^ 

d^Wc 
dz^^ 



dr^, d 
dz^ 



^Wi 



dz' 



dz^ 



Wi 



w. 



We 
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^w 



whilst that of -j^z:^ is — Dr (^ — «o)> where Dr(z — ^o) is what Do (z — ^o) becomes when we replace 

the elements of its rth row by —j-^, ... -j-^ respectively. 

The (unctions. Do (z — z^)y Djiz — Zo), ... Ddz — Zo) are all power series in (z — z^X and so 
each of them may be regarded as the initial element of a monogenic function: suppose these are 
So, fill ... Sc respectively. Since the singularities of the functions /^ ^^^ some or all of the points 
of the set S (I, § 1), those of the functions 8^,81, ... Sc will be contained in this set 

§ 5. Consider what happens when we continue the function element Dg^z-^z^ round 
a closed path (p) passing through no point of the set {S). The series ^^(2: — (^^o + fir)) 
when continued round the path (JPf), which passes through ^^o + ^r aiid is congruent with 
p, becomes equal to a linear function of w, {z — {z^ + fly)), w^ (z - (z^^ + ft^)), ...Wc(z-'(zo + ftr)). 
Hence the series Wriz — Zo) continued round (p) becomes the same linear function of 
Wjiz-Zo), Wi{z-Zo), ... Wc(z-Zo\ say 

anWi{z - Zo) + anWi(z — Zq) -^ ... +WreWe(z-Zo). 

It follows that when Dgiz-^z^ is so treated it will become 

Oil CHa (he Dt(z-Zo), (« = 0, 1, 2,...c) 

fla O^ (^ 

Chi (h2 (he 



i.e. a mere multiple of itself. 

Taking in particular the function S^y all its function elements at a given base 
(cf. § 9, below), are mere multiples of one another: the zeros of all these elements will 
therefore be the same points. Hence, as the number of zeros of a power series in any 
region contained within its circle of convergence is finite, the zeros of So can only have 
the set (S) or a component of it for their first derived set. The set {S) of the zeros 
of So is therefore reducible. 

Let us next consider what happens when we continue Dt(z — Zo) to the point (zo + n) 
along a path, passing through no point of the set (S). When we treat Wr(z — Zo) in this 
manner it becomes, as is easily seen, 

mnWi{z-{Zo + ft)) + m^Wj (z - (Zo + ft)) + ... + nircWe (z-(zo + ft)), 
where the m's are certain constants. Thus D,(-^ — -g^o) will become 



rriii 



Wlu 



w/a 






w« 



D.(^-(^o + ft)). 



This shews in particular that the set (S'), like the set (flf), is doubly-periodic periods (©o)'). 
Vol. XX. No. XVI. 57 
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Now suppose that ^o is cmy point which does not belong to either of the sets 8, ^; and 
that when Dg{z — z^ is continued to (^o along a certain path L, passing through no 
singularity of 8, it becomes A,(2r— fo)« The quotient 

will be a power series (say Q, {z — f©)) with a definite radius of convergence p, fo^ each 
value of 8. Clearly Q, {z — fo) can be continued over the whole plane, save for possible 
obstacles which belong to one or other of the sets iS, S^^ which, as we have seen, are 
both reducible. In other words we obtain by this process a monogenic function q^ (z) 
whose singularities consist of some or all of the points belonging to the reducible 
set (flf + flT). 

§ 6. It is easy to see that each of the functions 9«(2r) is a uniform doubly-periodic 
function. That it is uniform follows from the fact that Dg{z — z^\ and consequently 
(§ 9 below), A, {z — f o)i when continued round a closed path, returns as a multiple of 
itself, the said multiple being independent of 8 (§ 5). For a corresponding reason it 
appears that Q, {z - f©) when continued to the point (fo + fi) becomes Q, {z — (fo + fi))i so 
that qt{z) is doubly-periodic (periods ©o)'). 

We proceed to prove that fr is a solution of the differential equation 






w 



.(ii). 



Using the notation of § 3, suppose that Wi {z — f o)j ^j (^ - ?o)» . . . «c (-2^ — ?o) is the basic system 
at foi deduced by continuation from Wi(^ — ?©)» Wf(^— W* •••^c(^— ?o) along Z. Since every 
element of /^ whose base is (zq) satisfies (i), every element whose base is f, satisfies 



dF 

dr^w 



d^w, 


d'&t 


d^ - 


'" dz' 


d<^»«. 


d«->«e 


dz"-' •■■ 


'•• d^» 



W 6Di 



= 0, 



which is 



or 



^0 (^ - ?o) ^ = ^1 (^ - ?o) ^^ + . . . + Ae (^ - f o) . W, 



provided that | ^ — (To I < p the least of the numbers pi, p, ... p,. It follows at once by 
known theorems that /. ♦ is a solution of (ii). 

* The reader will peroeive that not only fr but every linear f auction of the basio system at Zq, is a solution 
function, which has an element at Zq expressible as a of (ii). 
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§ 7. From the theorem of §§ 4 — 6 we may deduce an interesting conclusion as to 
the nature of possible uniform solutions of any equation whose coefficients are uniform 
doubly-periodic functions. 

Suppose that we have a uniform solution fr of such an equation. If " c " is its 
content, we see from the theorem mentioned that this solution satisfies an equation of 
the same type of order c. It is not difficult to see that all integrals of this latter 
equation are uniform, i.e. that it is of the ordinary Picard type. Adopting the above 
notation (§ 3) we observe that as /^ is uniform each of the series Wr{z — {z^-\-Q^r)) continued 
round any closed path returns into itself Hence the series Wr{z — z^) when so treated 
have the same properties. In other words, each of the series Wr{z — Zo) can be regarded 
as the initial element of a uniform monogenic function, say gr{z). As the series Wr{z — Zi) 
are linearly independent, the functions 

gii^lg^iz), ...ge(z\ 
are also linearly independent, i.e. are a fundamental system of solutions of the equation 
satisfied by /y. The latter equation is therefore of the ordinary Picard type. 

We conclude* that the only possible uniform solutions of a linear equation whose 
coefficients are uniform doubly-periodic functions (periods com) are linear functions of 
polynomials in 

«(=i^{-:-!^w)) "^ '('^{i^w-^l)- 

whose coefficients are all uniform doubly-periodic functions of the second species having 
the same multipliers. 

Another interesting &ct — and this is a generalisation of Picard's theorem f in a different 
direction from that of I, § 16 — is that if any equation of this type has a uniform integral 
at all, then at least one of its solutions is a uniform doubly-periodic function of the 
second species. If we please, we may state this result in terms of ''content," and say 
that every equation which has a uniform solution has at least one whose content is unity. 

§ 8. The solutions to which we referred in § 1 as being the object of our investigations 
are called exclusive. In order to fully understand what is meant by this term, consider any 
ordinary linear differential equation of order m, say 

d^-^(^)-d^ii^ + -+^r(z)^^^;;^'^...+tr(z\ 

where the fs are any uniform frinctions having only a reducible set of singularities: they 
need not necessarily be doubly-periodic functions. 

As in I, § 1, if Zft is any base point, which is not one of the singularities of the 
coefficients, we can find m linearly independent power series in (^ — ^o), say 

Pi (z - ^o), -Pj (^ - -^o), ...Pm(z- Zo), 
which satisfy the differential equation, and have a radius of convergence ^ | c — i^o | where 

* Vide I, § 89. to Compte$ Rendm (t. zo. pp. 12S— 81). In the aooonnt 

t It would perhaps be more correct to call this generali- in his Traiti d'AnaJyie Picard asscinies all the integrals of 
sation Picard's theorem, for it is embodied in the note the equation uniform (t. ni. p. 407). 
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c is that singularity of the coefficients nearest to z^. Any one of these series, Priz — Zo), 
may be regarded as the initial element of a certain monogenic function fr, and since 
the ^'s are as described, the singularities of each of these functions will be a reducible 
set of points. 

Suppose now that, starting from Zq we continue the series Pr{z — Zo), round any 
closed path, back to this base, and that the resulting power series is P {z - Zq). We 
shall have 

P/ (Z - Zo)^hPi(z - Z,) + hP^(z^ Zo)-¥ ... -\-lmPfn(e-Z,X 

where Zi, fj...i,n are certain constants, which in general depend on the closed path. If 
it happens that not all the numbers fi, ^2. ••• ^r-n ^r+i, •••^w are zero, Priz — z^) will be 
linearly independent of Priz — z^, and so we shall have a new solution of the equation. 
But should all these numbers vanish, however, the closed path is chosen, we speak of 
the monogenic function fr as an exclusive* solution of the equation. 

§ 9. It will be noticed that thus far we have considered a definite element of fr : 
in order to justify the application of the adjective to the complete function it will be 
necessary to shew that all its elements possess the same property. This is not difficult. 
For suppose that 11^ (z — f©) is an element of fr deduced by the continuation of Pr (z — f o) 
along a definite path L. When we continue Tlr{z — ^o) round a closed path (p) we obtain 
a new power series in {z — f o)i say H/ (z — f o). Denoting by L"^ the path L described 
in the opposite direction to the above, the path LpL"^ may be regarded as a closed 
path returning to Zq. The series Priz-^z^ continued along this will return to z^ again 
as Pr (z -- Zo) — IrPr (^ -^ ^o) whcrc Z is a certain constant. But it is clear that the power 




series Pr{z — z^ continued along the path L reaches fo as IrXlr^z— 1^^): so if we continue 
Pr (z — Zo) along L to the point f © and then round the path p back again to f o the 
resulting power series is Irllr (z — ^o). In other words Ilr{z^^o) continued round p back 
to fo reaches this point again as a series n/(« — fo) equal to ^^11^(2: — fo). This proves 
what we require. 

§ 10. Let us consider those equations with uniform doubly-periodic coefficients which 

are such that every solution is exclusive. For brevity we call these Halphen equations, 

because it turns out that the class of equations defined in this way is that which Halphen 

considers-^, when we make the additional restrictions, (1) that the number of singularities 

of any coefficient contained in a given period-parallelogram is finite, and (2) that the 

integrals are all regular. 

* The reader wiU observe that uniform Bolutions are f M4m. des Sav, J&trang, t. uvm. (1882), No. 1, p. 60 

ezclQBive solations. seq. Functions EUiptiques, u. Partie (1888), Chap. zm. 
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Theorem. Any quotient* of two solutions of a Halphen equation is a uniform function 
in the whole plane, and its singularities are a reducible set of points. 

Suppose that f^ and f^ are any two solutions. We may confine ourselves to the case 
in which the elements of these at a given base are not mere multiples of one another, 
for then the theorem is obvious. 

Just as in § 5 for the case of So we may prove that the zeros of f^ are a reducible 
set, say S\ Suppose that ^q is a point which belongs neither to S nor to 8, the set of 
singularities of the coeflScients of the equation. Take elements n,(-2r— f<,), na(^ — fo) of 
/i and /a respectively at the base fo« Then 

n, Kz - to) 
can, within a certain circle whose centre is ^o and radius a definite number p, be expressed 
as a power series, say Q{z — fo). We wish to shew that the quotient q whose initial 
element is Q(-3^ — ?o) is uniform. 

When Til {z - ?o) is continued round any closed path {p) it becomes, say ljli{z — fo) 
by hypothesis : similarly 11, {z — f ©) becomes Zg Da (-e: — f o)« Again 

a,ni(^-?o) + aana(^~ro)(ai + 0,a, + O), 

may be regarded as the initial element of a solution of the equation; and so when 
continued round {p) it will become 

k (a, n,{z^ ro) + Oa Ha (^ - Co)), Say. 

But it must also become 

a,l,U,(z--^,) + CL,kn,(z-^o\ 

Since ai + 0, Oa =f and the series IIi (z — fo), IIj (z - fo) are liuearly independent, we must 
have 

fi = &=Za. 

It follows at once (c£ § 6 above), that Qiz — ^o) continued round (p) returns to itself, 
i.e. q is uniform : moreover as the only possible singularities of q are points of the set 
iS + fif, they must be a reducible set. The theorem is thus established. 

§ 11. The class of equations which were referred to in the preceding paragraph as 
having been studied by Halphen, consists of those which have the proj)ertie8, (1) their 
coefficients are elliptic functions, (2) their integrals are all regular at a singularity of the 
coefficients, and (3) any quotient of two integrals is a uniform function. 

From the theorem of § 10 it appears that any equation which has the properties 
(I) and (2), and the further one, that all its integrals are exclusive, belongs to the 
class just mentioned. In order to justify the statement at the commencement of § 10, 
we must establish the converse. 

* Two monogenio functions /^ and /, may have an elements of /^ and /, respeotiyely at a base to which is 
infinite number of quotients, each being obtained from not a zero of 11, (2-^0)* 



power series equal to ' ]' " ^\ , where XIj and IIj 
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Suppose then that conditions (1), (2) and (3) hold; and that Ci...Ct are the singularities 
of the coefficients contained in a period-parallelogram. From (3) it appears that the roots 
of the indicial equation* at the singularity Cr must be 

where £i, ^s.-.^n-i a^e integers positive or negative; and further, none of the integrals 

which belong to these indices can contain logarithms. Consequently any integral can be 

expressed by 

{z — c^^T X a uniform function 

in the neighbourhood of Crj ie. if kr^e^^"'^, each element of a solution, when continued 
along a loop round Cr, returns as kf times itself. As the same argument applies to the 
other singularities, it appears that all solutions are exclusive. The statement referred to 
is therefore justified, 

§ 12. We proceed to give some idea of the analytic form of the integrals of a Halphen 
equation which is of the generalised Picard type. We will shew below (§ 16) that every 
Halphen equation can be reduced to one of this type, so that it will be useful to study its 
solutions carefully. 

Adopting the notation of I, § 1, let the equation be 

d^=i>iW5^S^ + -+i>rW^i;s=;+-+l>«W (in). 

— I pAz) dz 
If we substitute w = v e^J •. the equation becomes 

S=n.W^+... + n,(^)^+:... + n«(^) (iv). 

where the coefficient of -f^^^i vanishes and 

and generally Ur(z) is a polynomial in pi(z), p^i^^-'-Pmi^) and the diflTerential co- 
efficients of pi{z). Clearly the functions 11 (^) are single-valued and doubly-periodic and, 
as the only possible singularities of a differential coefficient of Pi{z) are those of the 
function, they have for their singularities a reducible set of points. The coefficients of 
the equation (iv) are therefore uniform doubly-periodic functions. 

Again if (iii) is of the generalised Picard type, (iv) is also of that type, for just 
as in the usual theory of elliptic functions it may be proved that 



I' 



]pi(z)dz 

taken round a path enclosing B (I, § 5) is zero. 

Moreover if (iii) is a Halphen equation there is no difficulty in seeing that (iv) is 
also one. 

* Forsyth, Theory of Differential Equations (1902), Vol. it. p. S5. 
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§ 13. Consider the equation (iv), it being supposed that (iii) is a Halphen equation : 
for the purposes of the present paragraph we need not assume the latter to be of 
generalised Picard type. 

Let 0- be the set of points which are singularities of the coefficients of (iv) and 
let Zo be any point not belonging to it. We can find m linearly independent power 
series Si(z^Zq), Si(z — Zo\ ...Sni^ — ^o) which satisfy the equation (iv). When they are 
continued round a closed path p which does not pass through any point of the set a 
and returns to Zo they become a new set 8i(z'-Zo\ ... Smiz — Zo) which are all the 
same constant multiple (h) of the corresponding series of the original system (§ 10 above). 
Thus the determinant 



A(^-^o) = 



d'^-'S,(Z'-Zo) d"^'8^{z-Zo) 

d'^S.iz-Zo) 

ds^-"" 



d'^-'S^jz^z,) 
dsf^^ 

d2l^-^ 



Siiz-Zo) S^(Z-Z;) Sn.iz-Zo) 

when continued round (p) will become the same determinant, save that dashed letters 
Sr replace undashed ones, Le. it becomes h^ ^{z -Zq). But it is known* that this 
determinant ^(z — Zq) ia a mere constant, and so when continued round (p) returns to 
Zo unchanged. It follows that A"* = l. 

Take now any function {Sr(z - z^)]^. 

By well-known theorems this is a power series in (z — Zo) say T{z^z^ and can, therefore, 
be regarded as the initial element of a monogenic function Fr. The only possible 
singularities of this latter are those of the function fr whose initial element is 8r{z — z^\ 
they will therefore belong to the set a, and so must be a reducible set. We easily 
prove that Fr is single- valued. For when T{z'-z^ is continued round the closed path 
(p), above mentioned, it returns to z^ as 

{s;(^--^o)r, 

h^{ar{z^Z,)]^, 

Tiz^zo): 



i.e. as 
i.e. as 
which proves what we require. 

From this we deduce the interesting fact that every solution of a Halphen equation 
of the f(yrm (iii), § 12, has for its analytical expression 

where Fr is a fancticm which is uniform in the whole plans and has for its singularities 
a reducible set of points. 



Forsyth, Theory of Differential Equatiow (1902), Vol. it. p. 40. 
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§ 14. It is not difficult to obtain a more precise idea of the nature of the func- 
tions Ff 

Suppose in the first instance that (iii), § 12, besides being a Halphen equation is of 
the generalised Picard type and that <t> is the periodic region of the equation. 

From the theorem of § 10 it is clear that if we can obtain a monogenic function 
such that a quotient of it and any one of the solutions of equation (iv) is uniform, 
then the quotient of this function aud any other solution has the same property. 

Now if (£, k') are any associated pair of roots of a fundamental system of period 
equations corresponding to solutions of (iv) localised in <t>, it appears from I, § 16, that 
there exists an integral (/) of the equation whose principal branch say f{z) is doubly- 
periodic of the second species with multipliers (&, k'). Consequently -F(^) ={/}"* must 
have a corresponding property and therefore as it is uniform* must be a uniform doubly- 
periodic function of the second species with multipliers (A:"*, A'"*). Consider the quotient 

[0{z)Y' ^ ^' 

where e(^) = e«?^lZ^ 

and "c" is one of the points belonging to the set of singularities of the coefficients of 

(iv), whilst a and h are so chosen that 

aai + 1; (6 - c) = log A, 

aG>'+ 17' (6 - c) = log k'. 
It is easily seen that 

0{z-\-^)^kG{z\ G{z-\-fD')^k'G{z). 

Hence the quotient (v) will be a uniform doubly-periodic function of the first kind, 
say H{z), As 

(F{z)Vi-^_ f_ 

\H{z)J (H{z)yi^ 

is the uniform function it follows, from what has been already said, that every solution 

of (iv) is of the form 

{H(z)Yi-^K(z\ 

where H(z) is a uniform doubly-periodic function whose singularities consist of some or 
all of those of the coefficients of (iv), and K(z) is uniform in the whole plane and has also 
a reducible set of singularities. 

§ 15. There still remains the question of the form of the functions K(z). In order to 
obtain this let us refer to the results of I, §§ 36, 37. We saw there that if (tc, /c')t were an 
associated pair of roots of the fundamental system of period equations, whose invariants 
were a-j, ctj, ... <r„ we had Ci monogenic functions, say /n, /^j, .../lai, whose principal branches 
Wii(z), -.- Wiff^(z) are doubly-periodic functions of the second species (multipliers /e, k) 
localised in <I>. From the results § 14 we see that the quotients 

A 

{ir(2r)ji/'» 

* § 13 above. graph. The latter were employed in order to dedaoe 

t The reader will obsenre that this pair are not the existence of H (2). 
necessarily the same as (k, k') used in the previous para- 
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f 
are uniform functions. Recalling that 5*'"* = — and that / is exclusive, it appears that 

these are uniform doubly-periodic functions of the second species (multipliers #r, /e'); say 
they are Ri(z). Then these 0-1 monogenic functions will have for their analytic expressions 

Again we had o-j integrals /«, /a, .../air,! whose principal branches Wji(^), w^W, ... Wje,(«), 
have their expressions given by 

where the functions TFi(2;) are the same as Wi(z) and W^iz) have the same properties as 
Wi(z). Now suppose that h(z) is a branch of {H(z)Y^ localised in <I>. We have 

• «^)_w WAz)_v W^iz)_W,(z) 
h{z) K^"" h{z) /c^" h(z) "" h{z) • 

Since Wt{z) and Wi(z) are solutions of the equation it is clear that jvhen the localised 
functions which are the left-hand members of this equality are continued out of <t>, they 
will be uniform functions having a reducible set of singularities: denote these functions 
by Za(^). Then as 

it appears that they must be uniform doubly-periodic functions of the second species 
multipliers («r, k). It follows that we have 



/.- {^(^)l«~ [jr,(*)+ Jp'„iir,(«)+^p„iir,(5)] . 



Proceeding in this manner we arrive at the general result that the rth set of 
monogenic functions are given by 

the functions corresponding to the expression in the square brackets being all polynomials 
in u and v of degree (r - 1) (I, § 38) whose coefficients are uniform doubly-periodic 
functions of the second species with multipliers (k, k). 

These results apply of course to an equation of the form (iv) § 12: they are however 
applicable at once to one of the form (iii) provided that we multiply each solution by 

§ 16. As we mentioned in § 12 it is possible to reduce every Halphen equation to 
one of generalised Picard type. For it appears from what was said in § 13 that any 
element of a solution of the equation continued round a closed path {p) enclosing O 
returns multiplied by 

h e^Jp , 

the integral being taken round p. We pointed out at the end of § 12 that this latter 
Vol. XX. No. XVI. 68 
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is zero, so the multiplier is merely h*, an mth root of unity. Suppose that instead of 
taking the sides of a period parallelogram to be wm we take them to be say ma> and ^\ 
If we proceed as in I, § 5, we obtain a new region B instead of B. The effect of 
continuing any element of a solution round a path p enclosing B will be to multiply 
it by A™ since p encloses m regions B. As A"* = 1 it follows that if we regard the 
periods of the coefficients as mto and a>' the equation is one of generalised Picard type. 
The results of § 15 may therefore be applied: but it must not be forgotten that we 
now have to replaced everywhere by ma>. 

§ 17. Our consideration of exclusive integrals of an equation has so far been confined 
to the case in which all of them have this property. There remains for us the discussion 
of the most general possible exclusive integral an equation with uniform doubly-periodic 
coefficients can have. 

To this effect suppose that we are given an exclusive solution (fr) of (iii). Let c be 
its content and Wi(z'-Zo), ... wdz-- z^) a basic system at the point Zq. We can always 
select the system so that one of its members is an element of fr. For any element of 
fr at Zo is known to be of the form 

liWi (z - Zo) + Lw^ (z-Zo)+ ...+ IcWc (z - ^o), 

where the Ts are not all zero. Consequently if Ig does not vanish it will be sufficient to 
replace Wtiz-^Zo) by this element. Imagine this done so that one of the series (say 
Wi {z — Zo)) is an element of fr. From the way in which a basic system was defined (§ 2) 
it is known that there exist periods n3...f2« such that the series w^C^ — (-s^o + ^r)) are 
also elements of the function (fr). The hypothesis that (f) is exclusive involves (§ 9) 
that each of the series Wriz — izo + ilr)) continued round a closed path returns as a 
multiple of itself. Hence each of the series w^iz — Zo), ... wdz-- z^) will have the same 
property. In other words they may be regarded as the initial elements of c — 1 monogenic 
functions jTa, ... gc which are exclusive. From the theorem of §§ 4 — 6 we know that these 
together with jr are solutions of an equation (ii) § 6 of order c. But though these functions 
are all exclusive it by no means follows that every solution of the equation (ii) has this 
property, i,e. it is not necessarily a Halphen equation. 

§ 18. In order to proceed further it will be necessary to make an analysis of the 
basic system Wi(z-Zo\ ... wdz-Zo). 

Take any element of the system say Wg^(z''Zo) and consider the various Q-series (in 
{z — ^o)) which are solutions of the equation (iii) arrived at as in § 2 from the elements of 
fr at the points Zo + n<o-h v!(o. There may be other elements of the basic system 
w#j(*-"^o)» ••• Wjf(^-'8^o) swcli that 

iiw#i(^ - ^o) + ^^^(-2^ - -^o) + ... + 1%'^H^z - z^ (^ + 0. /« + 0, ... It + 0) 
is one of these. If so we group them together with w^ {z — z^. Imagine this done for all 
those Q-series whose expression in terms of the basic system involves Wt^{z^z^\ we thus 

* If A is not a special mth root (Bornside and Panton, oat what follows. The argament we ase is applicable 
Thtwy of EquaiwM (1899), Vol. i. p. 95) it will be possible to every case, 
to substitnte a sab-mnltiple of m instead of m itself throngh- 
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arrive at a group say On of the members of our basic system. Next take each element 
of this group other than Wfniz — Zo) and proceed with it exactly as we did with the latter, 
adding any new members of the basic system thus arrived at to the group Gui we thus 
obtain a group G^ say. The members of this group which do not belong to Gn we treat 
in similar fashion : and so on until finally we obtain a group Gi such that by this process 
we cannot add to it any other member of the basic system. We call such a group tran- 
sitive: it has the property that if Wg{z'-'Z^ and Wt{z — z^ are members of it we can find 
a chain of members of the group Wp^iz-^z^), Wp,(2: — ^e)i.- 'M;pr-i(^~'^o)» such that there 
exists a Q-series, the first of which being expressed in terms of the basic system has the 
coeflBcients of Wg(z — z^) and w^j (^r — ^^o) non-evanescent, the second those of Wp^(z — Zo) and 
Wp^(Z'-Zq) and so on, the last having the coefficients of «Vr-i (-^ "" ^o) and Wt(z^Zo) non- 
evanescent. It is convenieut to speak of the series Wpi(z — Zo\ • • • Wp^., (-8^ — ^o) '^ ^ chain 
connecting Wt(z^Zn) and Wtiz — z^). 

The transitive group 0, may or may not contain all the elements 

Wi(^-^o), ... Wc(z-Zo). 
If it does not we take one of them not belonging to Gi and treat it as we treated 
Wt^(z — ZQ): we thus obtain another transitive group G^ which obviously cannot contain 
any member of the group Gi. Should it happen that there is still a member of the 
basic system which belongs neither to Gi nor to G^ we take it and generate another 
group Gj, and so on ; until finally every member of the system is assigned to a definite 
group. 

§ 19. Suppose that the transitive groups arrived at in the manner of the preceding 
paragraph are 

Gi, Gi, ... Gr> (t^c) 

It is not difficult to see that every linear combination of the members of any one of 
these groups may he regarded as the initial element of a monogenic function which is 
exclusive. 

To establish this it will be sufficient to shew that when we continue any two 
members of a group (say (?,) round a closed path {p) returning to ^o» they each become 
the same multiple of themselves. Moreover, as any two of these members can be con- 
nected by a chain (§ 18) our problem simplifies still further into that of proving the 
property just mentioned to belong to two consecutive members of such a chain. The 
argument now follows much the same lines as that of § 10 above. For suppose that 
Wp^iz-z^), Wp^iZ'-Zo) are the consecutive members. Then we know that there exists a 
Q-series of the form 

*i«'pi('^-'^o) + A:,Wpj(-2--?o)+ (vi), 

where Atj + O, Atj + O, and there may of course be other members of the group Gi involved 
besides those written. In § 17 we saw that all members of the basic system when 
continued round a closed path (p) return as mere multiples of themselves: but obviously 
the argument there used applies not merely to these, but to all Q-series in general. 
Let us assume therefore that for any path (p) these multiples are /^, /a,, &c. for 

Wp,(z-Zo\ Wp^iz-Zo), &C. 

58—2 
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and fi for (vi). Then when (vi) is continued round {p) it becomes 

IX (A?x Wp^ (z - Zo) + &, Wp^{z-Zo) +...): 
but it also becomes kifiiWp^(z- Zo) + k2fhWp^(z ~Zo)'{' ..., 

Since no linear relation can exist among the members of a basic system (§ 2) it 
follows that the coefficients of the various w*s in these two expressions must be identical, 
i.e. among other possible relations we must have 

as A?i4=0, A:j=f=0. We have therefore proved what we desired. 

§ 20. Take a net-work of period parallelograms whose corners are the points 

z^ + n(o + n'fo\ 

where n and n' are any integers positive or negative. It will be convenient to say that 
the line in which the points ^q + noi + nV lie for a fixed value of v! and a variable n 
i<* horizontal: while that in which they lie for a fixed n and a variable n is vertical. 




°-f^f — -/ — \ — -^-f 



After what has been said above it will be clear that the various Q-series corre- 
sponding to the comers of the net-work are each expressible as linear functions of 
members of one of the groups Qx, Q%^ ... 6t* In the case before us all of these series 
at a given comer are mere multiples of one another, and will therefore all be expressible 
in terms of the members of one group. Let us mark the letter of the corresponding 
group at each comer of the net-work, and consider the possible arrangements of these 
group-letters. In the first place, let us consider those points (marked Gi of course) which 
correspond to members of the basic system belonging to Gi. We proceed to prove 
that those letters which are on the right of them (in the same horizontal line) must 
be all the same. Obviously we can confine ourselves to the case of two consecutive 
members of a chain. Suppose then that w^^iz — z^y w^j>t (-^ "" -^o) (§ I^) *^® such, being 
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Q-series corresponding to z^ + ilp^, z^ + ilp^ respectively; moreover, let (vi) (which we 
denote by wiz-^z^) be a Q-series at z^-^-il. Imagine a path T drawn from z^ to z^-^ko 
so as not to pass through any singularity of the coefficients of the equation; and let 
7, 7i and 7^ be paths congruent to V joining 

^0 + ^ with ^Tj + fl + G), 

Zq + flpi with 2^0 + ^pi + «, 
and Zq + flp, with z^ + ftp, + a> respectively. 

The series ^i^i (-2^ — (^0 + ftpi)) 

when continued along 71 to the point (^o + fti>i + <») will become a power series in 

4:-(2:o + npj + G>), say Wp, (2: - (-^0 + flpj + (»■)) : 

clearly the series Wpj(^--?o) 

is a Q-series corresponding to the point 

{Zi + flpj + «)• 
In a similar way we obtain from the series 

«^P« (^ - (-^0 + n^)), w (-^ - (^0 + n)) 
two new Q-series Wj^(^-^o) and w(^--^o). 

Then since w(^-^o) = *i^pi('^-^o) + *9«'j>,(«-^o)+ ..., 

we shall have w(2;--?o) = Mwi»i(^-^o) + ^Wi»,Wpa(-^-^o) + •••• 

The left-hand side of this equality being a Q-series ^ill be expressible as a linear function 

of the members of one transitive group. Hence if the group-letters at the points 

(g^o -h flpi + «) and («'o + ftp, + ©) 

be different, the series Wp^{z-z^\ Wpti^-^o) 

will be linear functions of members of two different groups, and so there must be at 

least one non-evanescent linear relation among the series 

Wl»i(^-^o), Wp^iz-Zo), .... 
But such a relation is impossible, for it would involve the same relation between the series 

which by continuation along F to £^0 is easily seen to lead to the same relation between 
the series 

which are known to be linearly independent (§ 2). Our assumption that the group-letters at 

are different is therefore false. We conclude that the group-letters to the right of the 
points corresponding to consecutive members of a chain, and hence of all members of 
a given group (say Gi) are the same (say G,). Moreover, as the Q-series, corresponding 
to every point marked with the letter Ou are linear functions of members of Oi we see that 
everywhere we meet with the letter Ou that immediately on its right is 0^. Mutatis mutandis 
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we prove corresponding results in regard to the group-letters to the left of 0^, and also 
above and below it (in the sam^ vertical line). 

§ 21. There is another property of these group-letters which we shall require. It 
is that if a letter Gi occurs at a particular corner of the net-work, then it must 
occur again in the horizontal and vertical lines through the point. For consider such 
a comer and the horizontal line through it. As we pass along this line in a particular 
direction, say to the right, we are bound to meet some letter (G,) twice; for there are 
only a finite number (t) of group-letters. Suppose that 0^ occurs at ^o + WQ>+n'o)' and Q, 
at the points 

Evidently then if we pass from the first letter G^ to the left we meet with the letter 
Gi at the (rii — n)th comer. As this property must be independent of the point at which 
G, is marked (§ 20), it follows that the point . 

^0 + (Wj + n — rii) Q> + n'fi)' 

must be marked Gu and so as 723>ni, Gi must recur. In a similar way we prove that G^ 
must be met again as we pass either to the left of, or above or below 

(-8^0 + WO) + n!(o). 

§ 22. Suppose now that the series Wi{z^z^y which is an element of/,. (§ 17), is a 
member of the group Gi which has say 71 constituents. The letter Gi will of course 
be that marked at the point z^. Let z^ + vto be the first point on the horizontal line 
through Zo and to the right of it at which the letter Gi recurs. Similarly let z^-^va^' 
be the first point in the vertical line through Zq and above it at which the same letter 
is marked. Then it is obvious that if we consider the points Zo + nvm + n'va/ where n 
and n' are any integers positive or negative, the Q-series corresponding to them are all 
expressible as linear functions of members of the group Gi, In other words, if we 
consider the coeflScients of the equation (iii) as having periods v<o, vto instead of ©, ci>', 
fr is a solution of it, such that its basic system* consists of 7 (^71) series which are each 
linear functions of the 71 members of the group Gi. Hence it follows from §§ 4 — 6 above 
that fr is a solution of a linear equation of order 7, say 

di7 = Xi(^)d^Fr + X»(^)d,-^ + -+X>(^)^ (™)' 

where the x^ are uniform doubly-periodic functions (periods i/o), j/'o)'). 

Every element of a solution of (vii) at Zq is obviously a linear function of members of 
this new basic system, and so of members of the group Gi, As we saw in § 19 that any 
function which had this property was exclusive, it follows that all solutions of the 
equation (vii) are exclusive, i.e. it is a Halphen equation (§ 10). We have proved therefore 
that every exclusive solution of an equation (iii) must he a solution of a Halphen equation 
(vii), the periods of whose coefficients are multiples of those of the original one. In §§ 10 — 16 
we discussed these equations at length, so the reader will have no diflSculty in perceiving 
the analjrtic form of these solutions. He is merely cautioned not to forget the change of 
periods to which we have alluded. 

* It does not necessarily follow that this system and the group Oj are identical 
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